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ABSTRIICT

We study the be havior ol 'tr,r,o weighing methods: Unit Counting and Fractional Count-
ing. used in citation analysis. This indicates that results obtained using these two
methods can contradict each other.

1. Two Weighing Methods

Let us first establish the following notation.

C = is a sct of  countr ies.

rr = is the number of articles.

{li = is the number of co-authors with contributions to the j th article, and

a i (c )=  is thenumbero f  co-au thors f romcount r_vc  w i thconLr ibu t ions to the i  thar t i c le .

I t  i s  obv ious  tha t  to r  a l l  r  =  1 .2 . . . . ,n .

a i  =  
, l ra iG: ) '

We interested in comparing the following two ways of counting the total contribution of a
country c in the given set of n papers.

l .  (Unit  Count ing) Every co-author 's contr ibut ion in each art ic le weighs exact ly 1 point.

In this case. the total  weight ( i .e. .  number of points) assigned is

n
W  = l a ,  .

h4 |

The total r,l 'ei-sht (i.e., number of points) assigned to country c is

W'1r ' . ;  = f .u, \ ,  ) .
i1 

.

And the contribution of country c' in the ovcrall assignment of points is
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r r l , . .  \  i a , r c  I
O ( ,  )=  l i f J  =  '  ' ;

r r f a t

A '

2. (Fract ional Count ing) Every co-author 's contr ibut ion in the r  th art ic le weighs exact ly l /a;
points.  ln which case. the weight of country c in the i th art ic le must be aiG)lai .

In this case, the total  weight ( i .e. ,  number of points) assigned is

W , _ ,  5 . r l r ( r . ) _ n .
l f .n ,L.C t l i

The total weight (i.e., number of poinrs) assigned to counrry (' is

W ' 1 t  . 1 =  L  
t " ! t ' '  

.
1{<n a1

And the contribution of country c in the overall assignment of points is

i  a , ( c \ l a ,' l ' ' ( r ' )  -  A 'e,k. )=tw__ n

2. Comparison of the Two Weighing Methods

We are interested in comparing the quantities Q (c ), p'(r: ). Put

A ( r ' )  =  t Q  t c )  -  Q '  G ) t  .

m = min(a t . . . . .0n).

M = max(a r . . . . .d,  ) .

It is then easy to show that the following theorem holds.

Theorem. For any country c,

(  .  I  f .o,(r)
A( t ' t=  lQ( r ' )  -Q ' ( , ' ) l  < l  I -  + l  -' - l m  

M l  i l  '
t l

whcre rn (respect ively,  M ) is the minimr.rm (respect ively,  rnaximum) number of co-authors in an
arlicle from the given list of n articles.

Proof.

To see this. put

and notice that

( ) , ( t . l  =  
t t i \ t  l

d t

Q ' ( r ' \ = *  l O ' , ,  ) +  " .  + Q n ( ( ' t l .-  n  ' - '

g , k  |  1 o  ( r , , , .  t l r ( t  )

h l  
-  E ' i \ ' '  m

Howeve i ' .  fo ra l l  =  1 . . . . . r t ,
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F {cncc . .  f ronr  thc  c le l in i t ions  o l 'O( . .  1 .Q 'e  )  wc  ob ta in  tha t

i ,  , \ " , t '  
t  1Q t r  t .  Q '  , ,  ,  =  

| ^  t t / ,  ( t  ) .

f rom which the theorem fol lows easi ly.  r

2 .1 .  Examples .

1. I f  al l  the (rr 's arc equal then n = M and hence the theorem impties that e(c.)  = e,(r .) .
2 .  I f  tb r  a l l  r '  rhere  ex is ts  a  consrant  ) " (c )  such tha t  fo r  a l l  i  =  1 . . . . .n .  a ,e : ) la1= l . (c . )  then

Q k, 1 = Q' k ) .This shows that the upper bound grven in the theorem is not opt imal.
3.  The quant i t ies p(r ' ) .Q'Q) can diverge. For example. f ix c and consider the fol lowine

a s s i g n m e n t o f  v a l u e s :  a i f t ' ) =  l . o 1  = i .  w h e r e  i  =  1 . . . . . n .  T h e n  i t  i s  c l e a r t h a t

W ' = l + 2 +  .  + n = n ( n + 1 ) 1 2 ,  W ' = n .

W ( r ' ) = r .  W '  = + * * *  
" ] = l o g 4 .I : N

Hence .  Qr t ' I =  f r  . r t o  Q ' ( , . | = - l qg f  Consequenr l y .

A ( t  ) =  l - + -  l oga  1 .

and

O t c t  -
di6 

-

2.2. A 'I 'wo Country E,xample

In this example we make rhe fol lowing assumptions (see table l ) :

A l .  C = { t '  .  r ' '  } .  i .e.  there are two countr ies.

A 2 .  1 < a 1 ( ' ) ( a i <  2 . i . e . c o u n t r y r ' c o n t r i b u t e s o n e v e r y a r t i c l e a n d e v e r y a r t i c l e h a s e i t h e r o n e
or two authors (but no more).

43. there exist  integers t  .  /  such trrat

. e I = - e1 = I. i.e. the first t articles have exactly one author.

1 aft- t  d,  =? ( i .e.  the next / t  - t  eir t ic les have exact ly two authors) and among
these articles the first / have exactly one author trom country c (i.e.
dk-1( ( '  ) -  =ak+t (c  )=  l )  and the  remarn ing  / l  - l  - /  havc 'exac t ly  two au thors
f iom r '  ( i .e .  c1*7 . ,1 ( r ' )  =  '  '  *  ank ' )  =2) .

Now fclr the nrodel describcd above we have the followins identities:

r r 1 ( c ) + + d n \ ( )  *  k  + l

2
logx

? (c )=
I

_ 1  I- r - - - . . . . . . . " . . . T .

: i l - K

e'k)=*[+tl+ +19l =+| t +l+n
I  " '  

dn  
I  "  L  

t

I t  fo l lows that

t " l  1 *  "  l O ,  l ,

- t - ;  =r- l
l "
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I
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1
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Table l: The Two Country Model

A( t') = -::-r+----
! i l I : n  -  K  I

Now assuming that I  + k = n. the quant i ty A(c) obtains i ts maximum value

rrroX111=2 A(r') = ++ = 0.09.

when

k=2n_  ^ i i n . l = ' l 7n -n .

In other words. for the above mentirlned values of 1.1 there is a 9%, difference between
Qt .c ' 1 .  Q ' k ' ) .

The fol lo* ' ing qu -\ t ion ar iscs:

Quest ion:

Are there any conditions under which the 9c contribution of a country will appear to decline
because their rate of international co-authorship is going up?

Example.

This is rather eas_v to see in the previous example. Indeed.

,  - ,  l
Q t l  . k .  r r . r ' ) =  t -  f t : I - .  Q ' t t . A . r r . < ' ) =  l -  

J l r .

where / is the numher of co-authored articles, and lt is the number of articles with a single author
(from country c ). It is then clear that

Q ' ( n ; J . 1 .  n .  t ' )  =  |  -

whi le

Q'  @ t2 .  k .3n t2 . r ' )  =  I  -  +  =  +o b

Hence. although the number of articles co-authored by country r' is going up its percentage con-
tnbut ion (according to the f iact ional count ing rnethod) is going down! In the f i rst  case 25% of the
art ic les are co-authored ( i .e.  nl4out of the total  rr) .  whi le in the second l /3 of the art ic les are co-
authored (i.e. ai2 out of the total 3n l2)l. A similar example can be given for the unit counting
method.

1 _ 1
8-- T- '
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2.3. ' the' l 'wo Countr.v Erample Reris i ted

Here we gi l 'e the more gencral  version ol  the previous example. We make the fol lowing
assumptions:

Al.  C is an arbi trary set of  countr ics.

A2. for any country r ' .0 < cl , (r ' )  < u, !2.  i .e.  every art ic le has ei ther one or two authors (but no
more).

A3.  there  ex is t  in tegers  t .  / . . r .  t  such  tha t

a  d t =  = A k = 1 .

{ / 1 ( r ' ) =  ' '  - u t ( t ) = 0 '

t t 1 - 1 Q ) =  "  = a 1 ( r ' ) = 1 .

a  L l k - l  =  = Q n = 2 ,

a p - 1 k ' ) -  - e k - s ( r ' ) : t ) .

r , t 1 . . , - q ( r r ) =  : ( t i - r - r ( <  ) =  I ,

r , t 1 . - r , 1 r 1 ( ( ' )  -  =  a , , ( ( ) = 2 .

Clearl l ' .  t  = t((  )  is the number of art ic les co-authored by authors from country r ' ,  As
before, it is easy to obtain the followin-e formulas:

A , . . , _ r t 1 ( t ) *  t a n ( c )  _ ,  l  + t + 2 s
r _

r / q * '  + d n  2 n - k

t  . t
o'r. , + LlP 

+ + 4!l= 1- 2t +r--2s

3. The General  Case

Here- we give the more general  case. We make the fol lowing assumptions:

Al. C is an arbitrary set of countries.

A2. for any counlry r ' .0 < d1Q ) < o, ( .s,  i .e.  every art ic le has at most.r  authors.

A3. there exist  integers n t .  n ) , . . . .  n. ,  1 such that n 1+nrt . . .*zs- l  < r i  .  and

d t =  " ' = A n - l '

A n . , l =  = A n - : 2 .

l l n . , * l =  "  = Q n = 5 ,

I t  fo l lows that

u t * " ' * d , r = n 1 t ) l r t z - r l  1 ) + 3 ( n . 3 - t t ) ) + "  ' + , 9 ( / J - r r . s  r ) = s n - f l r - n z - " ' - f i s - t .

Nex t  de f i ne  t he  fo l l ow ing  quan t i t i es :

r ' l  ( r ' )  = number of  co l laborat ions of  country ( '  .

r ' l ( i . i ' ) =  nun rbe ro f co l l abo ra t i onso f  coun t r yc  i na r t i c l esw i tha to ta l  o f  i  manyau tho rs ,

r nt (t '  ) - number of articles written only by authors from country r' . each article counted by

thc number of authors it has.

Jrnuarv  15 .  l98 lJ
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cm'\( ' l  -  nunlbc-r of  art ic les wri t ten only by authors frorn country
only once.

I t  is then clcar that

c . cach article counted

r ' 1 ( 1 .  r ' ) : 0 .  c i  ( r ' ) :  c 1 ( 2 ,  c ) + .  .  . + r ' l ( s .  r ' )

O f r  I =  t / , 1 . r ' ) +  * , ' / ( . t . , ' ) ' , r , , ,
S t 1  - n  

1 -  
' - t r s -  

I
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