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Abstract

Currentdatabasesystemaitilize histagramsto approxi-
matefrequencydistributionsof attribute valuesof relations.
Theseare usedto efficiently estimatequeryresultsizesand
accesslan costs. Eventhoughthey havebeenin usefor
nearly two decadesthere has beenno significantmathe-
matical techniques(other than thoseusedin statisticsfor
traditional histogram approximations)to studythem. In
this paper we introducea new histagram-like approxima-
tion strategy, called the RectangularAttribute Cardinality
Map (R-ACM), that aimsto approximatethe densityof the
underlying attribute valuesusing the philosophiesof nu-
mericalintegration.

In this new histogram-like approximationmethod,the
densityfunctionwithin a given sectoris approximatedby
a rectangularcell, wheee the heightof the cell is obtained
so as to guaranteethat the actual probability densitydif-
fers from the approximatedone by a maximumof a user
specifiedtolerance 7. Furthermoe, unlike the two tradi-
tional histagram types,namelyequi-widthand equi-depth,
the R-ACM is neitherequi-widthnor equi-depth. Analyti-
cally, we showthat for the R-ACM, the distribution of an
attribute value within the sectoris Binomially distributed.
This permitsus to deriveworst-caseand avelage-casere-
sultsfor the estimatiorerrors of the probability masstself.
Our theoeetical results which includea rigorousmaximum
likelihoodandexpected-casanalysesandan extensiveset
of experimentglemonstatethat the R-ACM scheme(which
is essentiallyhistagram-like) is mud more accumate than
the traditional histogramsfor queryresultsizeestimation.
Due to its high accuracy and low constructioncosts,we
hopethatit couldbecomean invaluabletool for queryop-
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timizationin thefuture databasesystems.

1 Intr oduction

Queryoptimizationfor relationaldatabaseystemss a
combinatorialoptimization problem, which requiresesti-
mationof queryresultsizesto selectthe mostefficient ac-
cesplanfor aquerybasedntheestimatedostsof various
gueryplans.

Queryresultsizesare usually estimatedusinga variety
of statisticghataremaintainedn thedatabaseatalogudor
relationsin the databaseSincethesestatisticsapproximate
the distribution of datavaluesin the attributesof the rela-
tions,they represenaninaccurateictureof theactualcon-
tentsof thedatabaselt hasbeenshowvnin [6] thaterrorsin
gueryresultsizeestimatesnayincreasexponentiallywith
the numberof joins. This result,in light of the compleity
of present-dayjueries shavs thethe critical importanceof
accurateesultsizeestimation.

Severaltechniquesave beenproposedn the literature
to estimatequeryresultsizes,including histograms sam-
pling, andparametrigdechnique$2, 3, 4, 9, 10, 12, 14, 15].
Of these histogramsarethe mostcommonlyusedform of
statisticswhich arealsousedin commercialdatabaseys-
temssuchas Microsoft SQL Sener, SybaseandDB2. A
morecomprehensklist is shavnin Tablel.

In this paperwe introducea new catalogue-basedon-
parametric statistical model called the RectangularAt-
tributeCardinality Map (R-ACM) thatcanbeusedo obtain
more accurateestimationresultsthanthe currently known
estimationtechniques.We argue that the R-ACM canbe
usedasa fundamentatool for queryresult-sizeestimation,
andprovide the mathematicafoundationfor its use.These
argumentsarefully supportedby a formal maximumlike-
lihood analysis,an expected-casanalysisof the variance,
and the resultingworst-caseand average-caserrors. A



| Vendor | Product | HistogramType |

IBM DB2-6000(Client-Sener) Compressed(¥) Type

IBM DB2-MVS Equidepth Subclas®f End-Biased(fF)
Oracle | Oracle? Equidepth

Sybase | Systemill Equidepth

Tandem | NonStopSQL/MP Equidepth

NCR Teradata Equidepth

Informix | Online DataSener Equidepth

Table 1. Histograms used in commer cial DBMSs.

brief summaryof someof the experimentalresultswe ob-
tainedusinga real-world databas€U.S. CENSUS)is also
includedhere which clearlydemonstratethe superiorityof
theR-ACM overthecurrentlyusedstrategies.

2 PreviousWork

In theinterestof brevity, it is impossibleto give a good
review of the field here. Sucha review is foundin [16].
However, to presentour resultsin the right perspectie a
brief surwey is given.

Equi-width histogramsfor single-attrilutes were con-
sideredby Christodoulakig1] and Kooi [9]. Sincethese
histogramstraditionally have the samewidth, they pro-
ducehighly erroneousestimatesf the attribute valuesare
not uniformly distributed. The problemof building equi-
depth histogramson a single attribute was first proposed
by Piatetsl-Shapiroand Connell[14]. This waslater ex-
tendedas multi-dimensionakqui-depthhistogramso rep-
resenimultipleattributevaluesby MuralikrishnaandDewitt
[12].

loannidisand Christodoulakidook a differentapproach
by grouping attribute valuesbasedon their frequencies
[5, 6, 7]. In theseserial histograms,the frequenciesof
attribute valuesassociatedvith eachbucket are eitherall
greateror all lessthanthe frequencieof the attribute val-
uesassociatedvith ary otherbucket. They also consid-
eredoptimalserialhistogramghatminimizeworstcaseer-
ror propagationin the sizeof join results[6, 7]. Theserial
histogramgprovide optimalresultsfor equalityjoin estima-
tions,but lessthanoptimalresultsfor rangequeries Falout-
soset al [4] proposedusinga multi-fractal assumptiorfor
real-datadistribution asopposedo the uniformity assump-
tionsmadewithin currenthistograms.

loannidisandPoosald8] discussedhe designissuesof
variousclassesf histogramsandof stratgiesfor balanc-
ing their practicalityandoptimality in queryoptimization.
They investigatedvariousclasseof histogramausing dif-
ferentconstraintyV-Optimal, MaxDiff, Compressedand
Spline-basedand sort and sourceparametergFrequeny,

Spread,and Area). They also provided varioussampling
techniquedor constructinghe above histogramsandcon-
cludedthatthe V-optimalhistogranis themostoptimalone
for estimatingheresultsizesof equality-joinsandselection
predicates.

3 RectangularAttrib ute Cardinality Map

The RectangulaAttribute CardinalityMap (R-ACM) of
agivenattribute,in its simplestform, is a one-dimensional
integer array that storesthe count of the tuplesof a rela-
tion correspondingo that attribute, and for somesubdi-
visions for the rangeof valuesassumedy that attribute.
The R-ACM is, in fact, a modifiedform of the histogram.
But unlike thetwo majorforms of histogramspamely the
equi-widthhistogramwhereall the sectorwidthsareequal,
andthe equi-depthhistogram wherethe numberof tuples
in eachhistogrambucket is equal,the R-ACM hasa vari-
ablesectorwidth, andhasvaryingnumberof tuplesin each
sector Thesectomwidthsor subdvisionsof theR-ACM are
generatedaccordingto a rule that aimsat minimizing the
estimatiorerrorwithin eachsubdvision.

TheR-ACM canbeeitheraone-dimensionabr a multi-
dimensionaldependingon the numberof attributesbeing
mapped.To introducethe conceptdormally, we shalldeal
with theone-dimensionatasein this paper

Definition 1 A One dimensionalRectangularACM: Let
VY ={v;:1<i<|V|},wheev; < v; wheni < j, bethe
setof value$ of an attribute X in relation R. Letthevalue
setV besubdividednto s numberof sectorwidthsaccord-
ing to therange partitioningrule describecbelow Thenthe
Rectangulatttribute Cardinality Map of attribute X is an
integer array in which the j** index mapsthe numberof tu-
plesin the j** valuerange of thesetV for all j,1 < j < s.

1In this work, only ordinal numericalvaluesare consideredor at-
tributes. It is possibleto corvert non-numeriattributes(symbolic,scalaf
typed, fuzzy etc.) into ordinal numbersusinga mappingfunction. This
includesmosttype of attribute values.For non-ordinaldata(for example,
“real valued” data),we have proposedanothertype of structurecalledthe
Trapezoidalttribute CardinalityMap (T-ACM). Resultspertainingto the
T-ACM arecurrentlybeingcompiledfor publication.



Rule 1 RangePartitioningRule: Givena desiedtolerance
valuer for the R-ACM, the sectorwidths,l;,1 < j < s,
of the R-ACM shouldbe chosensud that for any attribute
value X;, its frequencye; doesnot differ fromtherunning
meanof the frequencyof the sectorby mote thanthetoler-
ancevalue T, whee the running meanis the meanof the
frequencyaluesexaminedsofar in the currentsector

For example, consider the frequeny set
{8,6,9,7,19,21,40} corresponding to the attribute
values { Xy, X1, X3, X3, X4, X5, X6} Of an attribute X.
Usingatolerancevaluer = 2, theattributevaluerangewill
be partitionedinto the threesectors {8, 6,9, 7}, {19, 21},
{40} with sectowidthsof 4, 2, and1 respectiely..

3.1 Generatingthe Rectangular ACM

Using the range partitioning rule, Algorithm
CGener at e R- ACM partitions the value range of the
attribute X into s variablewidth sectorof the R-ACM.

Algorithm 1 Generate R-ACM

Input: tolerance 7, frequency
distribution of X as A[0...L-1]
Qutput: R ACM
begin
Initialize ACM
current mean = A[l]; j:=0;
ACMIj] = A[1];

for i:=1 to L—1 do
if abs(A[i]— current_mean) <7
ACM][j] :== ACMI[j] + A[i];
current nean := (current_nmean*i+
A[E))/ (é+1); // running nean
elsebegin
lj:=i-1; /] set the sector width

j++; // nove to next sector
current mean : = A[i;
ACM](j] := Al;

end,

end;
end Algorithm Generate R-ACM;

Theinputto thealgorithmarethetolerancevaluer for the
ACM andthe actualfrequengy distribution of the attribute
X. Thefrequeng distributionis assumedo beavailablein
anintegerarray A, which hasatotal of L entriesfor each
of the L distinctvaluesof X. For simplicity reasonswe
assumehatthe attribute valuesareorderedntegersfrom 0
to L — 1. Theoutputof thealgorithmis the R-ACM for the
givenattributevalueset.

It is obvious that the algorithm, Gener at e R- ACM
generatetheR-ACM correspondingo thegivenfrequeng
valueset.

Assumingthat the frequeng distribution of X is al-
readyavailablein array A, the runningtime of the algo-
rithm Gener at e_R- ACMis O(L) whereL is the number
of distinctattributevalues.

The readerwill obsene that we have assumedhat the
tolerancevalue,t, is aninputto the above algorithm. The
guestionof how to determinean”optimal” tolerancevalue
for anR-ACM remainopen.We arecurrentlyinvestigating
theuseof adaptve techniqueginvolving possibly learning
automatajo solve this.

Sincethe ACM only storesthe countof the tuplesand
nottheactualdata,it doesnotincurtheusuallyhigh1/O cost
of having to accesghe baserelationsfrom secondarstor
ages. Secondly unlike the histogram-basedr otherpara-
metricandprobabilisticcountingestimatiormethodsn use
currently[10], ACM doesnot usesamplingtechniquego
approximatethe datadistribution. Eachcell of the ACM
maintainsthe actualnumberof tuplesthatfall betweerthe
boundaryvaluesof that cell, andthus, althoughthis leads
to anapproximatiorof the densityfunction,thereis no ap-
proximationof thenumberof tuplesin thedatadistribution.

The one-dimensionaR-ACM as definedabove canbe
extendedo amulti-dimensionabneeasilyto mapanentire
multi-attributerelation. A multi-dimensionaACM canalso
be usedto storethe multi-dimensionahttributesthat com-
monly occurin geographicalimage,anddesigndatabases.

Beforewe derive ary of the analyticalpropertiesof the
R-ACM, it would be fitting to comparethe threemethod-
ologiesfrom acommonconceptuaperspectie.

3.2 Rationalefor the Rectangular ACM

Without loss of generality let us consideran arbitrary
continuousfrequeng function f(z). Figurel shawvs the
histogrampartitioning of f(z) underthe traditional equi-
width, equi-depthmethodsandthe R-ACM method.

We notethatin the equi-width case,regardlessof how
steepthe frequeny changesrein a given sector the sec-
tor widthsremainthe sameacrosgheattributevaluerange.
This meanseven widely differentfrequeng valuesof all
thedifferentattribute valuesareassumedo be equalto that
of the averagesectorfrequeng. Thusthereis an obvious
loss of accurag with this method. On the otherhand,in
the equi-depthcase,the areaof eachhistogramsectoris
the same. This methodstill resultsin sectorswith widely
differentfrequeny valuesandthus suffers from the same
problemas the equi-width case. In the R-ACM method,
we notethat wheneer thereis a steepfrequeng changes,
thecorrespondingectowidthsproportionallydecreaséor
in other words, the numberof sectorsproportionallyin-
creases).Hencethe actualfrequencieof all the attribute
valueswithin a sectorareassuredo be closerto the aver
agefrequeng of thatsector This partitioningstrateyy ob-



(a) Equi-widthHistogram

f(z)

(b) Equi-depthHistogram

f(z)

(c) RectangulaACM

Figure 1. R-ACM and Traditional Histograms.
Note in (b), the areas of the sector s are equal.

viouslyincreasesheestimatioraccurag. Figure2 shavsa
comparisorof probability estimationerrorsobtainedon all
threeestimatiormethodon syntheticdata.

The rationalefor partitioning the attribute value range
usinga tolerancevalueis to minimize the varianceof val-
uesin eachACM sectorandthis,aswe shallsee hastheef-
fectof minimizing the estimatiorerrors.Sincethevariance
of anarbitraryattribute value Xy, is givenasVar(Xy) =
E[(zr—px)?), forcingthedifferencebetweerthefrequengy
of agivenvalueandtherunningmeanof the frequencieso
belessthanthetolerancer, (i.e: |z — pr| < 7, will ensure
that the varianceof the valuesfalls within the acceptable
range.To getaflavor for the ultimategoal of our ende&or,
we alludeto theexpressiorfor the ACM variancewvhichwe
shallderivein asubsequerlemma(Lemmab). It will later
becomeclearthatminimizing thevarianceof theindividual
sectorswill resultin a lower valuefor the varianceof the
ACM.

To demonstratehe relationshipbetweenthe selection
(randommatch) estimationerror and the varianceof the
ACM, we in all brevity, mentionresultsof an experiment
in which we changedthe sectorwidths of the ACM and
computedthe correspondingrariance(i.e: Var(ACM)).
Theerrorsbetweertheestimatedaindactualsizeof random
matchesare plotted againstthe computedvarianceof the

ACM, andshawn in Figure3. Theadwantage®f usingthe
R-ACM areobvious. Indeedmoredetailedexpressionsnd
experimentakesultswill laterstrengtherhisinitial claim.

2 . . T T T
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Figure 3. Estimation Error vs ACM Variance:
Using random selection queries (matches),
the errors between the actual and expected
frequencies where obtained.

4 Density Estimation Using Rectangular
ACM

We shall now studythe propertiesof the R-ACM with
regardto densityapproximation.To do this we considera
one-dimensionaRectangulaCM sectorof width [ with
n tuples. Also to renderthe analysisfeasible we make the
following assumption.

Assumption1 Theattribute valueswithin an R-ACM sec-
tor are uniformlydistributed.

Rationale: Sincethe sectorwidths of the R-ACM arecho-
senso that the frequeng of the valueswithin the sectors
do not differ by more than the allowed tolerance,r, we
can seethat thesefrequenciesare guaranteedo be close
to eachother The original SystemR researchwork [15]
reliedonthe (oftenerroneousassumptiorthatthefrequen-
cies of an attribute value are uniformly distributed across
the entire attribute valuedomain With the adoptionof the
equi-width and equi-depthhistogramsin the modern-day
databassystemgseeTablel), this wasimprovedby mak-
ing the uniformity assumption®nly within the histogram
buckets.Our uniformity assumptiomnwithin anR-ACM sec-
toris amuchwealerassumptionhanthatusedin ary other
previousworks on histogramsgdueto its partitioningstrat-
egy. Indeed aswe shallshav from theexperimentakesults
in Section?, thisassumptions satisfiedwith almostno ad-
ditional approximation.
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Figure 2. Comparison of Equi-width, Equi-depth Histograms and the R-ACM for Probability Estima-
tion: Each experiment was run 500,000 times to get the average percentage of errors in the estimated

occurrence of the attrib ute values.

Estimation errors are given for the exact match on a random

distrib ution with 100,000 tuples and 1000 distinct values. For the R-ACM, the tolerance was 7 = 3.

Using the above uniformity assumptionwe shall now
derive the probabilitymasddistribution for the R-ACM.

Lemma1l The probability massdistribution for the fre-
guencief theattribute valuesin an R-ACM is a Binomial
distribution with parametes (n, }).

Proof: Sincethereare! distinctvaluesin the sector the
probability of ary of thesel values,say X;, occurringin a
randomassignmenof thatvalueto the sectoris equalto }—
(SeeFigured).

A
L n=36,7r=2 . .
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Figure 4. Distrib ution of Values in an ACM
Sector

Consideran arbitrary permutation(or arrangementpf
then tuplesin the sector Supposehevalue X; occursex-
actly z; times. Thismeansall theother(l — 1) valuesmust
occura combinedtotal of (n — x;) times. Sincethe prob-
ability of X; occurringonceis % the probability of it not

occurringis (1 — %). Hencethe probability of anarbitrary
permutatiorof then tuples,wherethe value X; occursex-
actly z; timesandtheothervaluescollectively occurn — z;

timesis,
" (1-1\"""
@) (%) @

Clearlythereare (g) differentpermutation®f then tuples
in the sectorwherethe abore conditionis satisfied.Hence
we find thatthe total probability thatan arbitraryvalue X;

occursexactly z; timesis,

() ()

which is exactly the Binomial distribution with parameters
(n, 7). Thisprovesthelemma. O

5 Maximum Likelihood Estimate Analysis
for the R-ACM

In theprevioussectionwe shavedthatthefrequeng dis-
tribution for a given attribute value in the R-ACM obeys
a Binomial distribution. With this as a background,we
shall now derive a maximumlikelihood estimatefor the
frequeng of anarbitraryattribute valuein anR-ACM sec-
tor. In classicaktatisticalestimationtheory we areusually
interestedn estimatingthe parametergsuchasthe mean
or otherunknown characterizingparametersf the distri-
bution of one or more randomvariables. In our problem



(which is like the inverseversionof a traditional statisti-
cal estimatiorproblem),we areinterestedn estimatinghe
value of the occurrenceof the randomvariable (the fre-
queny z;) which we assumas "inaccessible”.We do this
howeverin termsof anobsenationof oneor moreaccessi-
ble randomvariableg(the total numberof tuples,n andthe
width of theR-ACM sectorl). To dothisweshallderivethe
maximumlik elihoodestimatewhich maximizeshecorre-
spondinglikelihoodfunction. Indeedthe resultwhich we
getis bothintuitively appealingandquite easyto compre-
hend.

Theorem1 For a one-dimensionatectangularACM, the
maximumlikelihood estimateof the numberof tuplesfor a
givenvalue X; of attribute X is givenby,

xML_T

wheen is thenumberof tuplesin the sectorcontainingthe
valueX; and! is thewidth of that sector

Proof: We know from Lemmaz2 thatthe frequeng distri-
bution of a given attribute valuein an R-ACM sectoris a
Binomial distribution. So the probability massfunction of
thefrequeng distribution of anattributevalue X = X, in
anR-ACM sectorcanbewritten as,

f@) = ( )pw(l _p

wherez is thenumberof occurrencesf X,,. Let

£) = 1@ = (1)ora -,

L(z) is the traditional likelihood function of the random
variable X on the parameteer which we intendto maxi-
mize. We areinterestedn finding out the maximumlik e-
lihood estimatefor this parameters. Taking naturalloga-
rithm on bothsidesof thelik elihoodfunction,we have,

Inl(zx) =

n
T

n
(g

Inn!—Inz!l—In(n —z)! + zlnp + (3)
(n— o) In(1 - p)

InT(n+1)—InT(z+1) —Inl'(n — 2 +1)
+zlnp+ (n —z)In(l — p) 4)

where I'(z) is
(o0}

['(z) :/ e~ tt*~1dt. Now since:
0

the Gamma function given by,

_ Tla+k+1)
Tla) = ala+1)...(a+k)
we find that,
B I'(n+1)
Tn-z+1) = (n—x+1)(n—m+2)---nand
M+1) = Fn+1)

(z+D)(x+2)---n

Thussubstitutingthe above expressiondor I'(n — z + 1)
andI'(z + 1) in Equatior4, we find,

Inf(z) = —-lnT'r+1)+zlnp+ (n—=z)In(l-p)+
Inz+1)+In(z+2)+...+lnn+

Inn-—z+1)+Inrn—z+2)+...+1nn

Now differentiatingln £(xz) with respecto z, we obtain,

d =1
2 —lnp—In(1— > -
e nl(z)=lnp—1In(l —p)+ R

Setting 42t — 0, and noting that =% | 1 <
In (2=2), &y, of z is obtainedas,

T

p(n — )
(1-p)z

This inequalityis solvedfor z < np. But, by virtue of the
underlyingdistribution, sincewe know that the likelihood
functionmonotonicallyincreasesl its maximumwe con-
cludethat,

~

ML — np.

But we have alreadyseenrearlierthat,dueto the uniformity

assumptiorwithin anR-ACM sectorp = % Sowe have,

Eyr =

n
l
Hencethetheorem. O

The maximumlikelihood estimate Z;1, = np, which
we derivedusingthe Gammafunctionabove is, mostof the
time, not aninteger. In fact, the maximumlik elihood esti-
matereachests upperlimit of np atintegervaluesonly in
very specialcases.If we areinterestedn theinteger max-
imum likelihoodvaluewhich is relatedto the abose max-
imum likelihoodestimatewe have to discretizethe space.
Thus,consideringhe analogousliscretecase we have the
following theorem.

Theorem2 For a one-dimensionatectangularACM, the
maximumlikelihoodestimateof the numberof tuplesfor a
givenvalue X; of attribute X falls within therange of,

(n+1)
l

whee n is thenumberof tuplesin the sectorcontainingthe
valueX; and! is thewidth of that sector

1
_1§@MLS(nlL)7

Proof: The probability massfunction given by f(z) =
(Mp®(1 — p)»~® is a steadilyincreasingfunction until it

T

reacheshe maximumlikelihoodvalue,z = Z 1. Forary



x > &m1, f(z) is asteadilydecreasindgunction. Hence
we canobtainanintegervaluefor the maximumlik elihood
estimateby solving the following two discreteinequalities
simultaneously

fl@)-fle+1) > 0 (5)
fl@)-fle-1) > 0 (6)
FromEquation(5), we have,
flz) — f(z+1)>0
(n)pw(l _ p)n—w _ ( n )pw-i-l(l _p)n—w—l >0
z z+1
n! n!
x'(n—x)'(l_p) - (x+1)!(n—x—1)!p>0
-7 _ P >0or
n—x z+1
z > pn+1)-1.

Similarly consideringequation(6), by usingsimilar alge-
braicmanipulationwe get,

flg) = flz-1)>0
(Z)p‘”(l -p)* " (x 71 1)1)‘”‘1(1 -p)"* 7 >0
or z < p(n+1).

Sincep = }, thetheorenfollows. m|

6 Expectedand Worst-Case Err or Analysis
for the R-ACM

The maximumlik elihoodestimateof the frequeng of a
given attribute valuetells us that the attribute valuewould
haveafrequeng of Z sz, with maximumdegreeof certainty
whencomparedo theotherpossiblefrequeny values.But
eventhoughthe attribute value occurswith the maximum
likelihoodfrequeng with high probability, it canalsooccur
with other frequencieswith smaller probabilities. Hence
whenweneedo find theworst-casendaverage-caserrors
for our resultsize estimationswe needto obtainanother
estimatevhichincludesall thesepossibldrequeng values.
Onesuchestimatds the expectedvalueof thefrequeng of
agivenattribute value. We useour Binomial modelto find
the expectedvalueof the frequeng of anattribute valueas
givenin the following lemmaand develop a sequencef
resultsregardingthe correspondingstimates.

Lemma?2 For aone-dimensionakctangularACM, theex-
pectechumberof tuplesfor a givenvalue X; of attribute X
is E(X;) = n/l, wheen is thenumberof tuplesin thesec-
tor containingthevalue X; andl is thewidth of that sector

Proof: FromEquation(2), theprobabilitythatthevalue X;
occursexactly k timesis,

o= () ) (7))

which is a Binomial distribution with parametergn, 7).
The resultfollows directly from the fact that the meanof
thebinomialdistribution, Binomial(n, p), is np, wherep is
theprobabilityof success. O

The above resultis very usefulin estimatingthe results
of selectionandjoin operations.

6.1 Estimation Err or with Rectangular ACM

It hasbeenshawvn thatevena smallerrorin the estima-
tion results,whenpropagatedhroughseveralintermediate
relationaloperationscanbecomeexponentialand be dev-
astatingto the performancesf a DBMS [6]. In this section
we provide somedefinitionsfor estimatinghe errorsbased
onthevariance andprovide atechniqueo measurehees-
timationerrorsobtainedrom the R-ACM.

The varianceof a random variable X measureghe
spreador dispersiorthatthevaluesof X canassumendis
definedby Var(X) = E{[X — E(X)]?}. It is well known
thatVar(X) = E(X?) — [E(X)]2. Thusthe varianceof
the frequeng of the kt* valueof the attribute X in the 5%
sectoris givenas,

Var(Xy) = E [(xk - ’;—;)2]

Expandingheright handside,we obtain,

nj , (1 i 1\ i nj 2
Var(Xg) =) =; (l—) (1 - F) - (l—) 7)
i=0 J J J

Lemma 3 The variance of the frequencyof an attribute
valueX in sectorj ofanR-ACM s,

Var(x) = B~ 1 ®)

J
Proof: It is well known thatthevarianceof a Binomial dis-
tribution with parameter$n, p) is np(1 — p). Henceusing
thepropertyof the Binomial distribution, theexpressiorfor
thevariancegivenin Equation7 canbereducedo theone
givenin thelemma. O

Lemma 4 Thesectorvarianceof the jt* rectangularACM
sectoris,

n;(l; — 1)

7 ©)

Var; =



Proof: WenotethatVar(Xy) issaméorall k,1 < k < I,
in agivensector Sincethe randomvariablesareindepen-
den?, summingup the variancesof all the valuesin the
sectorwill give usan upperboundfor the estimationerror
or varianceof the sector Theresultfollows. O

Similarly, summingup the variancesof all the sectors,
we obtainanexpressiorfor thevarianceof theentireACM,
whichis givenin thefollowing lemma.

Lemma5 Thevarianceof an R-ACM is givenby,
Var(ACM) = _Var; (10)
i=1

whee s is thenumberof sectosin the ACM.

Proof: The resultfollows directly from the fact that the
variancesn eachsectorareindependentthussummingup
the sectorvarianceswill yield the varianceof the entire
ACM. O

6.2 Error Estimatesand Self-Joins

It is interestingto studythe join estimationwhena re-
lation is joined with itself. Theseself-joinsfrequentlyoc-
curwith 2-way join queries.lt is well known [11] thatthe
self-joinis a casewherethe queryresultsizeis maximized
becaus¢hehighestoccurrenceéfrequenciesin thejoining
attributescorrespondo the sameattribute values. Assum-
ing thattheduplicatetuplesafterthejoin arenoteliminated,
we have thefollowing lemma.

Lemma6 Theerror, ¢, resultingfrom a self-joir® of rela-
tion R onattribute X usinga rectangularACM is givenby,

s l;

e=Var(ACM) + Z in

j=1 | k=1

2 1: —n.
_ni+ ngl; —n;
Lj

Proof: The proofis a little cumbersomandnotincluded
herein theinterestof clarity andbrevity. It is foundin [13].

Theorem3 The variance of a rectangular ACM corre-
spondingo attribute X is,

8 N
Var(ACM) =N — - 11
ar(ACM) ;z,. (11)

2We really don't needindependencéor this. Uncorrelatedness sufi-
cient.

3In oneof hisrecentworks[8], consideringa V-optimalhistogram(de-
finedin hiswork), Poosalahasclaimedthatthe errorresultingfrom a self-
join is equalto the histogramvariance.Indeed althoughhis resultis basi-
cally true from anordernotationpoint of view, themoreexactexpression
is givenin thislemma.

Proof: FromLemmab, the varianceof anR-ACM is given
byVar(ACM) = Z;Zl Var;, whereVar; isthevariance
of thej** sector ButfromLemma4, Var; = n;(l;—1)/1;.

Hence,

" n(l; = 1) - "\ n;
Var(ACM) = 27] ;j :an_. ﬁ
j=1 j=1 j=1
L N
= N- iy
>
=1
Hencethetheorenfollows. O

6.3 Worst CaseErr or with the Rectangular ACM

As mentionedearliet forcing a frequeng value to be
within a giventolerancer to therunningmeanensureghat
the frequeng distribution within an R-ACM sectoris very
closeto uniform. We note that whenerer every frequeng
valueis alwaysconsistentlysmaller(or alwaysconsistently
greaterthanthe currentmeanby thetolerancevaluer, the
resultingsectorswill befarfrom uniform. Sowe have the
following definition.

Definition 2 A distribution is saidto be "least uniform” if
for everyattributevalueof X;, thefrequency:; attainsthe
valuex; = u;—1 — 7, if z; is deceasingor z; = p;—1 +
T if z; is increasing whee g;_; is the meanof the first
(z — 1) frequenciesA sectorof the formertypeis calleda
monotonicallydecieasingR-ACM sector Similarly a sector
of the latter typeis called a monotonicallyincreasingR-
ACM sector

The motivation for the above definition comesfrom the
following obsenation. Assumethat during the processof
constructingan R-ACM sector the next valuez; is smaller
thanthecurrentmeanu;_1. We notethatif z; < p;_1 — 7
then,wewill have generateé new sector Hencethesmall-
estvaluethatz; canassumés z; = u; 1 — 7. Theresulting
distribution is shavn in Figure5(a). Thisis formally given
by the following lemma. This lemmais givenfor the case
whenthesectoris amonotonicallydecreasingR-ACM sec-
tor, or in otherwords,wheneveryfrequeng valueis always
smallerthanthe previous runningmean. The casefor the
increasingR-ACM sectoris provedin ananalogousvay.

Lemma7 A deceasingR-ACM sectoris "least uniform”,
if andonly if

“_Z% for1 <k <lIj.

=1



Proof: Notethatin this case)eastuniformity occurswhen
thequantityEs(X) — z; assumetdts largestpossiblevalue
(or whenz; assumegts minimumvalue),whereEg(X) is

the expectedvalue of X in a sector We assumehat the
frequeng of thefirstvalueis z; = a.

Basis:z; = a : Sincethe currentmeanis Es(X) = a,

andthe sectoris a decreasindgR-ACM sectortheminimum
possiblevaluefor z, is obtainedfrom Eg(X) — 2o = 7.

Thisis achivedwhenzy = a — 7.

Inductive hypothesisAssumethe statementis truefor n =

k. Sothe sectoris the leastuniform for the first & values
andthefrequenciegake thefollowing values:

r = a
o = a—T
3T
r3 = aG— —
2
k—1
T
T = a-— -
2

=1

Forn = k 4+ 1: Theminimumpossiblevaluefor z1 with-
outcreatinganew sectoris obtainedvhenEs(X)—zy 1 =
7. Thisis achizedwhenzy1 = Es(X) — 7. So,

L +Te+ ...+ 2k

Tp+1 — k - T
o THE+ T
= a-— % T
k-Dr+k-2)F++...+ 5
= a — —_
k
kr(A+i+... 4+ 75— (k=17
= a-— -7
k
k T
= e-)
i=1
This provesthelemma. O

Lemma8 AnincreasingR-ACM sectoris "least uniform”,
if andonly if

k—1
r
Ty, = a+ - forl < k<I;.

Proof: The proof is analogougo that of Lemma7 and
omittedin theinterestof brevity. O

We shallnow presentatight boundfor thefrequeng z;
of anarbitraryattributevalue X; in thefollowing theorem.

Theorem4 If thevalue X; falls in the jt* sectorof an R-
ACM, thenthenumberof occurrenceof X; is,
R

oAU e <P +IrA-1]
; ;

lj

whee A = In (/_41) andn; and!; are the numberof
tuplesandthe sectorwidth of the jt* sector

Proof: Considera sectorfrom an R-ACM. Let the fre-
gueng of the first value z; be a. We note that the R-
ACM sectowill becomea”"skewed” one,if thesubsequent
valuesareall smalleror all greaterthanthe previous run-
ning meanby 7. FromLemmas7 and8, it is obviousthat
suchsectorarethe’leastuniform” onesin anR-ACM, and
consequentlythe largestestimationerror occursin sucha
"skewed” sector Assumethat the frequeny valuesfrom
z1 to z;; decreasenonotonicallyin this manner In other
words,if the meanof thefirst k& valuesis yy, thenthe next
valuewill take its lowestallowablefrequeny, ur — 7. The
resultingdistributionis shavnin Figure5(a). FromLemma
7, thefrequeng of an arbitraryattribute value X; is given

by,

-
|
-

>
Il
El i

1

The expectedvalue E(X;) is the meanfrequeng for the
entiresector So,

l
E(X;) = Lklzl i
J
= U T
= a—-T 2 e lj 1 lj
But thefrequeng of anarbitraryvalue X;; is,

;= JTRL I

ri=a—T LR

Sotheestimatiorerroris,

Hence,

"
x> - —
lj

P (7=5) 1)

Similarly using symmetry for an R-ACM sector with
monotonicallyincreasingrequeng value(seeFigure5(b)),

we canshaw that,
T[m(ijl) _1”

"
;<2
L
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Figure 5. (a) A decreasing R-ACM sector;

(b) An increasing R-ACM sector;

(c) Darkly shaded area

represents the likely frequencies of attrib ute values given by Theorem 4.

Thetheoremfollows. O

The readershould note that the compositeeffect of
the monotonicallydecreasingrequeng sequenceandthe
monotonicallyincreasingfrequeng sequenceestrictsthe
set of frequeng valueswhich the attributes can take as
shavn in Figure5(c). Thefollowing exampleillustratesthe
implicationsof theabove theorem.

Examplel Consideran R-ACM sector of width 10 con-
taining 124tuples,whee the R-ACM is partitionedusinga
tolerancevaluer = 3. Letusattemptto find the estimated
frequencyangesfor theattributevaluega) X5 and(b) Xs.

(a). Thefrequeng rangeof X3 is,

124 —|3(In5 - 1)| < 23

1057 <z

<124+ [3(In5 - 1)|
<14.23

(b). Thefrequeng rangeof Xy is,

124 —|3(In2 - 1)| < 6

1148 < =z

<124+ |3(In2 - 1)
<13.32

Notice that in both the above cases,the possiblefre-
gueng valuesfrom anequi-widthor equi-deptthistograms
are0 < z < 124, wherex = z3 or zg. The power of the
R-ACM in theestimations obvious!

6.4 Worst-CaseErr or in RangeSelectQueries

Unlike the previous case whenestimatingthe sumof fre-

guenciesin an attribute value range,we have to consider
threedistinctcasesTheseg(a pictorial representationf this

is foundin [16]) arenamelythe casesvhen,

1. The attribute value range spansacrossone R-ACM
sector

2. The attribute valuerangefalls completelywithin one
R-ACM sector

3. The attribute valuerangespansacrossmorethanone
R-ACM sector

In thefirst caseestimationusingthe R-ACM givesthe ac-
curateresult(n;) andthereis no estimationerror. The es-
timation error in the secondcaseis given by the theorem
below. The estimationerror in the third casecan be ob-
tainedby notingthatit is in factthe combinatiorof thefirst
andseconccases.

Theorem5 An estimatefor theworst-caseerror, ¢, in esti-
matingthe sumof frequencieof X; in the attribute value
range, X, < X; < Xg, whenboth X, and Xz fall com-
pletelywithin an R-ACM sectoris givenby,

—o T ﬂ_]-'
e:‘ln{lg.ﬁ +1) Ea—Qil

whee g > a.

}‘—(,B—a+1)7-

Proof: Using Theorem4, we can computethe error re-

sulting from this resultsize estimationby summingup the

worst-casearrorfor eachof the attributevaluesin thegiven

valuerange.Thuswe have thefollowing cumulatve error.
27

2 () 1l

1—1
TZm(Z_l) B-a+)r

=

|

Hencethetheorenfollows.
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6.5 AverageCaseErr or with RectangularACM

The previous theoremgives the boundsfor the worst-
caseestimationerror by consideringthe "least uniform”
sector But whataboutthe estimationerroronthe average?
Averagecaseerroroccursin atruly randomsector In aran-
domsectorfrequeng valuesdonotmonotonicallyincrease
or decreas@sin theleastuniform casewe considerede-
fore. Insteadthey take on arandomvaluearoundthe mean
boundedby the tolerancevalue. In otherwords,if the cur
rentmeanis u, thenthe next frequeng valueis a random
variablebetweery — 7 andy + 7. Wheneverthe next fre-
queng valuefalls outsidethe rangeof [z — 7, 4 + 7], then
anew sectoris generated.

Theorem6 The average caseerror in estimatingthe fre-
guencyof an arbitrary attribute value with a rectangular
ACM is boundedby 27.

Proof: To computethe averagecaseerror, we arerequired
to computethe error at every attribute valueandthentake
its expectedvalue by weightingit with the probability of

thecorrespondingrror. However, sincethefrequeng of an
attributevaluecanvaryonlyin therangeof [u—, u+7], the
maximumvariationthefrequeng canhaveis 2r. It follows
thatthe maximumerroris alwaysboundedby 27, andthe
resultfollows. O

6.6 Estimation of Join Err or

The estimationerror resultingfrom an equalityjoin of
two attributesis usuallymuchhigherthantheestimatiorer-
rorsresultingfrom the equality selectandrangeselectop-
erations.

Lemma9 Consideringthe equality join of two domain
compatibleattributes X and Y with X; = Y}, if the ex-
pectedresultsize of the equality selectionquery ox=x;,
usinganACM s £; andthatof oy—y; is §j;, thenthemaxi-
mumerror resultingfromjoining theattributesX andY on
thevaluesX; andYj; is givenby,

€= |(Ziey + Jj€z + €xy)|
wheee, ande, are theestimatederrors resultingfromthe
equalityselectionqueriess x = x; andox—y; respectively

Proof: Assumethatthe actualfrequeng valuesof X; and
Y; arex; andy; respectrely. Hencethe actualsizeof the
join contrikution from thesevaluesis,

£ = zy;.

Buttheexpectedsizeof thejoin contributionfromtheabove
valuesis,

~

§ = 2:9;.

JoinErrore

3 35 2
Attribute X . 5

Figure 6. Join Estimation Error and the Posi-
tions of Attrib ute Values

Thusthe maximumerror resultingfrom joining the values
X = X;andY =Yj is,

e = 6§

= |wiy; — 295

The possiblevaluesfor z; can be either (#; — €;) or
(&; + €;). Similarly the possiblevaluesfor y; canbe ei-
ther (§; — €,) or (§; + €,). We note that out of the 4
possiblevaluecombinationf theseexpectedvalues,only
(&; + €2)(§; + €y) givesthelargesterror Hencethe maxi-
mumerrorbecomes,

€ = |25 — (& +e) (5 + &)
= |Ziey + Pz + €yl

Thelemmafollows. O

Consideringall the valuesof attributes X andY, it is
possibleto find the cumulative errorin the estimationof a
join. Henceusingthe resultson estimationerrorswe ob-
tainedearlier we canfind thejoin errorsfor boththeworst-
caseandaverage-cassituationsn R-ACM andT-ACM.

Since the worst-caseerror in estimatingthe selection
queriesox—x; andoy-y; is dependenbn the positions
of the attribute valuesX; andY; within the correspond-
ing R-ACM sectors,we note that the worst-caseerror in
the above join is alsodependenbn the positionsof the at-
tribute valuesbeingjoined. Figure6 shavstherelationship
of theworst-casgoin estimatiorerrorandthe positionsi, j
of theattributevaluesX; andY; within theR-ACM sectors.
Note thatthe join estimationhasthe lowestworst-caseer-
ror whenboth X; andY; arethelastattributevaluesin their
correspondingectors.

We compareheworst-caseandaverage-casestimation
errors for equality-matchqueriesin the traditional equi-
width, equi-depthhistogramsaandthe nev R-ACM method
in Table2 andnotethatthe R-ACM providesmuchsmaller
estimatiorerrorsthanthetraditionalhistograms.



Histogram | Worst-casérror | Average-caskrror |
Equi-width max (n; — 5, %) | max (n; — 5%, %)
Equi-depth e o
R-ACM | () - 1 or

Table 2. Comparison of Histogram and R-ACM Errors. Note that 7 is much smaller than ;.

7 Experimental Results

We conductedinextensive arrayof experimentsinvolv-
ing a numberof real-world databasedp comparethe per
formanceof the R-ACM to the traditionalequi-widthand
equi-depthhistogramscurrently beingusedby mostcom-
mercialdatabaseystems.Tables3 and4 shav the experi-
mentalresultsconductedn someof the datasetgenerated
from the U.S. CENSUSdatabas18]. Sinceit is impossi-
ble to list all of our experimentalkresultshere,we referthe
readerto [16, 17] for moredetailedinformation.

The queriesfor our experimentsconsistedof either(a)
equalityjoin (b) equalityselectioror (c) rangeselectiorop-
erators.

Thefirst groupof experimentswvereconductedn equi-
width, equi-depthhistogramsandthe R-ACM. In eachof
our experimentakuns,we chosedifferentbuild-parameters
for the histogramsandthe R-ACM. The build-parameters
for theequi-widthandequi-deptthistogramsarethe sector
width andthe numberof tupleswithin asectorespectiely.
The build-parametefor the R-ACM is thetolerancevalue,
T.

We obtainedthe relative estimationerror as a ratio by
subtractingheestimatesizefrom theactualresultsizeand
dividing it by the actualresultsize. Obviously, the cases
wheretheactualresultsizeswerezerowerenot considered
for errorestimation.We implementeda simple querypro-
cessorto computethe actualresultsize. The resultswere
obtainedby averagingthe estimationerrorsover a number
of experimentsandareshovnin Table3.

In thesecondyroupof experimentswe comparedhere-
sultestimatesrom the R-ACM for threedifferenttolerance
values.Againwe considereda) exactmatchselectqueries
(b) rangeselectqueriesand (c) equi-join queriesand ob-
tainedthe averageestimationerrorsby comparingthe es-
timatesto the actualresultsizes. The resultsare givenin

4The CENSUSdatabaseontainsinformation about householdsand
personsin the U.S.A, providing various statistics. The Data Extraction
System(DES) at the U.S. CensusBureauallows extracting recordsand
fields from very large public informationarchives suchas governmental
suneys andcensugecords.It producesustomextractsin selectabldor-
matsthatcanbelateranalyzedy statisticalpackages.

Table4.
7.1 Analysisof the Results

Theresultsfrom thefirst setof experimentshaw thatthe
estimationerrorresultingfrom the R-ACM is consistently
muchlower thanthe estimationerror from the equi-width
and equi-depthhistograms.This is consequento the fact
thefrequeng distribution of anattribute valuewithin anR-
ACM is guaranteedb be closeto the sectormeansincethe
partitioningof thesectorss basen a userspecifiedoler
ancevalue,andthedeviationfrom therunningsectomean.
Thus,for example,we seethatin the equi-selecbperation
in Table3, thepercentagestimatiorerrorfrom theR-ACM
is only 5.23%,which is significantlysmallerthanthat ob-
tainedby the equi-widthand equi-depthhistogramswhich
are 28.8% and 23.4% respectiely. This indeeddemon-
stratesanorderof magnitudeof superiomperformanceSuch
resultsare typical with both syntheticdataand real-world
data(See[16] for moredetailedexperimentakesults).The
power of theR-ACM is obvious!

The secondsetof experimentsillustratesthat the accu-
ragy of the R-ACM falls in aninverselyproportionalman-
ner to the tolerancevalue. Sincesmallertolerancevalues
resultin a proportionallylargernumberof sectordn the R-
ACM, thereis obviously a trade-of of estimationaccurayg
andthestorageaequirement®f the R-ACM. From Table4,
we seethat for the tolerancevaluer = 4, the percentage
errorfor therange-seleagueryis only 2.09%. As opposed
to this, whenthetolerancevalueis increasedo = = 8, the
percentagerror for the sameoperationbecomesl7.48%.
Suchresultsareagaintypical.

Our resultsfrom thesetwo setsof experimentsconfirm
our theoreticalresults,summarizedn Table 2, andclearly
demonstrateéhat the estimationaccurag of the R-ACM is
superiorto thatof thetraditionalequi-widthandequi-depth
histograms.

8 Conclusion

In this paperwe have introduceda new histogram-lile
approximatiortechnique called the RectangulaAttribute



. . Equi-width Equi-depth R-ACM
Operation ActualSize Size [ Error | Size [ Error | Size | Error
Equi-select 1796 1279.1 | 28.8% | 1365.6 | 23.4% | 1702.3 | 5.23%
Range-selec 32109 30008.3| 6.5% | 31214.9| 2.8% | 32319.2| -0.65%
Equi-join 720988 543908 | 24.6% | 610482 | 15.3% | 660183 | 8.43%

Table 3. Comparison of Equi-width, Equi-depth and R-ACM: U.S. CENSUS Database

: . EstimatedResult Percentag&rror
Operation Actual Size ——7 |7-:6 |7-:8 —7 |7-:6 |7-:8
Equi-select 1435 1338.5 | 1292.1 | 1143.6 | 6.75% | 9.97% | 20.34%
Range-seleci 26780 26219.1| 24918.3| 22098.9| 2.09% | 6.95% | 17.48%
Equi-join 563912 | 610180 | 680953 | 719320 | -8.2% | -20.8% | 27.56%

Table 4. Result Estimation Using R-ACM: Data - U.S. CENSUS Database

CardinalityMap, for queryresultsizeestimation Sincethis
stratgyy is basedon a userdefinedtolerancevaluefor par
titioning the sectorsjts worst-casendaverage-caserrors
areassuredo bewithin adesiredoound,andthusit is more
accuratehanthe traditionalhistograms.By proving a Bi-
nomialdistributionto represenfrequeng variationswithin
sectors,we have first of all presenteda maximumlik eli-
hoodanalysisandthereafteprovidedtheoreticaresultsto
comparethe accurag of the R-ACM to that of the tradi-

tional histogramsbothin the average-casandworst-case.

We have alsoconducted=xtensive experimentsusingreal-
world datato supportthe validity of our theoreticakesults.
We hopethat due to its high accurag and relatively low

constructioncosts,it could prove to be a standardool for

gueryresultsizeestimationin futuredatabassystems.
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