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FACTUAL PROBABILITY AND BROIINIAN MOTION

LeopoLdo Ber toss i ( * )

I .  In t roduc t ion

In  the  f ranework  o f  a  fac tua l  de f in i t i ' on  o f  p robab l .L r . ty .p resented
or ig ina l l y  by  Chuaqu i  in  [  2 l  ,  [  3 I  and  rnod i . f i ed  r ' n  t  4 I  *  a  fo r .
mu la t ion  o f  the  Brown ian  Mot ion  p rocess  was  g tven  r .n  I l  l ,  Tha t
fo rmula t ion ,  wh ich  used sone r ro r r r .s tandard  concepts  and technr \ques ,
has  the  advantage o f  cons ider ing  Browntan l r {o t l ' on  as  a  t r fas tu  T41-
don wa lk .  Never the less ,  a  fo rna l .  t ransLat ion  o f  tha t  fo rmuLat ion
to  "c lass ica l r '  te rns  rnay  appear  ra ther  obscure  fo r  those who haye
never  worked  w i th  these  techn l 'ques ,

In  th i s  paper  I  adop t  a  qu i ' te  d i f fe ren t  and  c lass ica l  po in t  o f
v iew in  o rder  to  fo rmula te  Brownian  mot ion  in  the  genera l  f rame.
work  o f  t  3  I  where  causa l  s t ruc tu res  are  in t roduced.  fo r  the  s tudy
of  cornpound random phenonena.

Our  purpose  i s  to  p resen t  a  mode l  wh ich  de te rn ines  a  p robab i l i t y
neasure '  more  p rec ise ly ,  a  non  p robab i 'L i s t i c  s t ruc tu re  wh ich  g ives
r ise  to  a  p robab i l i t y  space and a  Bror rn i 'an  l r {o t r 'on  de f r 'ned  on  i t .
In  th is  sense our  p rob len  cons  is ts  in  the  non prob?b- i 'L  i s t i c  rep le
sen ta t ion  o f  a  p rohab i l i t y  space ,

We w i l l  cons ider  on ly  a  one  d inens iona l  B rown ian  rno t ion .  A  gen*
era l i za t ion  to  nore  d inens ions  shou ld  no t  be  d i f f i cu l t .  Le t  us
f i r s t  de f ine  a  Brown ian  no t ion ,

Universidad Cat6lica de Chile
Facultad de lr,taten6ticas
Casil la 114-D , Santiago de Chile

(*)
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a ) A Brown ian  mot ion  i s  a  s tochas t i c  p rocess  (Z t l  
0

on  a  p robab i l i t y  space  (0 ,A ,P)  w i th  independent

i .e .  fo r  every  cho ice  o f  pa ranre te rs  t t< tZ  (  . . .

c rements  Z ,  'Z+  ,7*  -Z  '  ' 7 t
n2  n l  *3  tZ '  "  "  

- tn  nn- l

den t ,

< t< ,  de f ined

incrernents ,
(  tn  ,  the  in -

are  indepeg

b )

c )

7o =  Q

I f  0  (  r  <

t r  i bu ted

pos i t i ve

P(Z t -  Z6<

A . 6 ,  ,

t ,

wi th

numb

xl  =

the randon

expec ta  t  i on

er ) ,  i . e .

I

o  t /  2 r  ( t -a  I

va r iab le  Z t '70  i s  norma l lY  d is -

0  and  var iance  oZ  l t -o l  I  o  a  f i xed

(x  o2
I  e*p ( - - l  da
) 'o  zoz r t -  t  I

Usua l l y  the  cond i t i on  o f  the  a .s .  con t inu i t y  o f  sanp le  func t ions

( i .e .  the  rea l  func t ions  7* lw l  o f  t )  i s  requ i red  t8  1 .  In  th i s

fo rmu la t ion  o f  B rown ian  mot ion -as  i t  was  o r ig ina l l y  s tud ied t6 l  -  we

do not require this condition. Nevertheless we will show afte::r,rards that it is

possible to constnrct a continuous version of this process.

We fo l low the  no ta t ion  and  de f in i t i ons  in  [  3  l .  Some changes

were  i r i t roduced  in  [4  ]  bu t  they  a re  no t  i rnpor tan t  fo r  ou r  pur -

poses .
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I I .  S imp le  Probab i l i t y  S t ruc tu res  and  Norna l  P robab i l i t y  Law.

We in tend  to  f i nd  a  represen ta t ion  o f  the  norma l  d is t r ibu t ion

on  (  n ,  9 l  i n  the  f ranework  o f  Chuaqu i ' s  s inp le  p robab i l i t y

rnode ls .

As  a  no t i va t ion  we  no t i ce  tha t  the  un i fo rn  p robab i l i t y  d i s t r i -
bu t ion  on  i  , t )  i s  the  p robab i l i t y  measure  de f ined  on  l l 0 , t  l , ! (O , l ) l

wh ich  i s  invar ian t  under  t rans la t ions  ( the  Lebesgue  measure ) :

p (x l t l  =  P(E l  , y  x  e  (o , t l  ,YE.  E(o , l l

(  i  :  add i t i on  n rodu lo  1 ) .

The probab i l . i t y  measure  induced by  the  norna l  law is  a lso  invar -

ian t  r : : ,de r  ce r ta in  t rans fo rmat ions :  Le t  0  be  the  func t ion  de f  ined

by

o  (z l=
rz

l
.?

exp(-  \ - t  ax

The p robab i l i t y
p(o- l (x  i  o( r i l

p ar is ing  f rom
,P lE l  ,  y  i  e

the  normal

lo , l l  ,  Y

is  such  tha t

-9.
l aw

Ee
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we sha l l  ca l l  the  func t ion  g  :  R  +  R  de f ined  by  g la l :=  o - l  l x i  o ( t r l l
a  0  -  t rans la t ion ( in  x )  o f  the  rea l  l i ne .

Le t  us  cons ider  the  s inp le  p robab i l i t y  s t ruc tu ru  I  
=  <  [ ,  . c  )where

K ' { \ . :n  e  lR} ,  i l n= (R, ( I ) l eJ ,  R , { , t } } ,  
,

J i s the fami11yo f in te rva1so f therea11 ine , t ,1 . f i , ( I |TeJ>

is  the  in t r ins ic  par t  and  R i s  the  b inary  opera t ion  such  tha t
Rab '  o - l (o (a l  i  o (b l l  and  nay  be  though ' t  as  the  0 - t ransra t ion

o f  a  in  0 lb l  (as  o  i s  inver t ib le  f rom l0 , l l  i n to  R  we can  repre -
sen t  each  0  -  t rans la t ion  in  th i s  way) .

Accord ing  w i th  the  de f in i t i ons  above ,  w€  have  tha t  the  s t ruc tu ra l
par t  dn , t t  o f  each  &nr .L  i s  to ,o t '  (  R ,  R ,  { , t }  ) .

K  a t  t  -  {Ln ,o*  :  neR.  }  de te rmines  the  g roup  Gx  o f  pe rnu ta t ions

o f  R  under  wh ich  the  p robab i l i t y  measure  has  to  be  invar ian t ;
(  R  ,  l l l  t r J  

)  de te r rn ines  the  o  -  a rgebra  u {  o f  even ts .  In  th i s

case ,  , I  con ta ins  a l l  Bore l ian  subse ts  o f  R .

we a re  in te res ted  in  the  g roup  o f  pe rmuta t ions  Gx  s ince ,  accord -
ing  w i th  the  genera l  de f  in i t i on ,  fo r  each  g ,  ,  g ,  e -g ,  one  has

6 l  tu  82(  B l  symrne t r i c  w i th  gz l  i f f  the re  ex is ts  some 6 ,  Gx  such
- L l

tha t  BZ=3to  = { (L  e  { . :  ex is ts  C t  rB ,  w i th  6 - lA"^ f  ) ,  i l t t  } ,

and  the  p robab i l i t y  neasure  u  de te rn ined  by  K  has  to  be  such

tha t ,  fo r  8 l  t  82  ,  u  (81)  =  U  (BZ l .

For  a  permuta t ion  d  o f  n  to  be  in  Gr  i t  i s  necessary  tha t
* -

6rOoO^* l -L f ,o f  fo rsome teR.  i f  neR. , i ,e ,

(R ,  d  R ,  {6n l>  =  (R ,  R ,  t t }> .  S ince  { *aR,  R)  =  (R , . -R) rd

has  tc  be  a  0  -  t rans la t ion  o f  the  rea l  l i ne ,  and  there fo re  the
probab i l i t y  measure  u  agrees  w i th  tha t  p rov ided  by  the  norma l

1aw, that  is ,  u(B' I  = l *  exp(  + ldx,  h,here
t"/Tn
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8  = { ( - toe ( :  r reB}  ,  and  B  i s  a  Bore l ian  subse t  o f  n .

In  o rder  to  represen t  the  p robab i l i t y  neasure  co r respond ing
to  the  norma l  law N(u ,  o2 l ,  i t  su f f i ces  to  rep lace  the  opera

t ion  R .  Ro by  Rf  where  F  is  the  func t ion  de f ined by

F lz l  f  exp ( -  lx- l '12 1 4,
1# 

'--  6 '
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t i i . Causa l i t y  and  Brown ian  no t ion .

Le t  l I  be  the  c  losed  un i t  i n te rva l  [  0  ,  1  I  ;

B  = {Su{0 } :S g p  and r  <ls-{o} l< Xo} ,

the  fa rn i l y  o f  f i n i te  subse ts  o f  [  0 ,  r J  wh ich  con ta ins  0  ;  and
le t  R  deno te  the  usua l  o rder  re la t ion  (  i n  [0 ,11 .  Thus ,  our
compound causa l  s t ruc tu re  i s  F=(  t r ,S . ,  R  > (c f .  tS l  ) .  I f
X  e  -T ,  then  (  X ,  R  )  i s  a  f i n i te  causa l  t . ree .

Now,  we  have  to  de f ine  our  compound p robab i r i t y  s t ruc tu re .
In  o rder  to  do  th is  we  w i l l  de f ine  the  se t  F f  o f  ou tcones
and  assoc ia te  to  each  te I0 , t l  a  fami l y  o f  s imp le  p robab i l i t y
s t r ' ; c tu res .  The  un ion  o f  the  members  o f  th i s  fan i ry  may  be
in te rp re ted  as  the  to ta l i t y  o f  poss ib le  s inp le  ou tcornes  a t
t ime  t  ( cd .  lZ l ,  t3 l , t4 l  ) .

Assoc ia te  to  t0  t  =  0  the  s imp le  p robab i l i t y  s t ruc tu re

Lo  =  {  ( {0 } ,  i 0 }  I  } .  In  th i s  s t ruc tu re  we  have  p robab i l i t y  p *  n  =1 ,
n o ' u

1.  De f in i t i ons :  The func t ion  d  i s  an  ou tcome,  tha t  i s ,
6 e l l  ,  i6 {

i )  there  ex is ts  X e  *  such that  Oom d

i i )  i f  0om ( ,  X  and  \  = { to , t l  , . r . ,  tn }  w i th

,  then  fo r  each  h=  |  ,  , . , ,n - l  :0  =  t0  a  t l

6l t rz*11e4-,  ,  for

each h l  ;  where 1. ,
h

Li. t  :  = {{n,  {a} l  '

(  (n  ,  { r }  I  i s  on ly

= \  and  6 (01  e  KO

some  ,L  e  R  (wh i ch  nay  be  d i f f e ren t  f o r

i s  t he  s i np le  p robab i l i t y  s t r uc tu re

a e  R) .

an  abbrev ia t ion  fo r 4R, l l lT rx ,Rr , {a}>

cor responding towhere Rf is the operat ion in sect ion I . l

t he  norma l  d is t r ibu t ion  func t ion  F l
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r on t,,

I o*"- l,
E

Then the  p robab i l i t y  P+
*h+ l  ' en by

ldx

is  g iv

o
( x - l t l 'orrr t  

,n  
(El  '

t6 r7  -  tpt /zr{trrt - t l

exp l -  t  
(x -n l?  

1'  thr t  -  th .

be the  dens i t y  func t ion ) .

where  E  e  I ,  i s  a  Bore l  subse t  o f  the  l i ne  (we  assune  o  '  I  l .

Tha t  i s ,  the  p robab i l i t i es  on  L t - ,  a re  d is t r ibu ted  accord ing

to  a  norna l  p robab i l i t y  l aw w i th  nean  n  and  var iance  th . r t  -  th .

A t  t t ,  d ( t , )  ,  L l ,  the  s inp le  p robab i l i t y  s t ruc tu r .  L l  |  3
n

{  (  n ,  ta i l  :  a  e  R}  where the probab i l i ty  , f  
r ,O 

on L i  i s

P*  iE l  [  
" *p t - I { ldx  

,  E  e  BrLr ,o  
, r * ,  

t6  t  * r  .  ,

( le t  p7, .  (x l :  =  +-  exp l  +*  )  be the dens i ty  funct ion)
l' t ,o 

.Ett

( the  Brown ian  par t i c le  s ta r ts  f rom the  o r ig in ) .

i i i )  6 l th l  .  (n  ,  { r } l  imp l ies

$l t1r r1 l  , l ! . t  ,  ho0, , . , ,n - | ,

? .  Renarks :

( l e t  P t6 r7  ,  o { x )  
a

t /2r l tb*t -  tU. l

1 )  Though the  mathemat ica l  p rob len  o f  representa t ion  o f  the  nor

ma l  p robab i l i t y  l aw th rough  the  s inp le  p robab i l i t y  s t ruc tu res

is  so lved  in  sec t ion  I I  a  charac te r i za t ion  o f  th i s  law f rom

fac tua l  cons idera t ions ,  € .9 .  synne t r ies ,  wou ld  be  very  in te r

es t ing .



8 .

Z)  C lear lY  A ; ' (F ,  H

tu re  (see  t  3  I  ) .  we  can ,  fo r  example ,  show the  fo l low ing :

i f  d  e l l  and  gon{  o  T  l , i ' e '  i f  (  e } l t ) '  t hen

u td , t l  = {g l t l : g rHT and  g fT t=6 fT l  i sa  s imp le

probab i l i t y  s t ruc tu re .  In  fac t ,  s .uppose  T  '  { t0 , t1 , . , . , tn }

and  t=  t1y1  ,  then  T t  =  { t0 , . . . , r tb }  and  T | l6 r t2 r1 )  =

{g l tp r l l : g .Hr  and  9^ { tg , " ' ,  t t }  =  d f  { t0 " " ' t r l ' }=

t t +  I

u D  
t o  l z '= lh.* |

3 )  The  func t ions  p l r ,n  ( ,  )  a re  the  t rans i t i on  p robab i l i t y  func

t ions  and  p lay  a  s in i l a r  ro le  to  tha t  o f  t rans i t i on  p roba-

b i l i t i es ind isc re teMarkovcha ins (see t1 ] ) .Thebas ic i .

dea  i s  the  fo l low ing :  a t  t ' '  t 6+ ,  and  in  ( i - ,  we  have  a l l

poss ib le  s inp l .e  ou tcones  (pos i t i ons  a t  t i rne  tb *1 )  g iven  tha t

a t  t ime to  we had pos i t ion  'L  .  Then the  cond i t iona l  mean va1

ue at  tp+1 is n and the corresponding condi t ionaL var iance

is  the  t i rne  t6* t  -  tb  be tween b t l '  and  lh -+ l fL  s teps  '

4 )  u  de te rmines  a  measure  u  on  subse ts  o f  , |  ,  the  se t  o f  coq

pound ou tco tnes .  In  o rder  to  have "na tura l "  ou tcones  we cou ld

redef ine  compound ou tcomes as  subsets  A  o f  t l  w i th  the  fo l l ' ow-

ing  p roper t ies  : (b )  i f  9 ,6e t r |  '  t hen  g  u  d  i s  a  func t ion

(conpa t ib i l i t y  cond i t i on ) ,  and  (b )  A  i s  nax ina l  w i th  respec t

to (a ) . In th iscase ,on lY fewchanges in thede f in i -

t i on  o f  compound ou tcones  in  t  3  I  shou ld  be  necessary '

Wesha l l see in the fo l low inghowBrown ianno t ionappears .

5 . Def inl$on:

Le t  (  X ,R  )  be  anY

I

of  our  f  in i te  causa l  t reesr  so) r
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X- { to ,  t l  ,  . . . , tn }  w i th  t0  a t r  a  . . .1 tn .

We defind a funct ion F x fron nn into n

by Fr l r t f  . r r , *n l t  '  u {6  eHx:  d l t r l  a  x l  , .o . ,  6 l tn l  ( rn  ]

4 .  Remarks:

l )  To be prec ise,  wo shou ld  wr i te  vat r .  6 l t . l  a . j  ins tead o f

6 l t . l  a  * i ,  where var .  6 l t . l  i s  the var iab le  par t  o f  the
var .  6 l t  , l

node l  in  L i  
+  which equa ls  6 l t i l ,  i .e .

var .  6 l t r l  =  t  i f  6 l t . l  ' (n ,  { r } ) .  Never the less  we nake

the ident i f i ca t ion.

2)  Sonet ines we wr i te  F l t .  
r , . , ,  tn l  l x1  r . . . rxn l  ins tead 9 f

F*(x l  r , , . r * r l

to  nake exp l ic i t  the  dependence on the parameters  t l  ,  . , .  , tn .

5.  Theoren :

I f  (X ,

to. t t  .

F*  l r ,

P roo f :

nay be o

E'  
l t  l ,  t2 l

We denot

R >  i s  a  f i n i te  t ree r  say  X . { tg , t1 r . , .  r tn }  w i th

o"  1 tn ' then

, ' |  , *n
, . . .1rnl '  J__.. .  . |__ 

ptpt4(ur lorrro. .J luzl . . .

"  P t  n  run-  r lun l  
du 1 ' ' '  d t l  n

we prove the theoren for  n .  2 ;  the genera l  case
bta ined by  induct ion on n .  X.  { t ' , t r r t r l .

l x ,x r l  'u td  e  l l  t  Oon d .  X and d( t , l (  t r ,6 l t r l< r ,  )

e  by A the event  on the r ight  s ide.
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The measure  u  on  T l  i s  de f ined by  induc t ion  on  the  ord ina ls .

We reca l l  so rne  de f in i t i ons  f rom [3 ] :  fo r  a  t ree  lT rR)  and

t  e  T ,  T t t  o  {a  e  T  :  lR . t  and  5  +  t } ,  7 f :  . {6  e  T  :  rR t } ,

T ;  i s  the  se t  o f  a l l  n in ima l  eLenen ts  o f  T  -  u tTA I  B  c  o ]  ,To=

u{rA :  gc c  } ,  7o= ut r i  :  B I  o} ,  A(s l  = {d ^  s ,  d  e A}  wi th

Actr { -  and scT.
t -

Inourcase ,  AcHv( f *  l=  {d  l ' i . : {  eT l  and  lom d  =X} ,
  nz  nz

* f ^=  \ ,  X \  =  { t r ] , ,  XO =  O ,  X l= { tO}=XO,
L

xz = { to, t t }  = l t  ,  x3= { to, t l , tz}  =1,

and tz  x i  =  { tz } .  The measure on , r ( i f  
rL  

is  F f ,z  and is

g iven by  Orr r | l x t? l l  =  
J  

ud, . t  
z lA l { , tz l lOr r ,  

( r )

A(Xt2

where , f ,  i s  measure g iven by

,* r  =  Tr  .  Fo |  6  ,  X i  ,  6  < tz

, ( , to  ,s  the measure in  the s imple  probab i l i ty  s t ruc ture

6 l t l l
r{  (d, tz l  = [_z

As A(X*  I  =  A ,  f rom ( * l  we  have  u (A l  =  |  u r  .  (A l6 , tZ l ld i t l ,Lz 
L 

, 'nz

8. ,=  {d  |  { t ' , t t } ' ( l t r l  ( r , ,6 l t . . l<  xZ,6  e f i r } ,  bu t

t , l6 , tz l  =  {s l t r l  I  g  e  A ,  9  |  { tL , t r l }  =  d  |  { t0 , t t } }  =

{S l t r l  I  g  e  A and g( t r l  =  6 l t t l }=( - -  , *L l  r r t ' f "  ,
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then  v t . r  (A (d ' tZ ) )  =
l r n 2

,  { ,  *r l -*  ,  *z l  =

(* -6( t r l l
1

f: z-r tz  -  t t dx

. , /2 r  l tz - t t l

4
I
I{
I

i z'-.|  / /

l ' L n
I
I

i
I
I

i

i
I)x .

v I

---  \  
\ --

I
/ . ] ( "- " \ "  '

- _\ \--_--
_->

+'2

't

r .  (A )
( (

- l l

) t
E

dx  d i *
I

( * * )

- @  , , ' 2 r ( . t ^ -  t , l
L '

N o w ,  U . t -  '  n t  [ 6  :  3  t  \ ' 0
' " 1

-  i to  v{ , to

=  |  ;  ( t he  measu re  i n  F l  16 , t 0 l  =  t t 0 ) , { 0 } )  )

[ *  i s  t he  p robab i l i t y  un t i l  t 1  ( i nc l uded  t t l '
o l

I f  su f f i ces  t o  show  tha t  [ * ,  co i nc i des  r v i t h  t he  p robab i l i t y

n
i n  l ( ;  ,  i . € .  i t  i s  g i ven  t h rough  t he  t r ans i t i on  dens i t y

p+  ^  i  I n  f ac t ,
a ' 7  ,  v

t  <  t r  >



1?,

- t

[*,(a) '  1,,", '6,t , 'u'  d' t t l '  o] 'r ,
,  B lx t t

fo r  any B I  H-  .  But  S(Xr_)  =  8( { t ' } l
x *  n l

L i

( * * * )

{g l t r l  :  g l tg l  =  6 l t0 l ,  g  e  B}  =  R ,

=  t tn  r  (B l  P+  n  i s  Prec ise -,  , L 7  n 7 ' u

dens i t y  f unc t i c i n  r+h i ch  de f i nes

= {d  =  0}  and B l$ , t r l  =

then in  ( * * * l  Uf ,  (81

l y  t he  p robab i l i t y

vor+ .1 then

and  i n  { t * 1 ,

we  have

dvnr la l=P*  lu ldq
u ' n l  o l r o

I  exp l -

JL t t ,

as  d ( t , )  may  be  any  rea l  number

.2
++- | dlr
t  o l

u  (A l  ?

t
I  (x -a l -

- T - -
L .Lo -  4.  1

e  
L  I  

d x

in  ( - - ,xJ) ,

t ,/2
,  

-TT
e 'd , l

, * l  , *z
t l
) )

, - * ,  

- @

l - l
J ' t t :o '

, ; ,
I  p*  n l
I  t l ' u

" Jr"", is

, x l
I

l
. ;

( ,
- l- t

I

and  th

I
+

4- ,/2r t ,

dq

du ,du1  ;

x/2n

UI

: t l

com

dx

wzl

)

)

+

z  
-  o l

,, l'*
2 ' r

t  z 'ur .

e te .

+
4-

p

r l

Coro l la ry :

For  each  X , t  X

6 .

i s  a  p robab i l i t y  d i s t r i bu t i on  f unc t i on  ( i n
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t he  usua l

- lx l - ron uK '

I  O  l l r  I  a  /  v  r

I - r ' o o f :  i t

v l +  +
, u l ,  . . r +

lF

Q : = ff, the set of fwrctions fron

g  i s  t he  o  -  a l geb ra  gene ra ted

the  subse t s  o f  A  o f  t he  f o rn

r v i  t h  B  e  8 ,  De f  i ne  random
2

t he  coo rd ina t . e  f unc t i ons ,  i .  e

l i t y  m e a s u r e s  P X

-  ( 8  d e n o t e s  t h e'  t " n

s e n s e )  a n d  d e t e r m i n e s  p r o b a b i

,  B t u t  ,  )  i n  t h e  n a t u r a l  w a y
l ^ l - ,

Bore l i an  se t s  i n  nn )

may  be  shown  d i r ec t l y  t ha t

r  X ,  r X

, ( x r , . . . , x , . ) , =  |  
'  

|  "
n t  

I  r L  J  - *  J - *
, r ,o@t)Ptz,ulur)

n  ( "  l du l . . . dun'  t n ru r r_  l

de f i nes  an  n -d i nens iona l  p robab i l i t y  d i s t r i bu t i on  f unc t i on .

Once  we  have  t h i s  d i s t r i bu t i on  f unc t i on  0X  i n 'Rn  ,  wB  may

de i rne  a  p r cbab i l i t y  measu re  P  on  8n  by  ex tend ing  un ique l y

the  (e l emen ta ry )  p robab i l i t y  measu re  P (B )  :  - -  0 * ( x1 . . . ,  * n l  ,

whe re  B  =  ( - - ,  x r ) x . . . x  l - -  ,  xn ) ,  t o  a l l  Bo re l i an  subse t s  o f

Rn  ( see  l 7 l  chap .  1 )

Re rna rk :

We  sha1 l  see  now  how  B rown ian  mo t i on  appea rs  i n  a  ve ry  na tu -

ra l  way  i n  a  canon i ca l  p robab i l i t y  space  ( f ) , 8 ,P )  whe re  P  i s

a  un ique  "ex tens ion "  o f  t he  measu re  U  on  F /  t o  A  t h rough  t he

d i s t r i bu t i on  f unc t i ons  F  X

De f i n i t i on

the trnit interval | 0 ,1I int o R .

h v  t h p  r - v l  i n d e r  s P t  s  i  .  e .  b Vv f  L I l v  u i r  r r r r u v r  J v ! J ,

{ a r  e  Q :  ( 11 ( t t  ) ,  .  . .  , u : ( t r l l  e  B }

va r i ab les  Zn  ,  t  e  l l  ,  t o  be
L

r  r , . . 1  - , , , f t ) .
.  L t l w l  -  r v \ '
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9 .  Rena rk :

The  p robab i l i t y  f unc t i ons  PX  i n  co ro l l a r y  6 . ,  o r  equ i va -

l en t l y ,  t he  P  , *  *  , ' s  a re  de f  i ned  f o r  tO  a  t l  <  .  .  , a  t n .
l L 1 t . , .  r  n n ,  t

I n  o rde r  t ha t  t he  compab i l i t y  cond i t i ons

i )  P ,n  *  r (S )  =  P , *  *  r ( n - l s )
, . n ,  r . . . r o n n ,  l . l ,  . r o n l

,  S  , 8n ,  ( he re  r  deno tes  a  pe rmu ta t i on  o f  1 , , , , s r r  and

a l so  t he  b i j ec t i on  f r om jRn  i n to lRn  de f i ned  by  n l x l r , , , xn l

=  ( t n .  r . . . ,  xn  ) ) .
t n

i i )  P , *  *  , (S l=P , *  *  , (S  xnm- ' t l
\ , L 1 r . . . ,  o n ,  \ ' L l t . . ,  o n + m ,

a re  sa t i s f i cd ,  we  cons ide r  ( i )  as  a  de f i n i t i on  o f  P , *  +  r
l a - l r . .  t + n t  t

where  t he  t i '  t  ,  r vh i ch  a re  d i f f e ren t ,  need  no t  i nc rease

w i th  the  sub index .  The  same ho lds  f  o r  t he  d i s t r i bu t i on  f r : nc t i ons  F r .

1  0 .  Lemna :

The  p robab i l i t y  f unc t i ons  PX  sa t i s f y  t he  compa t i b i l i t y  cond i -

t i ons  i n  9 .

P roo f :  ( i )  ho lds  by  de f i n i t i on ;  f o r  ( i i )  i t  su f f i ces  t o  show

the  conpa t i b i l i t y  cond i t i ons  f o r  t he  FX ' t  .  Cond i t i on  ( i i )

i s  sa t i s f i ed  by  t he  0X ' t  i n  6 .

1  1  .  Lemma:

There  i s  a  un ique  p robab i l i t y  measure  P  on  {A ,E)  such  tha t

P( |  12 t . , . . , ,7 t  )  e  S1  )  -  P ( ,  t  l ( s ) ,  s  ,8n
n l  o n  , o l t  ,  r n n ,

Proo f :  i t  su f f j ces  t o  f o11ow the  p roo f  o f  t he  we l l - known  theo

ren  o f  Ko lmogo rov  abou t  t he  ex i s t ence  o f  a  f am i l y  o f  r andom
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14 .

15.

va r i ab les  on  a  connon  p robab i l i t y  space  co r respond ing  t o  a
fam i l y  o f  f i n i t e  d imens iona l  d i s t r i bu t i ons  ( see ,  e .g . [  7  I
chap .  1  )  .

The  t heo rem,  as  i t  i s  usua l l y  p resen ted ,  s t a tes  on l y  t he
ex i s tence  o f  a  comnon  p robab i l i t y  space ,  bu t  t he  usua l  p roo f

cons t ruc t s  t he  space  p rec i se l y  as  we  need  i t  he re .

Co ro l l a r y :

The  f i n i t e  d imens iona l  j o i n t  d i s t r i bu t i on  f unc t i ons  o f  t he
random va r i ab les  (7 t l t  

e  , ,  
de f i ned  i n  ( 0 , ! , p l  a re  g i ven  by

P(z t ,  *  t 1 , . . .  , , r * n  *n l  =  F ( t r  
r .  r  r  , r n l ( x1 r . .  r xn l  r

Theo rem:

The r  a ; rdonr

I ( a )  -  ( c ) ,

a  B rown ian

Proo f :  One

dlY l t  t  I
t a l ,  ,  t L n l

( an )du l  , , , dun

Remark :

var iab les  (Z t l  
t  e  , ,  

de f  i ned  in  [0 ,  qP I  sa t i s fy

tha t  i s ,  the  s tochas t i c  p rocess  (T t l  
t  e  t r  i s

mot ion .

has  on ly  to  use  the  jo in t  d i s t r ibu t ion  func t ions
(x t  ( xn( ' t ,  "  '  xn l  = 
, l - : " '  J j *  r r r  ro(ut lP. t2,uJ(u21 " '  P7n,un-1

Wi th in  t h i s  f o rnu la t i on  i t  i s  no t  poss ib l e  t o  ob ta i n

a . s .  con t i nu i t y  o f  t r a j ec to r i es .  Neve r the less  i t  r nay

ob ta i ned  by  cons ide r i ng  a  denune rab le  dense  subse t  o f

show ing  t ha t  t he  res t r i c t i on  o f  7 t  t o  t h i s  subse t  i s

m ly  con t i nous  and  ex tend ing  7 t  t o  t he  who le  o f  10 ,11

con t i nu i t y  ( c f .  t  5  I  f o r  sepa rab le  r andon  p rocesses ) .

the

be

[0 ,11  ,
un i fo r  -

by
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