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Abstract. Given an arbitrary real constant € > 0, and a geometric graph G in d-dimensional
Euclidean space with n points, m edges, and constant dilation, we present a data structure that
answers (1 + €)-approximate shortest path length queries in constant time. The data structure
can be constructed in O(m + nlogn) time using O(nlog n) space. This represents the first data
structure that answers (1 + £)-approximate shortest path queries in constant time, and hence
functions as an approximate distance oracle. The data structure is also applied to several other
problems. In particular, we also show that approximate shortest path queries between vertices
in a planar polygonal domain with “rounded” obstacles can be answered in constant time. Other
applications include query versions of closest pair problems, and the efficient computation of the
approximate dilations of geometric graphs.

1 Introduction

The shortest-path (SP) problem for weighted graphs with n vertices and m edges is a fun-
damental problem for which efficient solutions can now be found in any standard algorithms
text. In the gquery version of the problem, one is allowed to preprocess the graph, so that
the shortest path (either the length, or the actual path itself) between two given vertices
can be efficiently reported. In numerous algorithms, the query versions of the problem ap-
pear as subroutines. Furthermore, it is often sufficient to solve the problem approximately.
The approximation version of the shortest path problem has been studied extensively; see
[1,15,18]. The latest in a series of results for undirected weighted graphs is by Thorup and
Zwick [32]; their algorithm computes (2k — 1)-approximate solutions to the query version of
the SP problem in O(k) time, using a data structure that can be constructed in O(kmn!/*)
expected time with O(kn1+1/ k) space. It is not an approximation scheme in the true sense
because the value k needs to be a positive integer. Since the query time is essentially bounded
by a constant, Thorup and Zwick refer to their queries as approximate distance oracles. For
the unweighted case, the preprocessing time was recently improved by Baswana and Sen [5]
to O(n?).

We focus on the geometric version of this problem. A geometric graph has vertices corre-
sponding to points in R and edge weights from a Euclidean metric. Throughout this paper,
we will assume that d is constant. Again, considerable previous work exists on the geometric
shortest path and related problems. A survey can be found in [27], see also [2,11,12,14].

We consider geometric graphs that are t-spanners for some constant ¢ > 1. A graph
G = (V,E) is said to be a t-spanner for V, if for any two points p and ¢ in V', there exists
a path in G between p and ¢ of length at most ¢ times the Euclidean distance between p
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and ¢. The minimum value ¢ such that G is a t-spanner for V is called the dilation of G.
Given a geometric t-spanner G = (V, E) on n vertices and m edges, we consider the problem
of constructing a data structure that supports (1 4 ¢)-approximate shortest path queries, for
any given real constant ¢ > 0. We present an algorithm that preprocesses G in O(m +nlogn)
time, after which shortest path length queries can be answered in constant time.

We remark that many “naturally occurring” geometric graphs are t-spanners, for some
constant ¢ > 1, thus justifying the interest in the problem considered in this paper. Many
theoretical geometric graphs as well as practical networks are known to be ¢-spanners. For
example, for any point set in the plane, the Delaunay triangulation, the greedy triangulation,
and the minimum weight triangulation are ¢-spanners for some constant ¢ > 1, see [25, 16].
As a more practical example, the railroad network in southern Scandinavia is a 1.85-spanner.
As a further motivation, many algorithms for constructing ¢-spanners of point sets have been
published. Even though any pair of points is connected by a ¢t-spanner path in such a spanner,
it is often far from obvious how to actually compute such a path.

Previous work on the geometric case has dealt with visibility graphs arising in polygonal
domains with or without polygonal obstacles, and for various metrics. Note that none of the
existing algorithms answer shortest path length queries in constant time with subquadratic
space and preprocessing time.

The main data structure used is a series of “cluster graphs” of increasing coarseness each
of which helps answer queries for different size edges. The idea of using cluster graphs to speed
up geometric algorithms was first introduced by Das and Narasimhan [17] and later used by
Gudmundsson et al. [20] to design an efficient algorithm to compute (1 + €)-spanners. More
recently, similar ideas have been used by Gao et al. [19].

Another contribution of this paper is a technical tool to “bucket” edge lengths in constant
time, without using the floor function. This tool was used in our algorithm in order to decide
which cluster graph to perform our search in. We believe that this tool is of independent
interest as a general device to speed up geometric algorithms.

We also show that the main data structure presented has many applications. We consider
the problem of approximating a shortest obstacle-avoiding path between two vertices in a
planar polygonal domain with obstacles, having a total of n vertices. In accordance with the
spanner constraints imposed above, we consider restricted planar polygonal domains, which
we will refer to as t-rounded domains. A polygonal domain P is said to be t-rounded if for any
two vertices p and g, the length of the shortest obstacle-avoiding path between p and ¢ is at
most ¢ times the Euclidean distance between them. The concept of t-roundedness is similar
in spirit to that of domains with fat obstacles or with bounded aspect ratio obstacles, see [7,
29]. We show how to preprocess a planar t-rounded domain in O(nlogn) time, such that
approximate shortest path length queries can be solved in constant time for any two vertices
of the domain, and in O(logn) time for any two points in the plane. Other applications
include several query versions of closest pair problems, and a significant improvement in the
time complexity of an algorithm to compute the approximate dilation of geometric graphs.

Our model of computation is the traditional algebraic computation tree model with the
added power of indirect addressing. We will use the following notation. For points p and ¢
in R?, let |pg| denote the Euclidean distance between p and q. For a geometric graph G, let
dc(p,q) denote the Euclidean length of a shortest path in G between p and g. Hence, G is
a t-spanner for V if dg(p,q) < t|pq| for any two points p and ¢ of V. If P is a path in G
between p and ¢ having length A with dg(p,q) < A < (14 ¢)dg(p, q), then P is said to be a



(1 + ¢)-approximate shortest path for p and ¢. Finally, we say that a subgraph G’ of G is a
t'-spanner of G, if §¢r(p,q) < t' - dc(p, q) for any two points p and ¢ of V.

In Section 2, we present a data structure that answers approximate distance queries in a
spanner G for points p and ¢ for which the ratio between |pg| and the length of the longest
edge in G is polynomially bounded. We present the data structure and describe its properties.
In Section 3, the result is extended to arbitrary edge lengths. In Section 4, we discuss various
applications of our data structure, including answering approximate shortest path-length
queries in polygonal domains with obstacles, computing dilations of geometric graphs, and
answering closest pair queries. Finally, in Section 5, we present a tool for bucketing edge
lengths without using the floor function. This tool is used repeatedly in Sections 2-3.

The main result of this paper is stated in the following theorem:

Theorem 1. Let V be a set of n points in R¢, and let G = (V, E) be a t-spanner for V,
for some real constant t > 1, having m edges. We can preprocess G into a data structure of
size O(nlogn) in time O(m + nlogn), such that for query points p,q € V, we can compute
a (1 4 ¢)-approzimation of the shortest-path distance in G between p and q in constant time.

2 Answering approximate distance queries for points that are separated

Let V be a set of n points in R?, and let G = (V, E) be a t-spanner for V, for some known
real constant ¢ > 1. We assume that the number of edges of G is O(n). If this is not the
case, then we can use the algorithm in [22] to compute, in O(m + nlogn) time, a linear-sized
(1 + ¢)-spanner of G, which can then be used to answer the queries, instead of G.

Let D be the length of the longest edge in G, let € be a positive real constant, and let ¢
be a positive integer constant. In this section, we will show how to preprocess G into a data
structure such that for any two points p and ¢ in V' with |pg| > D/n¢ we can compute in
constant time a (1 4 ¢)-approximation of the shortest-path distance in G between p and ¢,
i.e., a real number A such that

da(p,q) <A< (1+¢€)-da(p,q)-

This data structure will be based on the cluster-based implementation of the greedy spanner
algorithm by Das and Narasimhan [17]; see also Gudmundsson et al. [20]. Therefore, we start
by describing the main ideas of this algorithm.

2.1 Constructing a spanner using a greedy approach

We may assume without loss of generality that D = n®. If this is not the case, then we scale
the coordinates of the points of V' so that this is true. The greedy spanner algorithm computes
a (14+¢)-spanner G' = (V, E') of the t-spanner G = (V, E). The basic version of this algorithm
works as follows. The graph G’ is initialized to (V,0), and the edges of E are sorted according
to their lengths. Then, the algorithm examines the edges of E one by one, in increasing order.
When the algorithm examines an edge (p, q), it checks if there is a path between p and ¢ in
the current graph G’ whose length is at most (14 ¢)|pg|; the edge (p,q) is added to G’ if and
only if there is no such path. The resulting graph G’ is a (1 + €)-spanner of G.

Since a naive implementation requires cubic time we need a faster algorithm. Das and
Narasimhan [17] showed how one can use so-called cluster graphs to speed up the algorithm.



For this we need to choose arbitrary real constants g and A with 1 < A < u, and partition
the edge set F into subsets

Ey:={(p,q) € E: |pg| < A}

and
Ei:={(p,q) € E:p" ')\ < |pg| < p'A},

1 <4 < 1+ [log,(n®/A)]. After the graph G’ has been initialized to (V, Ep), the remaining
subsets F;, ¢ > 1, are processed one after another. At the beginning of the phase in which
E; is processed, the algorithm constructs a cluster graph H of the current graph G’, which is
dynamically maintained during this phase. Informally, the cluster graph H approximates the
current graph G’, in the sense that for any two points p and ¢ for which |pg| is approximately
equal to p'), the value of 8y (p,q) approximates d¢ (p,q). Moreover, for two such points p
and ¢, the value of 05 (p, q) can be computed in O(1) time, since the degree in H is bounded
by a constant and the number of edges in H on the shortest path between p and ¢ is also
bounded by a constant. When the algorithm processes edge (p, q) of E;, it uses the current
cluster graph H to decide whether or not to add this edge to the current graph G’. That
is, (p,q) is added to G’ if and only if dg(p,q) > (1 + €)|pg|. If this edge is added, then H
is updated so that it is a valid cluster graph for the new graph G’. Das and Narasimhan
proved that the final graph G’ (i.e., after all subsets E;, i > 1, have been processed) is a
(1+ ¢)-spanner of G. They also show that for each 7, 1 < i <1+ [log,(n°/))], the algorithm
spends O(nlogn + |E;|) time to process the edge set E;. Hence the overall algorithm runs in
O(nlog®n + 3,5, |Ei]) = O(nlog?n) time. We now present some properties of the cluster
graph in more detail.

The cluster graph Let L > 1 be a real number, and consider the graph G’ at the moment
when the greedy algorithm has just processed all edges of E' whose length is at most L. In [17]
Das and Narasimhan prove that ¢/ (z,y) < (1+¢)|zy|, for all edges (z,y) € E with |zy| < L.
Let i be the integer such that p*~'\ < L < pf). They choose an arbitrary real constant® o
with 0 < @ < 1/4, and use it to define the cluster graph H for G'. This cluster graph has the
points of V as its vertices, and it has O(n) edges. Moreover, for all p,q € V

L der(p,q) < ou(pq).
2. If 6 (p,q) > (1 — 2a)u* 1\ then,

1+ 6w
1-2«

3. For any real number £ with 0 < £ < (1+¢)u'), it takes O(1) time to decide if 5y (p, q) < £.

om(p,q) < ( )50' (p,9)-

2.2 Using the cluster graph for approximate shortest path queries

Let p and ¢ be two points of V such that |pg| > A, and let i be the positive integer such that
pIN < [pg| < piX. Consider the graph G’ and the corresponding cluster graph H at the
moment when the greedy algorithm has just processed all edges of E;.

Assume that we have chosen the constant p such that g > t. Furthermore, assume that
Ipg| < uiA/t. Then the following holds.

5 Das and Narasimhan use the notation § instead of a.



da(p,q) < g (p,q). This holds because G’ is a subgraph of G.

dar (P, q) < 0 (p,q). This is one of the general properties of the cluster graph, see Section 2.1.

5u(p,q) < (1£52) - 6 (p, q)- Since dcr(p,q) > |pgl > pi~'A > (1 — 2a)u'~t ), this follows
from the general properties of the cluster graph, see Section 2.1.

6 (p,q) < (1 +¢)-dg(p,q)- To prove this, first observe that dg(p, q) < t|pg| < p'A. Hence,
each edge on the shortest path in G between p and g has length at most p’X. The claim

then follows from the general properties of the cluster graph, see Section 2.1.

Combining these inequalities, it follows that

1+ 6«
1 -2«

56(p,0) < 0u(pa) < (1+€) ({752 ) - 6 (p:a);

provided that ' ~!\ < |pg| < p*A/t. Hence, by choosing the constant « such that 0 < o < 1/4
and ((1+ 6a)/(1 —2a)) < 1+¢, the value dg(p, q) is a (1 + £)?-approximation to the length
of the shortest path in G between p and ¢. By replacing € by ¢/3 in the entire construction,
we get a (1 + ¢)-approximation to dg(p, q).

Hence, we have shown the following. For any constant A with 1 < A < p, if p and ¢
are two points with |pg| > ), and if i is the positive integer such that p*~'\ < |pg| < p'),
then we can compute a (1 + ¢)-approximation to dg(p, q) in constant time, provided that (i)
we know the index i, and (ii) |pg| < p'A/t. We will see in Section 5 how the index 4 can
be computed. Condition (ii) says that the distance |pg| must be in the “initial” part of the
interval (u*~!\, u*A]. This condition can be met if we apply this construction using a constant
number of values for A\. The details will be given in the following subsection.

2.3 The data structure

We choose constants p and « such that > ¢, 0 < @ <1/4 and ((1+6¢)/(1 —2a)) < 1+e.
For any j, 0 < j < [log,, p], let Aj := (u/t)?. For each such j, we run the greedy spanner
algorithm on the ¢-spanner GG, using the subsets

E} :={(p,q) € E: |pq| < \;}

and
El :={(p,q) € E: "'\ < |pg| < p');},

1 <i <1+ [log,(nf/Aj)].

Our data structure consists of the collection of cluster graphs H. ZJ , for 0 < j < [log, /t ©l,
and 1 <4 < 1+ [log,(n°/A;)], where HZJ is the cluster graph at the moment when the greedy
algorithm has just processed all edges of the subset EZJ . Let us now see how this data structure
can be used to answer approximate shortest path queries. Let p and ¢ be two points of V
with |pg| > 1. Let i be the positive integer such that p*~! < |pg| < p¢, and let j be the
positive integer such that \; < |pg|/u*™t < (u/t)A;. Then p* '); < |pg| < piA;/t and the
results of Section 2.2 imply that A := (5Hg- (p,q) can be computed in O(1) time and satisfies
Sa(pg) S A< (1+¢) - dalp,q)-

As we will show in Corollary 1, the integer 7 can be computed in O(1) time. Similarly,
given 7, the integer j can be computed in O(1) time. Hence, our data structure answers



approximate shortest path queries, for pairs of points with inter point distance at least 1, in
constant time. As mentioned in Section 2.1, we spend O(n log? n) time to compute the graphs
H,... H 1 for each value of j, and since j is bounded by [logu/t u| we get that the

[clog,, n
overall preprocessing time is O(n log? n). Finally, since each cluster graph Hf has n vertices
and O(n) edges, the complete data structure uses O(nlogn) space.

We can improve this result in the following way. Gudmundsson et al. [20] approximate the
cluster graphs using appropriate integer weight functions. They show that this leads to an
implementation of the greedy algorithm that runs in O(nlogn) time. If i and j are integers as
above, and if we denote the cluster graph of [20] by F, then A:=§ Fi (p,q) can be computed

in constant time and satisfies 6¢(p,q) < A < (1+¢€)?-g(p, q). Hence, using Corollary 1, the
value of A can be computed in constant time.
We summarize our results obtained so far.

Theorem 2. Let V be a set of n points in R?, and let G = (V, E) be a t-spanner for V, for
some real constant t > 1, having O(n) edges. Let D be the length of the longest edge in G,
let € be a positive real constant, and let ¢ be a positive integer constant. In O(nlogn) time,
we can preprocess G into a data structure of size O(nlogn), such that for any two points p
and q in 'V with |pq| > D/n°, we can compute, in O(1) time, a (1 + €)-approzimation to the
shortest-path distance in G between p and q.

In the next section, we will need a generalization of Theorem 2. If ¢ > 1 and L > 0 are real
numbers, then we say that the graph G = (V, E) is an L-partial t-spanner for the point set
V, if for any two points p and g of V with |pg| < L, we have dg(p, q) < t- |pg|. The following
theorem states that Theorem 2 remains true for partial spanners. The proof is basically the
same as that of Theorem 2.

Theorem 3. Let V be a set of n points in R?, let L > 0 be a real number, and let G = (V, E)
be an L-partial t-spanner for V, for some real constant t > 1, having O(n) edges. Let € be
a positive real constant and let ¢ be a positive integer constant. In O(nlogn) time, we can
preprocess G into a data structure of size O(nlogn), such that for any two points p and q
of V- with L/n® < |pq| < L, we can compute, in O(1) time, a (1 + €)-approzimation to the
shortest-path distance in G between p and q.

3 Extending the structure to support arbitrary queries

The main drawback with the query structure presented in the previous section is that one is
limited to perform only “long queries”. In this section we show how to extend Theorem 2 to
hold for any query, independent of its length.

The obvious idea is to construct a sequence of graphs that approximates G and fulfills the
requirements of Theorem 3. We will in this section show how this can be done.

The construction consists of two main steps. First we construct a hierarchy of so-called
component graphs, denoted Gi,...,Gp. The general idea is to partition E into subsets
E1,...,E; such that the edge lengths in each subset differ by a factor of n°(1) of each
other. For each index i, we consider each connected component in (V, E; U E, U...UE;) as
a super vertex, the set of super vertices is denoted V;. Then G; is the graph with vertex set
V; and edge set E| where (z,y) is an edge of E, between two super vertices = and y if and
only if there exists an edge (p,q) € F;_1 U E; such that z is the super vertex representing



the connected component containing p and y is the super vertex representing the connected
component containing ¢g. This step will be described in more detail in Section 3.1, and then
analyzed in Section 3.2.

The second step of the construction is needed to fulfill the condition in Theorem 3 that
requires the graph to be a partial spanner. This condition is satisfied by adding a set of short
edges to G;, and we obtain a graph GY.

As we will see, the sequence of graphs G, ... , Gy defines a natural hierarchical represen-
tation of G. This representation will allow us to find, for any two query points p and q of V,
an index i and two vertices z and y in GY such that:

i) p and z, and also ¢ and y, are close to each other compared to the distance between p and
g, and

ii) |zy| is within a factor of n@()

more than the edge lengths in E;.
These two properties imply that dgy (z,y) closely approximates dg(p, q), as will be shown in
Section 3.4.

3.1 A hierarchy of component graphs

Let V be a set of n points in R?, where n is a sufficiently large integer, let ¢t > 1 be a real
constant, and let G = (V, E) be a t-spanner for V. We fix an integer constant ¢, which is
assumed to be sufficiently large. (In fact, ¢ = 7 will be sufficient in our application.) We also
fix a real constant € > 0.

The following algorithm partitions the edge set E into subsets (some of which are empty).

Step 1: [Initialize B’ := E.
Step 2: Compute the length L of a shortest edge in E’, and
set L1 :=n°L, Ly :=n°Lq, and L3 := nLs.
Step 2.1: Compute the set E; consisting of all edges in E' whose
lengths are less than L1, and compute the set E' := E' \ Ej.
Step 2.2: Compute the set Fs consisting of all edges in E' whose
lengths are less than Ly, and compute the set E' := E'\ Es.
Step 2.3: Compute the set E3 consisting of all edges in E' whose
lengths are less than L3, and compute the set E' := E'\ Fj.
Step 2.4: Initialize 7 := 3.
Step 3: IfE; =0 and E' =0,
then go to Step 4. Otherwise, do the following.
Step 3.1: If E; # (), then set L; 11 := n°L;,
else let L be the length of a shortest edge in E' and
set L;41 :=n°L.
Step 3.2: Compute the set E;;1 consisting of all
edges in E' whose lengths are less than L;,, compute
the set E' := E'\ E;;1, set i := i+ 1, and go to Step 3.
Step 4: Set £:=1.

Consider the sequence Ly, Lo, ... , Ly of real numbers and the sequence F1, FEs,... , Ey of
edge sets that are computed by this algorithm. For each 7 with 1 < ¢ < £, we define the



interval I; by
Ii = [Lz-/nc, Lz)
The following lemma follows immediately from the algorithm.

Lemma 1. The following properties hold.

1. For each i with 1 < i < £ —1, for each L € I;, and for each L' € I;11, we have L < L'.
2. For each i with 1 <1 < £ and for each edge (p,q) in E;, we have |pq| € I;, i.e., L;/n° <
lpg| < L;.

For each edge (p,q) € E, there is a unique index i with 1 < i < £ such that |pq| € I;.

For each i with 1 <1 < £ — 1, we have L;11 > nL;.

L2 = ncLl and L3 = TLCLQ.

For each i with 1 < i < £—1 and for which E; # 0, we have L;11 = n°L;.

E,=0.

3<L<K2E|+1=0(n).

o RS v o

< 4, of Euclidean graphs, and a sequence

We now define a sequence G; = (V;, F;), 1 <4
= El, V2 = V, and F2 = E1 U EQ, so that

Uy, 1 <1 < £, of forests. Let Vi := V, F; :
G1 = (Vl,Fl) and G2 = (VQ,FQ).

For each connected component C of G1, let T be the tree whose root stores the index 1
and an arbitrary point of C, and that has |C| children (which are leaves), each leaf storing
a unique point of C. The forest U; is the collection of trees T, where C' ranges over all
connected components of G;. We define the forest Us in the same way with respect to the
graph Gs. The root of each tree in this forest stores the index 2.

Let 7 be such that 3 < i < ¢ and assume that the graphs G1,G9,... ,G;—1 and the
forests U1, Us, ... ,U;_1 have been defined already. The following algorithm defines the graph
G; = (V;, F;) and the forest U;.

Step 1: Initially, F; = ¢ and V; = 0.

Step 2: For each edge (p,q) in E; 1 U E;, do the following. Let = be the point stored at the
root of the tree in U;_5 in which p is stored as a leaf. Let y be the point stored at the root of
the tree in U;_2 in which ¢ is stored as a leaf. If z # y, then insert the edge (z,y) into F; and
insert z and y into V;, as shown in Fig. la-b.

After this step, we have obtained the graph G; = (V;, F;).

Step 3: For each connected component C' of G;, choose an arbitrary point z in C. Consider
all trees T in U;_5 such that the points stored in their roots form the set C. Construct a tree
whose root stores the index ¢ and the point z and that has the roots of all these trees T' as
its children, as illustrated in Fig. 1b-c.

Step 4: The forest U; consists of all trees that are obtained from Step 3 and all trees in U;_»
whose roots store a point that is not in V.

Lemma 2. For each i with 1 < @ < £, the trees in the forest U; are in one-to-one cor-
respondence with the connected components of the graph with verter set V and edge set
EiUFEyU...UE;. Both Uy and Uy_1 consist of one single tree.

Proof. The first claim follows immediately from the way the forest U; is defined. The second
claim follows from the facts that Ey is empty and the spanner G must be connected. O



(a) (b) ()

Fig. 1. Illustrating the construction of G; and U;.

3.2 Properties of the component graphs

The aim of this section is to prove that if z and y are two vertices of G; such that |zy| is
within a factor of n() of the longest edge in E; then ég, (,y) closely approximates d¢(z, ).
We start by showing two crucial properties.

Lemma 3. The following properties hold.

1. For any 1 with 1 <1 < ¥4, let p and = be two points that are stored in the same tree of the
forest U;. Then |pz| < nLj;.
2. For each i with 1 <1 < £, the length of each edge in G; is less than 2L;.

Proof. If p and x are in the same tree of the forest U;, then they are in the same connected
component of an imaginary graph @Z = (S, U;-ZlEi). In other words, they lie in the same
connected component, if you include all edges of length at most L;. Thus there is a path in
the original graph G connecting them by edges of length at most L;. Since such a path cannot
have more than n — 1 edges, the first claim follows.

The proof of the second claim is by induction on ¢. This claim clearly holds if 1 = 1 and
1 = 2. Let 3 <1 < £, and assume that the second claim holds for the graphs G1,Go,... ,G;_1.

Let (a,b) be an arbitrary edge of G;. Then a # b and there is an edge (p,q) in E;—1 U E;
where U;_9 contains two distinct trees Ty, and 7}, such that (i) the root of T, stores a, (ii) p
is stored in Ty, (iii) the root of T} stores b, and (iv) g is stored in 7T}. By the first claim, we
have |pa| < nL;_o and |¢b| < nL;_2. Hence,

lab| < |ap| + |pg| + [qb] < |pq| + 2nL;_s.

Since (p,q) € E;_1 U E;, we have |pg| < L;. Moreover, we have L; o < L;/n?¢. Therefore, we
obtain the following upper bound on the length of the edge (a,b):

lab| < |pg| + 2nL;_y < L; + 2L;/n**"! < 2L;,
completing the proof of the lemma. O

Now we are ready to prove the main results of this section, Lemma 4 and Lemma 5.



Lemma 4. Let i be an index such that 1 < 1 < £, and let x and y be two vertices of G; such
that L;/n°t* < |zy| < L;/t. Then

dg; (z,y) < (1 +¢€) - dg(z,y)-

Proof. If i < 2, then we have dg,(z,y) = dg(z,y). So assume that i > 3. Let P = (z =
Zo,T1,--- ,Zx = Yy) be a shortest path in G between z and y. Since G is a t-spanner, the
length of P is less than or equal to t|zy|, which is less than L;, as stated in the lemma. Hence,
|z;zj41| < L; for each j with 0 < j <k — 1.

We will convert P to a path () between z and y in the graph G;. It will then be shown
that the length of @ is less than or equal to 1+ € times the length of P. During the conversion,
we will maintain the following invariant.

Invariant: The subpath (z = zg, 21, ... ,z;) has been converted into a path (z = yo,y1,--. , yx’)
in G;, as illustrated in Fig. 2. The point g is stored at the root of the tree in the forest U;_o
that stores x;.

We start the conversion by setting j := 0, ¥’ := 0, and yg := zp. Since zg is a vertex of
G, the invariant holds at this moment.

Assume that j < k. If z; and z;11 are stored in the same tree of the forest U; 2, then we
set j := 7 + 1. Observe that the invariant is maintained in this case.

Now assume that z; and x4, are stored in different trees of U;_o. Since |z;zj41| < Lj,
the edge (z,;11) is contained in Ey U. ..U E;. Since z; and x4 are stored in different trees
of U;_o, this edge cannot be contained in E; U...U E;_o. Hence, (zj,z;41) is contained in
E; 1 UE;. Let yp 11 be the point stored at the root of the tree in U; 5 that contains ;1.
Then (yr,ypr+1) is an edge of G;. Hence, if we set j := j + 1 and k' := k' + 1, then the
invariant still holds.

We continue extending the path in G; until j = k. Observe that the last vertex of @ is
equal to zy = y. Therefore, we have obtained the path @) between x and ¥y in the graph G;. It
remains to estimate the length of ). Consider the edge (yx’, yx+1). By the triangle inequality,
we have

kyk 1] < lye x| + |25z + 12519041l
By Lemma 3, both |ypz;| and |z;1yk 41| are less than
nLi—a < Li/n* " < |ay|/n®°,
which implies that
lykryrr 1| < gz | + 2]yl /ne 0.

Since the path ) contains less than n edges, it follows that the length of @) is less than the
length of P plus 2|zy|/n¢ 8. Therefore,

2
bci(w,y) < da(z.y) + —=5lzyl < dalz,y) + elzyl < (1 +¢€) - ba (= y)-
This completes the proof. ad

It remains to prove an upper bound on dg(z,y).

10



Fig. 2. Illustration for the proof of Lemma 4.

Lemma 5. Let i be an index such that 1 < 1 < £, and let x and y be two vertices of G; such
that L;/nt* < |zy| < L;i/t. Then

da(z,y) < (1+¢€) - b, (x,y).
Proof. We have d¢(z,y) = 0¢,(z,y) for i € {1,2}. So we may assume that i > 3. Let (a,b) be
an arbitrary edge of G;. It follows from the definition of G; that there is an edge (p,q) in G
such that (i) (p,q) € E;—1 U E;, (ii) a is stored at the root of the tree in the forest U;_o that
contains p, and (iii) b is stored at the root of the tree in the forest U;_o that contains ¢q. By
Lemma 3, both |ap| and |bg| are less than nL; o < L;/n?~1. Therefore,
lpal < [pal + |abl + |bg| < |ab| +2L;/n* "
Since G is a t-spanner, we have
0c(a,p) < tlap| <tLi/n**™"  and  da(q,b) < tlgb| < tLi/n*".
By combining these inequalities, it follows that
dc(a,b) < bc(a,p) + |pg| + Sc(g, b) < |abl + 2(t + 1)Ly /n* 1. (1)

Now consider the points z and y. It follows from Lemma 4 that z and y are connected by
a path in G;. Let k be the number of edges on a shortest path in G; between z and y. If we
apply the inequality (1) to each edge on this path, then we obtain

5 (z,y) < dg;(z,y) +k-2(t +1)L;/n* ' < g, (z,y) + 2(¢ + 1)L; /n* 2.

Since L; < nT|zy| and |zy| < dg, (z,v), it follows that

da(2,y) < da,(2,y) + 2(t + Doyl /n™" < (1 + €)dg, (z,y)-

This completes the proof. O
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3.3 Extending the component graphs to partial spanners

Let ¢ be an index such that 1 < 7 < £, and let x and y be two vertices of G; such that
L;/nt* < |zy| < L;/t. Then it follows from Lemma 4 and the fact that G is a t-spanner that

da;(2,y) < (1+€) - da(z,y) < (1 + )t|zyl. (2)

We would like to apply Theorem 3 to the graph G;. This is, however, only possible if each pair
of vertices of G; having Euclidean distance less than L;/t is connected by a ((1 + €)¢)-spanner
path. Observe that this is true if 1 = 1 and 4 = 2. In order to achieve this property for all 4,
we proceed as follows.

For each ¢ with 3 <7 < 4, let G} be a ((1 + €)t)-spanner for the vertex set V; of G;, having
O(]V;]) edges. Such a spanner can be constructed in time O(|V;|log|V;|) using, for example,
the algorithms by Salowe [30] or by Callahan and Kosaraju [10]. Let G be the graph with
vertex set V; whose edge set is the union of the edge set of G; and the set of all edges of G}
having length at most L;/n°3.

Lemma 6. Let i be an index with 1 < i < £, and let © and y be two vertices of G such that
|zy| < L;/t. Then

1. 6gy(z,y) < (1+ €e)t|zy|, and

2. if Li/nt' < |wyl, then 2428 < bgn(z,y) < (1+€) - da(z,y)-

Proof. The claims are true if i € {1,2}. Assume that i > 3. If L;/n°T* < |zy|, then the first
claim follows from (2) and the fact that G; is a subgraph of GY. So we may assume that
|zy| < L;/nctt. Since G! is a ((1 + €)t)-spanner for V;, we have

S (2,y) < (L+e)tlzy| < (1+e)tLi/n"* < Li/n°*2.

Hence, the shortest path in G} between z and y is completely contained in G}. Therefore, we
have

5Gg’($ay) < 56‘; (x,y) < (1 + €)t|!Ey|,

proving the first claim.

To prove the second claim, assume that L;/n“T" < |zy| as stated. Since G; is a subgraph
of G¥, we have dg»(z,y) < d¢,(z,y). By Lemma 4, we have d¢;(z,y) < (1 +¢€) - da(z,y), so
it remains to prove that da(z,y) < (1+e€)-dgr(z,y).

Let z = g, 21,... ,2r = y be a shortest i)ath in GY between z and y. (The rightmost
inequality in the second claim implies that this path exists.) Let j be any index with 0 < j <
k —1 and consider the edge (z,z;4+1) in GY. Either (z;,z;41) is an edge of G; or an edge of
G;. First assume that (z;,z;11) is an edge of G;. Then it follows from the proof of Lemma 5
(see (1)) that

c+1

8 (zj, zj41) < |zjmjp| +2(t + 1) Li/n* "

If (zj,zj+1) is not an edge of G;, then it must be an edge of G and |z;z;11| < Li/n°™3. In
this case, we have

5g(w]’,3}j+1) < t|:L'j:17j+1| < tLi/nC+3.

12



Hence, we always have
Sa(j, wj41) < |zjajpn| + 208 + 1) Li /07" 4 tLi /0.

It follows that

k
Sa(x,y) <Y da(xs,wj41) < Sgr(z,y) +k (2(t + 1)Li/n> " + tLi/nt?).

7=0
Since L; < n°T!zy| and k < n, we obtain
0 (2,y) < du(x,y) + 2(t + 1)|zy| /0> + tley|/n < g (2, y) + e|zyl.

Since |zy| < 6le/ (z,y), the proof is complete. O

3.4 The graphs G approximate G

In this section we will prove that the graphs G!' approximate the input graph G. It will be
shown that for any two points p and ¢ in V one can, with the help of the trees U, ; and
Uy, find a graph G and two vertices z and y of GY such that dg»(z,y) closely approximates
dc(p, q). The query structure will be given in Section 3.5. '

Recall from Lemma 1 that each of Uy_; and Uy is one single tree. Therefore, for any two
points p and ¢ in V, the lowest common ancestor of the leaves in U; 1 or Uy storing p and ¢
is well-defined.

Lemma 7. Let p and q be two distinct points of V, let U be the tree Uy_1 or Uy, and let u
be the lowest common ancestor of the leaves in U storing p and q. Let v and w be the two
children of u that contain p and q in their subtrees, respectively, and let x and y be the points
of V' that are stored in v and w, respectively, as illustrated in Fig. 3a. Finally, let ¢ be the
index that is stored with u. If i > 3, then following inequalities hold.

1. |zy| < 2nL;_o + |pq|.
2. |pq| < 2nL;_9 + |zy|.
3. |pg| > Li—a/t.
4. |.’I)y| 2 Li_g/t.

Proof. Let j be the index stored with v. Then v is the root of a tree in the forest U; and
j <i—2. Hence, by Lemma 3, |zp| < nL; < nL;_o. In a similar way, we obtain |qy| < nL;_s.
Tt follows that

lzy| < |zp| + |pg| + |qy| < 2nL;—2 + |pgl,

proving the first claim. The second claim can be proved in the same way.

To prove the third claim, assume the opposite, i.e., that |pg| < L;_o/t. Since G is a t-
spanner, we have dg(p,q) < t|pg| < L;_2. Hence, p and ¢ are connected by a path in the
graph with vertex set V and edge set £y U Ey U...U E;_o. But then, by Lemma 2, p and q
are stored in the same tree in the forest U;_o, which is a contradiction. The fourth claim can
be proved in the same way. O

By using the above inequalities we can now prove the following lemma.
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Fig. 3. Illustration of Lemma 7 and Lemma 8.

Lemma 8. Let p and q be two distinct points of V, let U be the tree Uy_1 or Uy, and let u
be the lowest common ancestor of the leaves in U storing p and q. Let v and w be the two
children of u that contain p and q in their subtrees, respectively, and let x and y be the points
of V' that are stored in v and w, respectively, as illustrated in Fig. 3a. Finally, let ¢ be the
indez that is stored with u. If L; /n“tt < |zy| < L;/t, then

1. 6G(p,q) < (14 2¢) - dgr(z,y), and

2. (5G'i’($ay) < (1 + 6)2 . 6G(p,Q)

Proof. We assume that 7 > 3 (and leave the case when i € {1,2} to the reader). First observe
that = and y are vertices of the graph G¥. By Lemma 6, we have dg(z,y) < (1+¢) ~ogn (2, ).

By Lemma 3, we have |pz| < nL; o < L;/n**~! and |yq| < nL; o < L;/n?**~'. By using these
inequalities and the fact that G is a t-spanner, we obtain

G(p7 l‘) + 5G(‘T’ y) + 6G(ya q)
lpz| + (1 +¢€) - dgr (z,y) + t[yq]
tLi/n*" 4 (1 + ) - dgn(,y)

6G(pa q)

(tlzp| + da(p, q) + tlgyl)
(2t|zy|/n“ + 6a(p, q)) -

By Lemma 7, we have |zy| < 2nL;_2 + |pg| and |pq| > L;—2/t. This implies that |zy| <
(2tn + 1)|pq|- Hence,

S (w,y) < (1+€) (2t(2tn + 1)lpgl/n° % + da(p,q)) -

)

1+ €) (6¢(z,p) + 6c(p,q) + dc(a,y))
)
)
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Since |pq| < d¢(p, q), it follows that e (z,y) < (1 +€)?%-dc(p,q). O

Lemma 9. Let p and g be two distinct points of V.

1. Let u be the lowest common ancestor of the leaves in Up_1 storing p and q, as illustrated
in Fig. 4. Let v and w be the two children of u that contain p and q in their subtrees,
respectively, and let x and y be the points of V that are stored in v and w, respectively.
Finally, let © be the index that is stored with u.

2. Let u' be the lowest common ancestor of the leaves in Uy storing p and q. Let v' and w' be
the two children of u' that contain p and q in their subtrees, respectively, and let ' and
y' be the points of V that are stored in v' and w', respectively. Finally, let 1" be the index
that is stored with u'.

Theni =i+ 1ori =4—1.

Proof. Observe that Uy_1 stores only even indices and U, stores only odd indices, or vice
versa. We assume that ¢ > 3 (and leave the case when ¢ € {1,2} to the reader). We may
assume without loss of generality that i’ > ¢ + 1. Hence, we have to prove that i =4 + 1.
Assume the opposite, that i > i + 3. Then L; < Ly 3 < Ly _o/n. By Lemma 7, we have
Ly_9 < tpg|, Li—2 < tlzy| and |pg| < 2nL;_s + |zy|. It follows that
Li < tlpg|/n°

t(2nLi—o + |zy|) /n¢
¢ (2tn|zy| + [zyl) /n°
t(2tn + 1) |zy|/nc.

<
<
<

According to Lemma 3, we have |zy| < nL;. Therefore,
L; <t(2tn + 1) |zy|/n® < t(2tn + 1) L;/n°"! < Ly,
which is a contradiction. Hence, we have proved that ' = ¢ + 1. O

Lemma 10. Let p and q be two distinct points of V.

1. Let u be the lowest common ancestor of the leaves in Uy_1 storing p and q, as illustrated
in Fig. 4. Let v and w be the two children of u that contain p and q in their subtrees,
respectively, and let x and y be the points of V' that are stored in v and w, respectively.
Finally, let i be the index that is stored with u.

2. Let u' be the lowest common ancestor of the leaves in Uy storing p and q. Let v' and w' be
the two children of u' that contain p and q in their subtrees, respectively, and let ' and
y' be the points of V that are stored in v' and w', respectively. Finally, let i’ be the index
that is stored with u'.

Then
Li/n°T Coy| < Li/t or Ly /ntt < |2'y'| < Ly /t

Proof. We assume that i > 3 and 7' > 3 (and leave the other cases to the reader). By
Lemma 9, we may assume without loss of generality that i = 7 + 1. Since, by Lemma 7,
|zy| < 2nLi—2+ |pg| and |pq| < 2nL;—1 + |z'y'|, we have

lzy| < 2nL; o +2nL; 1 + |2'y'| < 3nL; 1 + |2'y|.
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Hence,

ey < 3Li/n" + |2y (3)
In a similar way, we obtain the inequality

la'y'] < 3Li/n"" + |ay). (4)
By Lemma 3, we have |zy| < nL;. Therefore,

lz'y'| < (3/n°t +n) L;
< (3/n* 7t +1/n°"1) Liyy
< Lita/t
= Ly /t.

If |z'y'| > Li+1/n°T2, then the lemma holds. So from now on, we assume that
|2y < Liga /n (5)

Let L be the length of a longest edge on a shortest path between z’ and 3’ in the graph
G. Since L < dg(2',y") < t|z'y|, it follows that L/t < |z'y'|. Let j be the index such that L
is contained in the interval I;. Then L;/n® < L and, therefore,

Lj/n** < Lj/ (tn°) < |a'y|. (6)
By combining (5) and (6), it follows that
Lj < nc+1|:c'y'| < Li—l—la

which implies that § < 7. We claim that j = 7. To prove this, assume that j < i—1. Then 2’ and
y' are connected by a path in the graph with vertex set V' and edge set By UEsU...U E;_1.
Hence, by Lemma 2, z’ and gy’ are stored in the same tree in the forest U; i, which is a
contradiction.
Observe that, since j = 7, the points z’ and 3’ are stored in the same tree in the forest Us.
Since L € I; = I;, the edge set E; = E; is non-empty. Therefore, by Lemma 1, we have
L; 11 = n°L;. Then it follows from (3) and (5) that

lzy| < 3Li/n¢ ! + Liy1/ntt = 3L;/n 1 + Li/n < L;/t.

c+1

It remains to prove that L;/n"" < |zy|. We will prove this inequality by contradiction. So

we assume that
lzy| < Li/ntt.

Let L' be the length of a longest edge on a shortest path between z and y in the graph
G, and let j' be the index such that L' € I;;. An argument similar to the one used to obtain
(6) shows that Lj//nT! < |zy| and, hence, Ly < n°™!|zy| < L;, which shows that j' <4 — 1.
If 7/ <i—2, then z and y must be contained in the same tree in the forest U; o, which we
know is not the case. Therefore, ;' = i — 1 and, hence, the points z and y are stored in the
same tree in the forest U; 1. It follows that
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1. z' and gy’ are stored in the same tree in the forest U;, and
2. x and y are stored in the same tree in the forest U;_1.

By the assumptions in the lemma, p and z are stored in the same tree in U;_», and q and y are
stored in the same tree in U;_y. Let T' be the tree in U;_; that stores z and y. By Lemma 2,
the subset of V stored in T is the union of one or more subsets of V' that are stored in trees
in U; 9. Therefore, p and ¢ are both stored in 7. Which implies that the lowest common
ancestor of the leaves in Uy storing p and ¢ stores an index that is less than or equal to 7 — 1.
This is a contradiction. ad

Fig. 4. Tllustration of Lemmas 9-10.

Let us summarize this section. Let p and ¢ be two points in V', and consider the two trees
Uy_1 and Uy, as shown in Fig. 4. From Lemma 10 it follows that one of ¢ and 7' satisfies
the conditions of Lemma 8 and hence, at least one of dgy(z,y) and dgr (z,y) is a close
approximation of ég(p, ¢). Note also that G} and G, satisfy the requiremenzts for Theorem 3,
this follows from Lemma 6.

3.5 Answering an approximate shortest path query

We are given a t-spanner G = (V, E) and an ¢ > 0. The data structure that we will use
consists of:

— The sequence L, ... , Ly, as described in Section 3.1.

— The two trees Uy_; and Uy, as described in Section 3.1. The trees have been preprocessed
in linear time such that lowest common ancestor queries can be answered in constant
time. This was first shown by Harel and Tarjan [24], see also Schieber and Vishkin [31],
Gusfield [23] and, Bender and Farach-Colton [6].

— Finally, we also have the data structure of Theorem 3 for each graph G, 1 < i < £. In
Lemma 6 we proved that G is an (L;/t)-partial (1 + €)¢-spanner for V;, hence we can
apply Theorem 3 to GY.

The query algorithm is as follows. Let p and g be two distinct points of V.
Step 1: Compute the lowest common ancestor u of the leaves in Uy_; storing p and ¢. Let v
and w be the children of u that contain p and ¢ in their subtrees, respectively, and let z and
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y be the points of V' that are stored in v and w, respectively. Finally, let ¢ be the index that
is stored with u, see Fig. 4.
Step 2: Compute the lowest common ancestor «' of the leaves in Uy storing p and q. Let v/
and w' be the children of «’ that contain p and ¢ in their subtrees, respectively, and let z’
and 3’ be the points of V' that are stored in v’ and w', respectively. Finally, let 7’ be the index
that is stored with u/'.
Step 3: If L;/n°t! < |zy| < L;/t, then use the algorithm of Theorem 3 to compute a
(1+ €)-approximation A to g (z,y). Otherwise, use the algorithm of Theorem 3 to compute
a (1 + e)-approximation A to 16(;(/, (z,y).

Tt follows from Lemmas 8 and 10 that

5a(pq)/(1+26) <A< (1+€)°-da(p, q)-

Hence returning A’ = (1 + 2¢) A and replacing € with €/6 we get

daq) <A <(1+¢€)-dap ).

The three steps can be computed in constant time using the above data structures.

3.6 Complexity of the data structures

We consider the preprocessing. The sequences F;, 1 < ¢ < £, and I;, 1 < i < 4, can be
computed in O(|E|logn) = O(nlogn) time.

By using a separate union-find data structure, we can compute the sequences G; = (V;, F;),
1<i< /4, and U;, 1 < <4, in time that is proportional to

V4
|E|logn + > ([Vil + |Fi]).
=1

Since G; does not contain vertices of degree zero, we have |V;| < 2|F;|. Also, it is clear from
the algorithm that constructs G; that |F;| < |E;_1| + | E;|. Therefore, the time to compute all
graphs G; and all forests U; is proportional to

12
|E|logn + Z |E;| = O(|E|logn) = O(nlogn).
i=1

Using the algorithm of Callahan and Kosaraju [10], the sequence of spanners G}, 1 < i < £,
can be computed in time that is proportional to

0
Y " |Villogn = O(|E|log n) = O(nlogn).
=1

The time needed to compute the sequence of graphs G/, 1 < i < £, is proportional to

L

Y _(Vil +|E|) = O(E|) = O(n).

=1
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Finally, by Theorem 3, the total time to preprocess all graphs G is proportional to
0
) " |Villog [V;] = O(|E|log n) = O(nlogn).
i=1

Putting together the results we obtain Theorem 1 that we restate below.

Theorem 1. Let V be a set of n points in R?, and let G = (V, E) be a t-spanner for V,
for some real constant ¢t > 1, having O(n) edges. In O(nlogn) time we can preprocess G into
a data structure of size O(nlogn), such that for any two points p and ¢ in V', we can in con-
stant time compute a (1+¢)-approximation of the shortest-path distance in G between p and q.

In the traditional algebraic model of computation (without indirect addressing) a similar
result can be obtained.

Theorem 4. Let V be a set of n points in RY, and let G = (V,E) be a t-spanner for V,
for some real constant t > 1, having O(n) edges. In O(nlog®n) time we can preprocess G
into a data structure of size O(nlogn), such that for any two points p and q in V', we can in
O(loglogn) time compute a (1 + €)-approzimation of the shortest-path distance in G between
p and q.

In the above two theorems, we assume that the number of edges m of G is O(n). If this
is not the case, then we apply the algorithm in [22] to compute a graph G’ which is a (1 + ¢)-
spanner of G and that has O(n) edges. Then we use G’ to approximate shortest path distances.
In the algebraic model of computation, G’ can be computed in O(m loglogn+mnlogn) time. If
we add indirect-addressing as a unit-time operation, then G’ can be computed in O(m+nlogn)
time.

4 Applications

The data structure of Theorem 1 has several nice properties, and we believe that it can be
applied to a number of basic problems. In this section we consider some examples where the
utilization of the data structure immediately improves the time complexity, and in some cases
also the approximation factor, of existing results.

4.1 Shortest paths in planar polygonal domains with obstacles

Consider a polygonal domain consisting of a collection F of polygonal obstacles in the plane,
and let V be the set of vertices of these obstacles. The wvisibility graph of F is the graph G
with vertex set V', and in which any two vertices p and ¢ are connected by an edge if and
only if the line segment joining p and ¢ does not intersect the interior of any obstacle. We
denote by dg(p, q), the Euclidean length of a shortest path between p and ¢ in the graph G.
For any real number ¢ > 1, we say that the collection F is t-rounded if dg(p,q) is at most
t times the Euclidean distance between p and ¢, for any two points p and ¢ in V. In other
words, the visibility graph is a t-spanner for the complete geometric graph on the point set
V' (where the obstacles are ignored).

Arikati et al. [2] have shown how to compute, in O(nlogn) time, a (1 + €)-spanner G’
of GG, for any given constant € > 0. Let p and ¢ be two points of V, and assume that ¢ is a
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constant. Since G’ is a (1 + €)t-spanner of V', our results above imply that we can compute,
in O(1) time, a (1 + ¢€)-approximation of the shortest path P in G’ between p and ¢. The
length of this path P is at most (14 €)? times the length of a shortest obstacle-avoiding path
between p and q.

Using conical Voronoi diagrams, Clarkson [13] and Chen [11] have shown that, for any two
points p and ¢ in the plane, the problem of computing a (1 + €)-approximation of the shortest
obstacle-avoiding path between p and ¢ can be reduced to the computation of a constant
number of shortest path queries in the visibility graph. This reduction takes O(logn) time.
(See also [2]). Hence, a (1 + €)3-approximation of the shortest obstacle-avoiding path can be
computed in O(logn) time.

Theorem 5. Let F be a t-rounded collection of polygonal obstacles in the plane of total
complexity n, where t is a positive constant. One can preprocess F in O(nlogn) time into a
data structure of size O(nlogn) that can answer obstacle avoiding (1+¢€)-approzimate shortest
distance queries in time O(logn).

4.2 Approximate closest pair queries

Given a geometric graph G = (V, E) on n points and O(n) edges, such that G is a t-spanner
for V, for some constant ¢ > 1, it is often of interest to answer various closest pair queries
where distances are measured according to distances in G. We show that our results can be
applied to give approximate solutions to such queries.

The monochromatic case: For any subset S of V, we define

6c(S) :=min{dc(p,q) : p,q € S,p # ¢}

In a query, we get a set S C V, and want to compute two points z and y in V that are a
(14 ¢)-approximate closest pair in S, i.e., dg(S) < dg(z,y) < (14 ¢€)dg(S). Here, € is a fixed
positive real constant.

Consider a well-separated pair decomposition (WSPD), as defined in Appendix 6, {4;, B;},
1 <4 < 4, where £ = O(|S]), for the set S, with separation constant s > 2¢. For each i,
1 <4 < 4, for which both A; and B; are singleton sets, let A; be a (1 + €)-approximation to
the length of a shortest path in G between a; and b;, which are the only points of A; and B;,
respectively. Let ¢ be an index for which 4; is minimum. We claim that the points z := a;
and y := b; form a (1 + ¢)-approximate closest pair in S.

To prove this, let p and g be two points of S for which dg(p, q) = dg(S), and let j be the
index such that (i) p € A; and ¢ € Bj, or (ii) ¢ € A; and p € B;. We may assume w.Lo.g.
that (i) holds. The first claim is that both A; and B; are singleton sets, i.e., A; = {p} and
Bj = {q}. (If this claim holds, then A; is well-defined.) Indeed, assume the set A; contains a
point p’ different from p. Then Lemma 11 and the fact that G is a t-spanner for V imply that

ba(p,p') < tlpp'| < (2/s)|pq] < t(2/s)dc(p,q) < éa(p,q),

which is a contradiction. Now we can easily complete the proof that z and y form a (1 + ¢)-
approximate closest pair in S:

06 (8) < da(z,y) < Ai < A; < (1+¢)da(p,q) = (1+¢)da(S).
Hence, we have reduced the problem of computing a (1 + ¢)-approximate closest pair in S to

computing a WSPD for S and answering O(|S|) approximate shortest path queries in G.
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Theorem 6. Let G = (V, E) be a geometric graph on n points and O(n) edges, such that G
is a t-spanner for V, for some constant t > 1. One can preprocess G in time O(nlogn) into
a data structure of size O(nlogn) such that given a subset S of V, a (1 + ¢)-approximate
monochromatic closest pair query can be answered in time O(|S|log|S]).

The bichromatic case: For any two disjoint subsets X and Y of V, we define
dc¢(X,Y) := min{dg(p,q) :p € X,q € Y}.

In a query, we get disjoint sets X and Y and want to compute a (1 + €)-approximate bichro-
matic closest pair, i.e., a point z € X and a point y € Y such that dg(X,Y) < dg(z,y) <
(14+¢€)-6a(X,Y). Again, ¢ is a fixed positive real constant.

Let {A;,B;}, 1 < i < £, be a WSPD for the set X UY, where £ = O(|]X UY), with
separation constant s, where s > max{2¢,4t/e}. For each i, 1 < i < £, for which A; contains
one or more points of X but no points of Y, and B; contains one or more points of Y but
no points of X, let a; be an arbitrary point of A; N X, let b; be an arbitrary point of B;NY,
and let A; be a (1 + €)-approximation to the length of a shortest path in G between a; and
b;. Let 1 be an index for which A4; is minimum. We claim that the points z := a; and y := b;
form a (1 + ¢)-approximate bichromatic closest pair in X UY.

To prove this, let p € X and ¢ € Y be points such that dg(p,q) = dq(X,Y). Let j be the
index such that (i) p € A; and ¢ € Bj, or (ii) ¢ € A; and p € B;. We may assume w.l.o.g.
that (i) holds. As in the monochromatic case, it can be shown (using the fact that s > 2t)
that A;NY =0 and B; N X = (. Therefore, the value A; is well-defined. We have

dc(aj,b;) < dc(aj,p) +dc(p, q) + dc(g, b))
< tlagp| + dalp, q) + tlgbs]
< 4(2/s)lpal + dc(p, q) + t(2/3)|pq|
< (1+4t/5) - 6a(p,a).

Also,
0c(X,Y) < dg(z,y) < dglai, b)) < A; < A; < (1+¢)-dg(aj,bj).
Combining these inequalities, it follows that
0a(X,Y) < Ai < (1+¢e)(1+4t/s)-6g(X,Y) < (1+¢€)% 6g(X,Y),

where the last inequality follows from the fact that s > 4t/e.

Hence, we have reduced the problem of computing a (1 + ¢)-approximate bichromatic
closest pair to computing a WSPD for X UY and answering O(|X| + |Y|) approximate
shortest path queries in G.

Theorem 7. Let G = (V, E) be a geometric graph on n points and O(n) edges, such that G
is a t-spanner for V, for some constant t > 1. One can preprocess G in time O(nlogn) into a
data structure of size O(nlogn) such that given two disjoint subsets X andY of V an (1+¢)-
approzimate bichromatic closest pair query can be answered in time O((|X| + |Y]) log(|X| +

Y1)
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4.3 Approximating the dilation of a geometric graph

Given a geometric graph G = (V, E) on n points and O(n) edges, it was shown by Narasimhan
and Smid [28] that the problem of computing a (1 + ¢)-approximation to the dilation ¢ of G
(for any given € > 0), can be reduced to the problem of computing O(n) shortest path queries
after computing a well-separated decomposition that takes O(nlogn) time.

Now assume that we are given a constant C which is an upper bound on the dilation ¢ of
G. Using the current result, we can answer the O(n) shortest path queries in O(n) time after
O(nlogn) time preprocessing computation, giving a total computation time of O(nlogn).
This improves the existing time complexity for planar graphs from O(n./n) to O(nlogn)
time. It results in a considerable improvement (both in terms of time and approximability) for

1
arbitrary geometric graphs, for which the time complexity decreases from O(n(H@) log? n)
with (2(1 + €))-approximation factor to O(nlogn) with (1 + ¢)-approximation factor.

Theorem 8. Given a geometric graph on n vertices with O(n) edges, and given a constant
C' that is an upper bound on the dilation t of G, one can compute a (1 + €)-approximation to
t in time O(nlogn).

5 Efficient bucketing of distances

In this section, we develop the algorithmic tool that was used in Section 2.3.

Let V be a set of n points in the open hypercube (0,7*)¢, where k is a positive integer
constant and d is the number of dimensions. Our goal is to preprocess the points of V into a
data structure, such that for any two points p and ¢ in V' for which |pg| > 1, we can efficiently
answer the query of computing the integer BINDEX(p, q) defined as

BINDEX(p, q) := |log |pq|].

Observe that BINDEX(p, ¢) is the unique non-negative integer 7 such that the distance |pg| is
in the interval [2¢,2+1), and that 0 < BINDEX(p,q) < [(1/2)logd + klogn].

In a computation model that has the floor and logarithm function as unit-time operations,
such a query can clearly be answered in O(1) time. The main result of this section is a data
structure, having size O(n), that can be built in O(nlogn) time, and that can be used to
answer queries in O(1) time. We start by presenting this data structure for the one-dimensional
case. In Section 5.3, we show how to use this result to solve the d-dimensional case.

5.1 The one-dimensional case

We will assume that V is a set of n real numbers in the interval (0,n*). For any two elements
z,y € V with |z — y| > 1, we have BINDEX(z,y) = |log |z — y|], which is an integer between
zero and |klogn]|. We assume w.l.o.g. that n is a power of two.

Let Ty be the perfectly balanced binary search tree whose leaves store—from left to right—
the intervals [j,j +1), 0 < j < n*. With each internal node u of Ty, we store the interval I(u),
which is the union of the intervals stored at the leaves in the subtree rooted at u. Observe
that I(u) has the form [a,b), for some real numbers a and b, where b — a is a power of two.
Distribute the elements of V' over the leaves of Tj. That is, we store each element z of V in
the unique leaf whose interval contains z.

This tree Ty has n* leaves, and each of them stores a possibly empty subset of V. Let T be
the tree obtained from T by performing the following compression steps as long as possible:
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— Delete the subtree rooted at any node u for which the interval I(u) does not contain any
element of V.
— For any node u having only one child v, delete u and make v the child of u’s parent.

The resulting tree T' does not depend on the order in which the compression steps are made.
Also, T has at most n leaves, and each internal node has exactly two children. Hence, T" has
a total of at most 2n — 1 nodes. Since the height of T is at most klogn the height of T is
O(logn), since k is a constant.

We show how the compressed tree 7' can be constructed in a top-down manner, without
first constructing 7j. In a generic step, we have a subset V' of V' and an interval [a,b), where
b — a is a power of two, such that V' C [a,b), and we want to compute the compressed tree
T(V') for V'.

— If b—a = 1 or V' contains only one element, then T(V') consists of only one node u
storing the interval I(u) := [a,b) and the element(s) of V'.

—Ifb—a>2,|V'|>2and V' C [a,(a+b)/2), then T(V') is the output of the recursive
call for V' and the interval [a, (a + b)/2).

—Ifb—a>2,|V|>2and V' C[(a+b)/2,b), then T(V') is the output of the recursive
call for V' and the interval [(a + b)/2,b).

— Otherwise, V' is partitioned into two sets V{ := {z € V' : 2 < (a 4+ b)/2} and Vj :=
{zr € V' : 2 > (a +b)/2}. In this case, T(V') consists of a node u storing the interval
I(u) := [a,b) and whose left (resp. right) subtree is the output of the recursive call for the
set V/ and the interval [a, (a + b)/2) resp. the set Vi and the interval [(a + b)/2,b).

The complete compressed tree 7' = T'(V) is built by running this algorithm on the set V'
and the interval [0, n*). We can easily extend the algorithm such that each node u stores the
non-negative integer i where the interval I(u) has length 2¢. The running time to build this
tree is O(n logn).

5.2 Answer a query

Let us see how we can use this tree to answer queries. Let x and y be two elements of V' with
|z — y| > 1. Recall that we want to compute the integer BINDEX(z,y) = |log |z — y||. We
may assume w.l.o.g. that x < y. We observe that BINDEX(z,y) is the exponent of the length
of the largest interval whose length is a power of two and that fits in the interval [z,y].

Let u be the lowest common ancestor of the leaves of T' that store x and y. Note that x
and y are stored at different leaves. Let a > 0, b > 2, and j > 1 be the integers such that
I(u) = [a,b) and b—a = 27. Observe that z € [a,a+2/~!) and y € [a+27~1,b). If at least one
of z and y is “far” away from the mid-point ¢ := a+27~!, then j differs from BINDEX(z,y) by
a “small” additive constant. It may happen, however, that both x and y are “close” to c. Let
us assume that ¢ —z| < |y — ¢|. Then |y — ¢| < |y — z| < 2|y — ¢|- Hence, if j' is the exponent
of the largest interval whose length is a power of two and that fits in the interval [c, y], then
4" differs from BINDEX(z,y) by a “small” additive constant. This suggests that we find the
lowest common ancestor v of the leaves of T' whose intervals contain ¢ and y. This does not,
in general, give us a good approximation to j’, because ¢ and y can be “close” to each other
in the interval I(v). Assume, however, that ¢ is an element of V. Let w be the right child of
u. Hence, I(w) = [c,b), c is stored in the leftmost leaf of the subtree rooted at w, and y is
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stored in the subtree of w. Consider again the lowest common ancestor v of the leaves storing
c and y. The nodes on the path starting in w and ending in v store the intervals

[e,b),[c;c+2772) [e,c+ 2073, ... le, e + 271,

where 5’ is as above. Note that this does not necessarily hold if ¢ does not belong to the set V.

This suggests the following data structure for solving our query problem. Let V' be the
union of V' and the set of all mid-points of the intervals I(u) over all internal nodes u of T'.
Observe that V' contains at most 2n — 1 elements. We build a new compressed tree 7" using
the algorithm given above, but for the set V.

Given two elements z and y in V with |z —y| > 1 and z < y, we first test if y —z =1
or 1 < y—z < 2. In the first case, we have BINDEX(z,y) = 0, whereas BINDEX(z,y) = 1
in the second case. Assume that y — x > 2. Compute the lowest common ancestor u of the
leaves of T' that store z and y. Let ¢ be the mid-point of the interval I(u). If |c —z| < |y — ¢/,
then we compute the lowest common ancestor v of the leaves storing ¢ and y. Let j be the
positive integer such that I(v) has length 27. Since y — ¢ > 1, the elements y and c are stored
at different leaves of 7. Then 2/~ < |y — ¢| < 27 and, hence, 297! < |y — x| < 2/*!. This
implies that j —1 < BINDEX(z,y) < j+ 1. Since we know the values of j (stored with node v)
and 27 (the length of the interval I(v)), we can now easily compute BINDEX(z, %) in constant
time.

We cannot use this data structure if |c — z| > |y — ¢|. In order to handle this case, we also
build a compressed tree using intervals of the form (a, b] instead of [a, b).

To summarize, we have shown that after an O(nlogn)-time preprocessing, we can reduce
the problem of computing BINDEX(z, y) to answering two lowest common ancestor queries in
a tree having size O(n), plus an O(1)-time computation. Harel and Tarjan [24] showed that,
any tree can be preprocessed in linear time such that lowest common ancestor queries can
be answered in O(1) time. See also Schieber and Vishkin [31], Gusfield [23] and Bender and
Farach-Colton [6]. Hence, we have proved the following result.

Theorem 9. Let V be a set of n real numbers that are contained in the interval (0,n*), for
some positive integer constant k. We can preprocess V in O(nlogn) time into a data structure
of size O(n), such that for any two elements x and y of V, with |x —y| > 1, we can compute
BINDEX(z,y) = [log|y — || in O(1) time.

It should be clear that this theorem also holds if we allow queries with elements =,y € V
such that |z — y| > 4, for some fixed constant § > 0.

5.3 The d-dimensional case

Now assume that V is a d-dimensional set of points, where d is a constant. Let p = (p1,p2,--. ,paq)
and ¢ = (q1,92,--- ,qq) be any two points of V with [pg| > 1, let j be such that [p; — ¢;| is
maximum, and let ¢ = [log|p; — ¢;|]. Since

lp; — q;] < |pq| < Vdlp;j — g1,

we have

1
i < BINDEX(p, q) < 3 log d + i.

24



This suggests the following solution. For each 4, 1 < ¢ < d, we build the data structure of
Theorem 9 for the set of £-th coordinates of all points of V.

Given two distinct points p and g of V, we compute the index j such that |p; — ¢;| is
maximum. Then we use the algorithm of Theorem 9 to compute the integer i = |log |p; —
gj|]. Note that this algorithm also gives us the value 2. Given i and 2¢, we then compute
BINDEX(p,q) in O(loglogd) time. Observe that we can indeed apply Theorem 9, because
Ipj — gj| > 1/+/d. This gives the following result.

Theorem 10. Let V be a set of n points in R? that are contained in the hypercube (0,n*)?,
for some-positive integer constant k. We can preprocess V in O(nlogn) time into a data
structure of size O(n), such that for any two points p and q of V, with |pg| > 1, we can
compute

BINDEX(p, q) = [log |pq]]
in O(1) time.

Until now, the values BINDEX were based on the binary logarithm. Let € be a positive
real constant, and assume that we want to compute the integer

BINDEX:(p, q) := [log . |pg|] = |log|pg|/log(1 +¢)],

where p and ¢ are two points in V' with |pg| > 1. Hence, BINDEX,(p, q) is the integer i such
that (1 +¢)" < |pg| < (1 +¢)"L. Let j := BINDEX(p, ¢). Then a straightforward calculation
shows that

J

Log(l +¢€)

Hence, if we know j, then we can compute BINDEX, (p, ¢) in O(141/log(1+¢)) time, provided
that we know the values |j/log(1+¢)| and (1+¢)* for all i in the range given in (7). Note that
j is a non-negative integer that is bounded by O(logn), and the same holds for i. In an O(n)-
time preprocessing step, we can easily compute two arrays of length O(logn), containing all

possible values of |j/log(1+¢)| and (1+¢)’. Then given j, we can use this array to compute
BINDEX.(p, ¢) in time O(1/log(1 + ¢€)).

(7)

1+ 1
J<BINDExs(p,q)<[ s W—l

log(1+¢)

Corollary 1. Let V be a set of n points in R¢ that are contained in the hypercube (0,n*)¢,
for some positive integer constant k, and let € be a positive real constant. We can preprocess
V in O(nlogn) time, such that for any two points p and q of V, with |pqg| > 1, we can in
constant time compute

BINDEX;(p, q) = |logy,. [pql].

6 Concluding remarks

We have presented the first data structure which supports (1 + ¢)-approximate shortest path
queries in constant time for geometric t-spanners, hence functions as an approximate distance
oracle. In the process we develop several tools that we believe are useful for other geometric
problems. We also give several applications for our data structure, for example,closest pair
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queries, shortest path queries between vertices in a planar polygonal domain, and efficiently
computing the approximate dilation of geometric graphs.

Even though the results in this paper are restricted to geometric graphs with constant

dilation we believe that the results are of great importance since many naturally occurring
geometric graphs have constant dilation. As we already pointed out in the introduction, Keil
and Gutwin [25] showed that this is true for the Delaunay triangulation, which is used in
numerous applications. Also, different kinds of transportation networks have small dilation.
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Appendix A: The well-separated pair decomposition

We recall the definition and basic facts about the well-separated pair decomposition. The
details can be found in Callahan and Kosaraju [8,9].

Definition 1. Let s > 0 be a real number, and let A and B be two finite sets of points in
RY. We say that A and B are well-separated w.r.t. s, if there are two disjoint d-dimensional
balls C4 and Cp, having the same radius, such that (i) Ca contains all points of A, (ii) Cp
contains all points of B, and (iii) the distance between C4 and Cp is at least equal to s times
the radius of Cy.

The parameter s will be referred to as the separation constant. The following lemma
follows easily from Definition 1.

Lemma 11. Let A and B be two finite sets of points that are well-separated w.r.t. s, let x
and p be points of A, and let y and q be points of B. Then (i) |zy| < (1 +2/s) - |zq|, (i)
lzy| < (1+4/s) - Ipql, and (iii) |pz| < (2/s) - |pql-

Definition 2 ([9]). Let V be a set of n points in R?, and s > 0 a real number. A well-
separated pair decomposition (WSPD) for V (w.r.t. s) is a sequence of pairs of non-empty
subsets of V., {A1,B1},{A2,Bs},... ,{Ag, Be}, such that

1. AinB; =0, foralli=1,2,... .4,

2. for any two distinct points p and q of V', there is exactly one pair { A;, B;} in the sequence,
such that (i) p € A; and q € By, or (ii) g € A; and p € B;,

3. A; and B; are well-separated w.r.t. s, for all1=1,2,... ,£.

The integer £ is called the size of the WSPD.

Callahan and Kosaraju show that a WSPD of size £ = O(n) can be computed in O(nlogn)
time. Their algorithm uses a binary tree T, called the split tree, which is similar to a kd-tree.
We briefly describe the main idea. They start by computing the bounding box of V', which
is successively split by d-dimensional hyperplanes, each of which is orthogonal to one of the
axes. If a box is split, they take care that each of the two resulting boxes contains at least
one point of V. As soon as a box contains exactly one point, the process stops (for this box).
The resulting binary tree T stores the points of V' at its leaves; one leaf per point. Also, each
node u of T is associated with a subset of V. We denote this subset by Vj,; it is the set of all
points of V that are stored in the subtree of w.

The split tree T can be computed in O(nlogn) time. Callahan and Kosaraju show that,
given T', a WSPD of size £ = O(n) can be computed in O(n) time. Each pair {A4;, B;} in this
WSPD is represented by two nodes u; and v; of T, i.e., we have A; = V,, and B; =V,,.
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