
A Constr uctive M ethod for Finding ¯-I nvar iant
M easur es for T r ansition M atr ices of M=G=1 T ype

Qu a n - L i n L i,1;2 Y iqia n g Q. Zh a o 2

Abstr act: In t h i s p a p e r , we s t u d y t h e t r a n s it io n m a t r ix o f M=G=1 t y p e . Th e
r a d iu s o f c o n ve r g e n c e i s d is c u s s e d , c o n d it io n s o n c la s s i ¯ c a t io n o f t h e s t a t e s
a r e o b t a i n e d , a n d e xp r e s s io n s o f t h e ¯-in va r ia n t m e a s u r e a r e c o n s t r u c t e d .
Th e c e n s o r i n g t e c h n iqu e is g e n e r a liz e d t o d e a l wit h n o n n e g a t ive m a t r ic e s ,
wh ic h m a y n o t b e e it h e r s t o c h a s t i c o r s u b s t o c h a s t i c . Th is a ll o ws u s t o p r o ve
a fa c t o r iz a t o n r e s u lt fo r t h e d i s c o u n t e d t r a n s i t io n m a t r ix. Th i s fa c t o r iz a t o n
p r o vid e s a u n ī e d a lg o r it h m ic a p p r o a c h fo r e xp r e s s in g t h e ¯-in va r i a n t m e a -
s u r e fo r t r a n s i t io n m a t r ic e s wit h a b lo c k s t r u c t u r e , in c lu d in g t h e m a t r ix o f
M=G= 1 t yp e .
Keywor ds: ¯-in va r i a n t m e a s u r e s , d u a lit y, fa c t o r i z a t i o n s , M=G= 1 t yp e , qu a s i-
s t a t i o n a r y d is t r ib u t i o n s , r a d iu s o f c o n ve r g e n c e .

1 I ntr oduction
W e c o n s id e r a n ir r e d u c i b l e a p e r io d i c Ma r ko v c h a in fXn; n = 1 ; 2 ; : : : g o f
M=G= 1 t yp e , wh o s e t r a n s i t io n m a t r ix P is p a r t it io n e d i n t o b lo c k fo r m :

P =

2
666664

D1 D2 D3 D4 ¢ ¢ ¢
D0 C1 C2 C3 ¢ ¢ ¢

C0 C1 C2 ¢ ¢ ¢
C0 C1 ¢ ¢ ¢

. . . . . .

3
777775

; ( 1 )

wh e r e D1 is a m a t r ix o f s i z e m0£m0, a ll Ci a r e s qu a r e m a t r ic e s o f ¯ n i t e s i z e m,
t h e s iz e s o f t h e o t h e r b l o c k- e n t r ie s a r e d e t e r m i n e d a c c o r d in g ly a n d a ll e m p t y
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e n t r i e s a r e z e r o . P is a s s u m e d t o b e s t o c h a s t ic o r s t r ic t ly s u b s t o c h a s t ic . B y
s t r i c t ly s u b s t o c h a s t ic , we m e a n t h a t P ¸ 0 , Pe · e a n d Pe 6= e, wh e r e e is
a c o lu m n ve c t o r o f o n e s .

Th e s t a t e s p a c e o f t h e a b o ve b lo c k-p a r t it i o n e d Ma r ko v c h a in c a n b e
e xp r e s s e d a s S = [1

i=0Li, wh e r e L0 = f( 0 ; j ) ; j = 0 ; 1 ; 2 ; : : : ;m0g a n d
Li = f( i; j ) ; j = 0 ; 1 ; 2 ; : : : ;mg fo r i ¸ 1 . In s t a t e ( i; j ) , va r ia b le i is c a ll e d
t h e level a n d va r i a b le j , t h e phase. Th e r e fo r e , Li is t h e s e t o f a ll s t a t e s a t
l e ve l i. Fo r c o n ve n i e n c e , we wr it e L·i = [i

k=0Lk a n d L¸i fo r t h e c o m p le m e n t
o f L·(i¡1).

L e t ® b e t h e r a d iu s o f c o n ve r g e n c e fo r t h e t r a n s it i o n m a t r ix P = ( p(i;r);(j;s) ) .
W e kn o w t h a t ® = s u p fz > 0 ;

P1
n=0 znp(n)

(i;r);(j;s) < 1g ¸ 1 , wh e r e p(n)
(i;r);(j;s)

is t h e n-s t e p t r a n s it i o n p r o b a b ilit y a n d ® is i n d e p e n d e n t o f s t a t e s ( i; r ) a n d
( j; s) .

A n o n n e g a t ive n o n z e r o r o w ve c t o r ¼ is s a i d t o b e a n in va r i a n t m e a s u r e o f
P if ¼ = ¼P . Fo r 0 < ¯ · ®, a n o n n e g a t ive n o n z e r o r o w ve c t o r ¼ is s a id t o
b e a ¯-in va r i a n t m e a s u r e o f P if ¼ = ¼¯P . Ca ll ¯P t h e d is c o u n t e d t r a n s it i o n
m a t r ix a t r a t e ¯. Th e n , a ¯-in va r ia n t m e a s u r e is s i m p ly a in va r i a n t m e a s u r e
o f t h e d i s c o u n t e d m a t r ix. It fo llo ws fr o m t h e d e ¯ n it io n t h a t a 1 -in va r ia n t
m e a s u r e is s im p ly a n i n va r ia n t m e a s u r e .

Fo r t h e t r a n s i t io n m a t r ix P o f M=G=1 t yp e , we a r e in t e r e s t e d i n

a) d e t e r m i n a t i o n o f t h e r a d i u s o f c o n ve r g e n c e ®;

b) c o n d it i o n s o n fu r t h e r c l a s s ī c a t io n o f t h e s t a t e s wh e n P is t r a n s i e n t ; a n d

c) e xp r e s s io n s fo r t h e ¯-in va r ia n t m e a s u r e fo r 0 < ¯ · ®.

Th e r e a r e a n u m b e r o f r e a s o n s wh y t h e a b o ve it e m s a r e o f in t e r e s t .
1 ) It i s we ll-kn o wn t h a t ¼ = ( ¼i ) is a q u a s i s t a t io n a r y d is t r i b u t i o n if a n d

o n ly if, fo r s o m e ¯ > 1 , ¼ is a ¯-in va r ia n t m e a s u r e s a t is fyin g
P

i ¼i < 1. Th e
s t u d y o f qu a s is t a t i o n a r y b e h a vi o u r o f a Ma r ko v c h a i n i s n o t o n ly t h e o r e t i c a lly
im p o r t a n t , b u t a ls o ¯ n d s in t e r e s t i n g a n d im p o r t a n t a p p lic a t io n s i n m a n y a r -
e a s , i n c l u d in g , fo r e x a m p l e , b i o lo g y ( S c h e ® e r 1 9 5 1 , H o llin g 1 9 7 3 , P a ke s 1 9 8 7
a n d P o lle t t 1 9 8 7 ) , c h e m i s t r y ( Op p e n h e im , S h u l e r a n d W e is s 1 9 7 7 , P a r s o n s
a n d P o lle t t 1 9 8 7 a n d P o lle t t 1 9 8 8 ) , a n d t e le c o m m u n ic a t io n s ( S c h r ijn e r 1 9 9 5 ) .

2 ) W h e n t h e e n t r ie s ¼i in ¼ c a n n o t b e s u m m e d , t h e c o n c e p t o f t h e ¯-
in va r ia n t m e a s u r e is a g e n e r a liz a t io n o f in va r ia n t m e a s u r e s fo r a n o n e r g o d ic
c h a in ( D e r m a n 1 9 5 5 , H a r r is 1 9 5 7 , L a t o u c h e , P e a r c e a n d Ta ylo r 1 9 9 8 , Ga il,
H a n t le r a n d Ta ylo r 1 9 9 8 , Zh a o , L i a n d B r a u n 1 9 9 8 ) . In t h is c a s e , ¼ c a n
s t ill b e in t e r p r e t e d p r o b a b ili s t ic a lly in t e r m s o f t h e m o ve m e n t o f p a r t ic le s
wh o s e in it ia l s t a t e s a r e g o ve r n e d b y P o is s o n d is t r ib u t i o n s ( D e r m a n 1 9 5 5 a n d
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K e lly 1 9 8 3 ) . A ls o , ¼ c a n b e u s e d t o d e ¯ n e a t im e -r e ve r s e d m a t r ix o r d u a l
m a t r ix, wh ic h h a s im p o r t a n t a p p li c a t io n s ( K e lly 1 9 7 9 , R a m a s wa m i 1 9 9 0 ,
A s m u s s e n a n d R a m a s wa m i 1 9 9 0 , B r ig h t 1 9 9 6 a n d Zh a o , L i a n d A lfa 1 9 9 9 ) .

3 ) It is we ll kn o wn h o w im p o r t a n t t h e P e r r o n -Fr o b e n iu s Th e o r e m i s i n
t h e t h e o r y o f ¯ n i t e n o n n e g a t ive m a t r ic e s . Th e r a d i u s o f c o n ve r g e n c e ® o f P
c a n b e c o n s id e r e d t h e P e r r o n -Fr o b e n iu s e ig e n va l u e o f t h e n o n n e g a t ive m a t r ix
P a n d a n ®-in va r ia n t m e a s u r e o f P a P e r r o n -Fr o b e n iu s e ig e n ve c t o r o f P .

It is b e lie ve d t h a t t h e s t u d y o n qu a s is t a t i o n a r y b e h a vi o u r wa s o r ig in a t e d
b y Y a g lo m ( 1 9 4 7 ) . S i n c e t h e n , s i g n ī c a n t a d va n c e s i n t h e t h e o r y o f qu a -
s i s t a t io n a r i t y h a ve b e e n m a d e t h r o u g h t h e e ®o r t s o f m a n y r e s e a r c h e r s . A
d e t a ile d r e vi e w o n t h e lit e r a t u r e c a n b e fo u n d in t h e P h .D . d is s e r t a t io n o f
S c h r iji n e r ( 1 9 9 5 ) . Th is s t u d y h a s a ls o s u c c e s s fu lly a d va n c e d t o c o n s i d e r i n g
t r a n s it i o n m a t r i c e s wit h b lo c k s t r u c t u r e s in c e K ijim a ( 1 9 9 3 ) m a d e a b r e a k
t h r o u g h o n t h e d e t e r m in a t io n o f t h e r a d iu s o f c o n ve r g e n c e fo r Ma r ko v c h a in s
o f GI=M= 1 t yp e a n d M=G= 1 t y p e wit h o u t b o u n d a r ie s . Fo r b l o c k-s t r u c t u r e d
t r a n s it i o n m a t r i c e s , s t u d ie s h a ve b e e n c e n t e r e d o n o b t a in in g p r o b a b ili s t ic
m e a s u r e s t o e xp r e s s t h e r a d iu s o f c o n ve r g e n c e a n d q u a s i s t a t io n a r y d is t r i b u -
t i o n s , in c l u d in g c la s s ī c a t io n s o f t h e s t a t e s in t e r m s o f t h e s e m e a s u r e s . P e o p le
a r e s e a r c h in g fo r e xp r e s s i o n s wh ic h a r e n u m e r ic a lly p r e fe r a b le . R e s u lt s o n
qu a s i- b i r t h - a n d -d e a t h ( QB D ) p r o c e s s e s c a n b e fo u n d i n K iji m a ( 1 9 9 3 ) , Ma ki-
m o t o ( 1 9 9 3 ) , B e a n et al. ( 1 9 9 7 ) , a n d B e a n , P o lle t t a n d Ta ylo r ( 1 9 9 8 , 2 0 0 1 ) .
S o m e p r e lim in a r y r e s u l t s o n t h e e xp r e s s i o n s fo r t h e m a t r ic e s o f GI=M=1 t yp e
a n d M=G= 1 t yp e we r e o b t a i n e d in L i ( 1 9 9 7 ) . A s u r ve y o n qu a s is t a t i o n a r y
d is t r i b u t i o n s o f Ma r ko v c h a in s a r is i n g fr o m qu e u e i n g p r o c e s s e s wa s c o n d u c t e d
b y K ijim a a n d Ma kim o t o ( 1 9 9 8 ) .

In t h is p a p e r , we will s t u d y t h e m a t r ix o f M=G= 1 t yp e wit h b o u n d a r y
b lo c ks a s d e ¯ n e d i n ( 1 ) . Th e is s u e o n t h e r a d i u s o f c o n ve r g e n c e will b e
a d d r e s s e d b y c o m b in in g c h a r a c t e r is t i c r e s u lt s o b t a i n e d b y K ijim a ( 1 9 9 3 ) a n d
t h e b o u n d a r y t r e a t m e n t b a s e d o n c e n s o r in g . Fo r t h e c a s e wit h o u t b o u n d a r i e s ,
t h e m a t r ix is a lwa ys ®-t r a n s ie n t . W it h t h e p r e s e n c e o f t h e b o u n d a r y, t h e
m a t r ix c a n b e e it h e r ®-t r a n s i e n t o r ®-r e c u r r e n t . Co n d it io n s o n c la s s i ¯ c a t i o n s
o f t h e t r a n s ie n t s t a t e s will a ls o b e d i s c u s s e d in t h i s p a p e r . Fo r t h e m a t r ix
o f M=G=1 t yp e , we h a ve n o t n o t ic e d t h e e xi s t e n c e o f a n e xp r e s s i o n fo r t h e
¯-in va r ia n t m e a s u r e i n t h e lit e r a t u r e . W e will p r o vid e a c o n s t r u c t ive wa y o f
e xp r e s s i n g s u c h a m e a s u r e .

Th e t e c h n iqu e u s e d in t h i s p a p e r t o s t u d y t h e r a d iu s o f c o n ve r g e n c e
a n d c o n d i t io n s o n c l a s s ī c a t i o n s o f t h e t r a n s i e n t s t a t e s i s b a s e d o n c e n -
s o r i n g . Th i s t e c h n iqu e h a s b e e n s u c c e s s fu lly u s e d in s t u d yi n g m a n y o t h e r
a s p e c t s o f b l o c k-s t r u c t u r e d s t o c h a s t i c o r s t r ic t ly s u b s t o c h a s t ic m a t r ic e s ( fo r
e xa m p le , s e e Gr a s s m a n n a n d H e ym a n 1 9 9 0 , L a t o u c h e 1 9 9 3 , Zh a o , L i a n d
B r a u n 1 9 9 8 , 2 0 0 1 , Zh a o , L i a n d A lfa 1 9 9 9 , L a t o u c h e a n d R a m a s wa m i 1 9 9 9 ,
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a n d Zh a o 2 0 0 0 ) . In o r d e r t o u s e t h e c e n s o r i n g t e c h n iqu e t o d e a l wit h t h e
i s s u e o f t h e ¯-in va r ia n t m e a s u r e , we n e e d t o g e n e r a liz e r e s u lt s o f s t o c h a s t ic
o r s t r ic t ly s u b s t o c h a s t ic m a t r i c e s t o t h a t o f n o n n e g a t ive m a t r ic e s .

W h a t we will u s e t o o b t a i n e x p r e s s io n s fo r t h e ¯-in va r ia n t m e a s u r e is
t h e m e t h o d o f fa c t o r i z a t i o n , wh e r e I ¡ ¯P is fa c t o r iz e d i n t o t h e p r o d u c t o f
a n u p p e r t r i a n g u la r m a t r ix a n d a lo we r t r i a n g u la r m a t r ix. W e s h a ll c a ll it
t h e RG-fa c t o r i z a t i o n , s i n c e t h e fa c t o r s in fa c t o r iz a t io n i n vo lve t h e R- a n d G-
m e a s u r e s , wh ic h a r e t wo ke y p r o b a b ilis t ic m e a s u r e s i n o u r s t u d y a n d d e ¯ n e d
l a t e r . Th i s fa c t o r iz a t io n m a y b e vie we d a s a UL-fa c t o r i z a t io n fo r t h e in ¯ n it e
m a t r ix I¡¯P . Th e p r o c e d u r e o f o b t a in in g a s o lu t io n fo r t h e ¯-in va r ia n t m e a -
s u r e c a n b e c o n s i d e r e d a g e n e r a liz a t i o n o f u s i n g a UL-fa c t o r i z a t i o n t o s o lve a
¯ n it e s y s t e m o f li n e a r e q u a t io n s . E xp r e s s io n s fo r t h e ¯-in va r ia n t m e a s u r e a r e
d i®e r e n t a c c o r d in g t o t h e c l a s s ī c a t io n o f t h e s t a t e s a n d t h e va l u e o f ¯. W h e n
we u s e t h e fa c t o r i z a t i o n t e c h n iqu e , t h e ke y is h o w t o a s s o c ia t e t h e m i d d le
fa c t o r o r t h e d ia g o n a l m a t r ix wit h e it h e r t h e u p p e r t r ia n g u la r o r t h e lo we r
t r i a n g u la r m a t r ix. Ou r s t u d y will p r o vid e a wa y t o s u c c e s s ive ly id e n t ify t wo
d i®e r e n t s e t s o f s o lu t io n s fo r t h e ¯-in va r ia n t m e a s u r e . W h e n ¯ = 1 , a n e qu iv-
a le n t fo r m o f t h i s fa c t o r iz a t io n wa s o b t a i n e d a n d s t u d ie d b y H e ym a n ( 1 9 9 5 ) ,
Zh a o , L i a n d B r a u n ( 1 9 9 7 , 2 0 0 0 ) a n d Zh a o ( 2 0 0 0 ) . In L i ( 1 9 9 7 ) , t h e m a t r ix
I ¡ ¯P wa s fa c t o r e d i n t o a n e qu iva le n t fo r m o f t h e RG-fa c t o r iz a t io n wit h -
o u t u s i n g t h e R-m e a s u r e . Th e r e a r e t h r e e p o s s i b l e d i± c u lt i e s wh e n u s i n g
t h e RG-fa c t o r i z a t i o n o n in ¯ n it e m a t r ic e s . Fir s t ly, t h e a s s o c ia t ivit y o f m a -
t r ix m u l t ip lic a t i o n s c a n n o t b e t a ke n fo r g r a n t e d , s e c o n d ly, t h e e xi s t e n c e o f
a n o n - t r ivia l s o lu t io n t o a lin e a r s ys t e m o f i n ¯ n it e ly m a n y e qu a t io n s c a n n o t
b e t a ke n fo r g r a n t e d , a n d t h ir d ly, t h e m e t h o d o f d e a li n g wit h a r e c u r r e n t
m a t r ix a n d a t r a n s ie n t m a t r ix s h o u ld b e d is t in g u is h e d . W h e n t h e Ma r ko v
c h a in is p o s it ive r e c u r r e n t , t h e s e i s s u e s h a ve b e e n s u c c e s s fu lly a d d r e s s e d i n
t h e lit e r a t u r e , fo r e xa m p l e , s e e H e ym a n ( 1 9 9 5 ) . R a m a s wa m i ( 1 9 8 8 ) p r e -
s e n t e d a s t a b l e r e c u r s io n , e qu iva l e n t t o t h e fa c t o r iz a t io n o f H e y m a n , fo r t h e
s t e a d y s t a t e ve c t o r fo r Ma r ko v c h a in s o f M=G= 1 t yp e . A ls o , Me i n i ( 1 9 9 7 )
s t u d ie d t h e m a t r ix o f M=G= 1 t yp e in t e r m s o f a m e t h o d o f fa c t o r iz a t io n . Fo r
qu a s is t a t i o n a r y d i s t r ib u t io n s , t h e m e t h o d e m p lo ye d b y B e a n , P o ll e t t a n d
Ta ylo r ( 2 0 0 1 ) t o t h e qu a s i-b ir t h -a n d -d e a t h p r o c e s s is e s s e n t ia lly e qu iva le n t
t h e fa c t o r i z a t io n m e t h o d u s e d in t h is p a p e r . H o we ve r , t h e y d id n o t i n d ic a t e
h o w t h e e xp r e s s io n s fo r t h e ¯-in va r i a n t m e a s u r e a r e c o n s t r u c t e d .

It is o u r b e lie f t h a t t h e id e a p r e s e n t e d h e r e c a n a ls o b e u s e d t o s t u d y
o t h e r t yp e s o f b lo c k-s t r u c t u r e d m a t r i c e s , fo r e x a m p le , m a t r ic e s o f GI=M=1
t yp e a n d , m o r e g e n e r a lly, GI=G= 1 t y p e .

Th e r e s t o f t h e p a p e r is o r g a n i z e d a s fo llo ws .
In S e c t i o n 2 , s o m e b a s ic p r o p e r t ie s o n m a t r ix ¯P a r e p r o vid e d , in c lu d i n g

p r o p e r t ie s o n t h e e xis t e n c e o f a n in ve r s e o f I ¡¯P , t h e m in im a l n o n n e g a t ive
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in ve r s e a n d t h e fu n d a m e n t a l m a t r ix. Th e s e p r o p e r t ie s a r e n e e d e d i n la t e r
s e c t i o n s .

W h e n P is t r a n s ie n t , t h e s t a t e s o f P c a n b e fu r t h e r c la s s i ¯ e d a s ®-
r e c u r r e n t o r ®-t r a n s ie n t a c c o r d in g t o c®P =

P1
k=0 ®kP k = 1 o r < 1,

r e s p e c t ive ly. Th e m a t r ix c®P is r e fe r r e d t o a s t h e fu n d a m e n t a l m a t r ix o f
®P . If P is ®-r e c u r r e n t , e it h e r lim n!1 ®np(n)

(i;r);(j;s) > 0 fo r a ll s t a t e s ( i; r ) a n d
( j; s) , o r lim n!1 ®np(n)

(i;r);(j;s) = 0 fo r a ll s t a t e s ( i; r ) a n d ( j; s) . In t h e fo r m e r
c a s e , P is c a ll e d ®- p o s it ive a n d i n t h e la t t e r c a s e , ®-n u ll. In S e c t i o n 3 , we
p r o vid e a d e t e r m i n a t i o n o f t h e r a d iu s ® o f c o n ve r g e n c e a n d c o n d it io n s o n
c la s s ī c a t i o n s o f t h e t r a n s i e n t s t a t e s , b a s e d o n t h e c o m b in a t io n o f t h e r e s u lt
o f d e t e r m in in g t h e r a d iu s ¹® o f c o n ve r g e n c e fo r t h e m a t r ix o f M=G= 1 t yp e
wit h o u t b o u n d a r ie s a n d a n e w t r e a t m e n t fo r t h e b o u n d a r y.

In S e c t i o n 4 , t h e RG-fa c t o r i z a t i o n fo r m a t r ix I ¡¯P is p r o ve n . W e s h o w
t h a t

I ¡ ¯P = [I ¡ RU ( ¯ ) ][I ¡ UD ( ¯ ) ][I ¡ GL ( ¯ ) ];

wh e r e RU ( ¯ ) i s a b lo c k-fo r m u p p e r t r ia n g u la r m a t r ix in vo lvin g o n ly t h e R-
m e a s u r e , GL ( ¯ ) is a b lo c k-fo r m lo we r t r ia n g u la r m a t r ix in vo lvin g o n ly t h e
G- m e a s u r e , a n d UD ( ¯ ) is a b lo c k-fo r m d ia g o n a l m a t r ix. Th e R-m e a s u r e is
a s e qu e n c e o f m a t r i c e s d e ¯ n e d b y ( 1 4 ) a n d ( 1 5 ) a n d t h e G-m e a s u r e fo r t h e
m a t r ix M=G= 1 t y p e c o n s i s t s o f t wo m a t r i c e s d e ¯ n e d b y ( 4 ) a n d ( 1 6 ) . P r o b -
a b ili s t ic in t e r p r e t a t i o n s fo r b o t h R- a n d G-m e a s u r e s a r e p r o vi d e d a ft e r t h e
d e ¯ n it io n fo r m u la s . In t h is s e c t io n , we a ls o s h o w t h a t t h e RG-fa c t o r i z a t i o n
e xi s t s fo r t h e m a t r ix o f le ve l-d e p e n d e n t M=G=1 t yp e .

In S e c t io n 5 , b a s e d o n t h e RG-fa c t o r iz a t io n , e xp r e s s i o n s fo r t h e ¯-in va r ia n t
m e a s u r e a r e o b t a in e d . Th e r e a r e t wo d i®e r e n t s e t s o f e x p r e s s io n s . On e i s fo r
t h e ®-in va r ia n t m e a s u r e wh e n P is ®-r e c u r r e n t . In t h i s c a s e , t h e ®-in va r ia n t
m e a s u r e is u n iqu e u p t o m u lt ip lic a t io n b y a p o s i t ive c o n s t a n t . Fo r a ll o t h e r
c a s e s , we p r o vid e a c o m m o n e xp r e s s io n fo r t h e ¯-in va r ia n t m e a s u r e . W h e n
t h e ¯-in va r ia n t m e a s u r e c a n n o t b e s u m m e d , t h is u n iqu e n e s s is n o lo n g e r
g u a r a n t e e d .

Th e ¯ n a l s e c t i o n , S e c t i o n 6 , c o n s i s t s o f c o n c l u d in g r e m a r ks .

2 P r eliminar ies
In t h is s e c t io n , we p r o vid e s o m e p r o p e r t i e s o n n e g a t ive m a t r ix ¯P , wh ic h
will b e u s e d in l a t e r s e c t i o n s . Mo s t o f t h e s e r e s u lt s c a n b e vie we d a s g e n e r a l-
i z a t i o n s o f t h e c o u n t e r p a r t s fo r a s t o c h a s t i c o r s t r ic t ly s u b s t o c h a s t ic m a t r ix.
P r o o fs t o t h e s e p r o p e r t ie s m a y n o t b e o b vio u s . H o we ve r , s in c e t h e y c a n b e
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p r o ve d e i t h e r i n t h e s a m e wa y a s t h a t fo r a s t o c h a s t i c o r s t r i c t ly s u b s t o c h a s -
t i c m a t r ix o r in a s im ila r fa s h io n , we o m i t m o s t o f t h e p r o o fs . R e l e va n t
r e fe r e n c e s a r e S e n e t a ( 1 9 8 0 ) , K e m e n y, S n e ll a n d K n a p ( 1 9 7 6 ) , Cin la r ( 1 9 7 5 )
a m o n g p o s s ib le o t h e r s .

A g e n e r a l s t a t e m e n t o n t h e e xis t e n c e a n d u n iqu e n e s s o f a n ®-in va r ia n t
m e a s u r e c a n b e fo u n d in t h e lit e r a t u r e , fo r e xa m p l e S e n e t a ( 1 9 8 0 ) wh ic h
i s s t a t e d in t h e fo llo win g le m m a . In o r d e r t o d o s o , we n e e d t h e c o n c e p t
o f s u p e r r e g u l a r i t y. A r o w ve c t o r x is c a ll e d a s u p e r r e g u la r m e a s u r e o f P if
x ¸ xP . A r o w ve c t o r x is c a lle d a ¯-s u p e r r e g u l a r m e a s u r e o f P if x ¸ ¯xP .
A 1 -s u p e r r e g u la r m e a s u r e is s im p ly s u p e r r e g u la r .

Lemma 1 F or irreducible aperiodic matrix P , there always exists a positive
®-superregular measure x. If P is ®-recurrent, then the unique ®-superregular
measure x, up to multiplication by a positive constant, of P is ®-regular and
positive.

Th e fo llo win g a r e s o m e b a s ic p r o p e r t i e s a b o u t t h e e xi s t e n c e o f a n i n ve r s e ,
m i n i m a l n o n n e g a t ive in ve r s e a n d t h e fu n d a m e n t a l m a t r ix.

Lemma 2 (i) F or 0 < ¯ < ® if P is ®-recurrent, or for 0 < ¯ · ® if P is
®-transient, ( I ¡ ¯P ) is invertible. (ii) If ( I ¡ ¯P ) is invertible, then

c̄P =
1X

k=0

¯kP k ( 2 )

is the minimal nonnegative inverse of ( I ¡¯P ) , which is often referred to as
the fundamental matrix of ¯P . (iii) L et P be partitioned into

P =
·

T H
L Q

¸
: ( 3 )

Then, both ( I ¡ ¯T ) and ( I ¡ ¯Q) are invertible for 0 < ¯ · ®.

Th e fo llo win g le m m a p la ys a n im p o r t a n t r o le in la t e r s e c t io n s , wh ic h will
b e u s e d t o e s t a b lis h a r e la t io n s h ip b e t we e n b lo c k-e n t r i e s o f t h e fu n d a m e n t a l
m a t r ix c̄P .

Lemma 3 L et P be partitioned as in (3) and let ¯P be partitioned accord-
ingly as

¯P =
·

¯T ¯H
¯L ¯Q

¸
; 0 < ¯ · ®:

6



Assume that I ¡ ¯P is invertible. Then, the minimal nonnegative inverse
c̄P of ( I ¡ ¯P ) is given by

c̄P ="
(I ¡ ¯T ¡ ¯H c̄Q¯L)¡1

m in (I ¡¯T ¡ ¯H c̄Q¯L)¡1
m i n ¯H c̄Q

c̄Q¯L(I ¡¯T ¡ ¯H c̄Q¯L)¡1
m in

c̄Q+ c̄Q¯L(I ¡¯T ¡ ¯H c̄Q¯L)¡1
m in ¯H c̄Q

#

or equivalently,

c̄P ="
c̄T + c̄T¯H(I ¡ ¯Q ¡¯L c̄T¯H)¡1

m in ¯Lc̄T c̄T¯H(I ¡¯Q ¡ ¯Lc̄T¯H)¡1
m i n

(I ¡¯Q ¡ ¯Lc̄T¯H)¡1
m i n ¯L c̄T (I ¡ ¯Q¡ ¯Lc̄T¯H)¡1

m in

#
;

where ( I ¡X ) ¡1
m in =

P1
i=0 Xi is the minimal nonnegative inverse of I ¡ X.

Remar k 1 B y s a m p le p a t h a r g u m e n t o r t h e a b o ve l e m m a , we c a n s h o w t h a t
t h e fu n d a m e n t a l m a t r ix is i n va r i a n t u n d e r c e n s o r in g . L e t E b e a s u b s e t o f
t h e s t a t e s p a c e . L e t ¯P b e p a r t it io n e d a c c o r d in g t o E a n d it s c o m p le m e n t
Ec a s i n ( 3 ) . A n d le t t h e fu n d a m e n t a l m a t r ix c̄P o f ¯P b e e x p r e s s e d a s i n
( 4 ) . Th e n , t h e fu n d a m e n t a l m a t r ix o f t h e c e n s o r e d m a t r ix ( ¯P ) E is e qu a l t o
t h e b lo c k-e n t r y c o r r e s p o n d in g t o t h e s t a t e s in E in t h e fu n d a m e n t a l m a t r ix
c̄P .

3 Radius of conver gence and classi¯cation of
states

L e t ® b e t h e r a d iu s o f c o n ve r g e n c e fo r P . If ® = 1 , t h e c la s s ī c a t io n o f s t a t e s
i s c o n ve n t io n a l. S o , we a r e o n ly in t e r e s t e d in t h e c la s s ī c a t io n o f s t a t e s wh e n
® > 1 . Th i s c o r r e s p o n d s t o a fu r t h e r c la s s i ¯ c a t io n o f t h e t r a n s ie n t s t a t e s .
Th e m a in p u r p o s e o f t h is s e c t i o n is t o d e t e r m in e t h e r a d iu s o f c o n ve r g e n c e
® a n d t o p r o vid e c o n d it i o n s o n c l a s s ī c a t io n o f t h e s t a t e s . To p u r s u e t h a t ,
we ¯ r s t d e ¯ n e t h e m a t r ix G ( ¯ ) wh ic h , t o g e t h e r wit h m a t r ix G1;0 ( ¯ ) d e ¯ n e d
i n S e c t io n 4 , i s r e fe r r e d t o a s t h e G-m e a s u r e fo r t h e t r a n s i t io n m a t r ix P o f
M=G= 1 t yp e . Th e m a i n r e s u lt s in t h is s e c t io n will b e e xp r e s s e d in t e r m s o f
t h e G-m e a s u r e t h r o u g h t h e a n a lys is o f t h e fu n d a m e n t a l m a t r ix a n d c e n s o r e d
m a t r ic e s N ( ¯ ) a n d N0 ( ¯ ) . B y in t r o d u c i n g t h e G-m e a s u r e , n o t o n ly c a n t h e
t h e o r e t ic a l a n a lys i s b e c a r r i e d o u t , b u t a ls o i t is c o m p u t a b l e .

P a r t it io n t h e d is c o u n t e d t r a n s it io n m a t r ix ¯P o f M=G= 1 t y p e a s i n ( 3 )
wit h ¯T = ¯D1, a n d ¯H , ¯L a n d ¯Q b e i n g d e t e r m in e d a c c o r d in g ly. N o t ic e
t h a t , i n t h e p a r t i t io n , Q is t h e t r a n s i t io n m a t r ix o f M=G= 1 t yp e wit h o u t
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b o u n d a r ie s . Th e r e fo r e , ¯Q is t h e d is c o u n t e d t r a n s it i o n m a t r ix fr o m Q. L e t
c̄Q = ( bQi;j ( ¯ ) ) i;j=1;2;::: b e t h e fu n d a m e n t a l m a t r ix fo r Q ( ¯ ) a n d wr it e N ( ¯ ) =
bQ1;1 ( ¯ ) .

Th e m a t r ix G ( ¯ ) is d e ¯ n e d b y

G( ¯ ) = N ( ¯ ) ¯C0: ( 4 )

G( ¯ ) is a m a t r ix o f s iz e m. Th e ( r; s) t h e n t r y o f G( ¯ ) c a n b e in t e r p r e t e d a s
t h e t o t a l e xp e c t e d d is c o u n t e d r e wa r d wit h r a t e ¯ in d u c e d b y h it t in g s t a t e
( i; s) u p o n t h e p r o c e s s e n t e r i n g L·i fo r t h e ¯ r s t t im e , g ive n t h a t t h e p r o c e s s
s t a r t s in s t a t e ( i + 1 ; r) .

Remar k 2 Th o u g h t h e m a t r ix G( ¯ ) is d e ¯ n e d a s t h e p r o d u c t o f N ( ¯ ) a n d
¯C0, we u s u a lly ¯ r s t c o m p u t e G( ¯ ) a n d t h e n d e t e r m i n e N ( ¯ ) i n t e r m s o f
G( ¯ ) . To d o s o , we n e e d t h e fo llo win g le m m a , t h a t s a ys t h a t a ll t h e o t h e r
b lo c k-e n t r ie s in t h e ¯ r s t b lo c k- c o l u m n in c̄Q c a n b e e xp li c it ly e xp r e s s e d i n
t e r m s o f N ( ¯ ) , t h e ( 1 ; 1 ) s t b lo c k-e n t r y in c̄Q.

Lemma 4 F or the fundamental matrix c̄Q = ( bQi;j ( ¯ ) ) i;j=1;2;:::,

bQj;1 ( ¯ ) = G( ¯ ) j¡1N ( ¯ ) ; j ¸ 1 : ( 5 )

P r oof: It fo llo ws fr o m ( 4 ) in L e m m a 3 t h a t

( bQ2;1 ( ¯ ) T; bQ3;1 ( ¯ ) T ; : : : ) T = c̄Q¯LN ( ¯ ) :

Th e r e p e a t i n g s t r u c t u r e a n d t h e p r o p e r t y o f s kip -fr e e - t o -le ft o f t h e t r a n s it i o n
m a t r ix Q( ¯ ) l e a d s t o

( bQ2;1 ( ¯ ) T ; bQ3;1 ( ¯ ) T ; : : : ) T = ( N ( ¯ ) T; bQ2;1 ( ¯ ) T ; : : : ) T¯C0N ( ¯ ) :

Th e p r o o f is c o m p l e t e d b y t h e a b o ve r e c u r s ive e x p r e s s io n a n d r e p e a t e d ly
u s in g N ( ¯ ) ¯C0 = G( ¯ ) .

Fo r t h e d is c o u n t e d t r a n s it i o n m a t r ix ¯P o f M=G= 1 t y p e , we p a r t it io n t h e
fu n d a m e n t a l m a t r ix c̄P o f ¯P a c c o r d i n g t o l e ve l s . Th e b l o c k-e n t r ie s o f c̄P
a r e d e n o t e d b y bPi;j ( ¯ ) . It is c l e a r t h a t t o s t u d y t h e r a d iu s o f c o n ve r g e n c e
a n d t o c l a s s ify t h e s t a t e s , it i s s u ± c ie n t t o o n ly c o n s id e r a n a r b i t r a r y b lo c k-
e n t r y in c̄P . Fo r t h e b lo c k-s t r u c t u r e d t r a n s it i o n m a t r ix P in ( 1 ) , p a r t i t io n P
a c c o r d i n g t o ( 3 ) wit h T = D1. It s u ± c e s t o c o n s i d e r t h e ( 1 ; 1 ) s t b lo c k- e n t r y,
d e n o t e d b y N0 ( ¯ ) , in c̄P . W e e xp r e s s N ( ¯ ) i n t e r m s o f G( ¯ ) a n d N0 ( ¯ ) i n
t e r m s o f N ( ¯ ) . Th is will e n a b l e u s t o d e t e r m in e t h e r a d iu s o f c o n ve r g e n c e ®
a n d p r o vid e c o n d it io n s o n c l a s s ī c a t io n o f t h e s t a t e s .
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T heor em 1 F or the transition matrix of M=G= 1 type, the ( 1 ; 1 ) st block entry
N ( ¯ ) in c̄Q can be expressed as

N ( ¯ ) = [I ¡ ¯
1X

k=1

CkG( ¯ ) k¡1]¡1; ( 6 )

or N ( ¯ ) is the fundamental matrix for U ( ¯ ) = ¯
P1

k=1 CkG( ¯ ) k¡1. The
( 1 ; 1 ) st block entry N0 ( ¯ ) in c̄P can be expressed as

N0 ( ¯ ) = [I ¡ U0 ( ¯ ) ]¡1; ( 7 )

where

U0 ( ¯ ) = ¯D1 +
1X

k=1

¯Dk+1G ( ¯ ) k¡1N ( ¯ ) ¯D0; ( 8 )

or N0 ( ¯ ) is the fundamental matrix for U0 ( ¯ ) .

P r oof: A p p ly L e m m a 3 t o t h e d i s c o u n t e d t r a n s it i o n m a t r ix ¯Q. It
fo llo ws fr o m ( 4 ) t h a t N ( ¯ ) = bQ1;1 ( ¯ ) is t h e fu n d a m e n t a l m a t r ix fo r ¯T +
¯H c̄Q¯L. Th e n ,

¯T + ¯H c̄Q¯L=¯C1 + ¯H ( bQ1;1 ( ¯ ) ; bQ2;1 ( ¯ ) ; : : : ) T¯C0

=¯C1 +
1X

k=2

¯Ck bQk¡1;1 ( ¯ ) ¯C0:

N o t ic in g t h a t N ( ¯ ) ¯C0 = G( ¯ ) a n d u s in g L e m m a 4 will c o m p l e t e t h e p r o o f
t o t h e ¯ r s t a s s e r t i o n .

To p r o ve t h e s e c o n d , a p p ly L e m m a 3 t o t h e d i s c o u n t e d t r a n s it io n m a t r ix
¯P . Th e n , N0 ( ¯ ) is t h e fu n d a m e n t a l m a t r ix fo r ¯T + ¯H c̄Q¯L, wh e r e
¯T = ¯D1, ¯H = ¯ ( D2; D3; : : : ) , c̄Q is t h e fu n d a m e n t a l m a t r ix o f ¯Q a n d
¯L = ¯ ( D0; 0 ; : : : ) . Th e r e fo r e ,

U0 ( ¯ ) = ¯D1 +
1X

k=2

¯Dk
bQk¡1;1 ( ¯ ) ¯D0:

Th e p r o o f is c o m p le t e b y u s in g L e m m a 4 .
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Remar k 3 It fo ll o ws fr o m t h e d e ¯ n it i o n e qu a t io n ( 4 ) a n d e qu a t i o n ( 6 ) t h a t
G( ¯ ) s a t is ¯ e s t h e fo llo win g e qu a t io n :

G ( ¯ ) =
1X

k=0

¯CkG( ¯ ) k: ( 9 )

W e c a n fu r t h e r p r o ve t h a t G( ¯ ) i s t h e m i n i m a l n o n n e g a t ive s o lu t io n t o e q u a -
t i o n ( 9 ) .

Th e d e t e r m in a t i o n o f t h e r a d i u s o f c o n ve r g e n c e ® a n d t h e c o n d it i o n s o n
c la s s ī c a t i o n o f t h e s t a t e s g ive n b e lo w a r e b a s e d o n t h e c o m b in a t io n o f t h e
c la s s ī c a t i o n r e s u lt fo r t h e m a t r ix wit h o u t b o u n d a r i e s g ive n b y K ijim a ( 1 9 9 3 )
a n d t h e t r e a t m e n t o f t h e b o u n d a r y. Fo r c o n ve n ie n c e , we s t a t e t wo r e s u lt s b y
K iji m a h e r e .

Fo r t h e t r a n s it i o n m a t r ix P o f M=G= 1 t yp e in ( 1 ) wit h o u t b o u n d a r ie s , o r
a ll Dk = Ck fo r k = 0 ; 1 ; : : : , K ijim a ( 1 9 9 3 ) p r o vid e d a m e t h o d fo r d e t e r m in -
i n g t h e r a d iu s o f c o n ve r g e n c e ¹® a n d s h o we d t h a t P is a lwa ys ®- t r a n s i e n t .

Lemma 5 (Kijima) L et C ¤ ( z ) be de¯ned by

C¤ ( z ) =
1X

k=0

Ckzk; 0 · z < z0: ( 1 0 )

L et Â ( z ) be the P erron-F robenius eigenvalue of C¤ ( z ) . If z0 > 1 , then there
always exists a unique ° such that Â ( z ) ¸ °z for all 0 < z < z0, and
there exists some µ with 0 < µ · z0 such that Â ( µ) = µ°. If µ = z0,
then ° = Â( z0 ) =z0. Otherwise, ° and µ can be determined by solving the
simultaneous equations

Â ( µ ) = °µ and Â0 ( µ ) = °: ( 1 1 )

B y u s in g t h is l e m m a , K iji m a wa s a b le t o s h o w t h e fo llo win g r e s u lt .

T heor em 2 (Kijima) F or the transition matrix P of M=G=1 type without
boundaries (Dk = Ck for all k ¸ 0 ), if ° is the quantity determined in
L emma 5, then the radius of convergence ¹® of P satis¯es ¹® = 1 =° and P is
¹®-transient.

Remar k 4 In fa c t , µ g ive n in t h e a b o ve le m m a is t h e m a xi m a l e ig e n va l u e
o f t h e G( ¹® ) . Ma kim o t o ( 1 9 9 3 ) o b t a in e d t wo t y p e s o f e x p r e s s io n s fo r t h e
qu a s is t a t i o n a r y d is t r ib u t i o n s o f t h e PH=P h=c qu e u e in t e r m s o f µ a n d °,
a n d K iji m a ( 1 9 9 8 ) g e n e r a li z e d t h o s e r e s u lt s t o t h e m a t r ix o f GI=M= 1 t yp e
wit h o u t b o u n d a r ie s .

1 0



Remar k 5 K iji m a ( 1 9 9 3 ) a ls o r e la t e d µ a n d ° t o t h e m e a n d r ift . Th e fa c t
t h a t t h e m a t r ix o f M=G= 1 t yp e wit h o u t b o u n d a r ie s is a lwa ys ¹®-t r a n s ie n t is
i n d e p e n d e n t o f t h e m e a n d r ift . H o we ve r , t h e m a t r ix wit h b o u n d a r i e s c a n b e
®-t r a n s i e n t , ®- p o s it ive r e c u r r e n t o r ®-n u ll r e c u r r e n t .

Fo r P o f M=G= 1 t yp e in ( 1 ) wit h b o u n d a r i e s , we c a n p e r fo r m t h e s p e c -
t r a l a n a lys i s o n t h e c e n s o r e d m a t r ix t o le ve l 0 , U0 ( ¯ ) , t o o b t a in c o n d it i o n s
o n c l a s s ī c a t io n s o f t h e t r a n s i e n t s t a t e s a n d a d e t e r m i n a t i o n o f t h e r a d iu s o f
c o n ve r g e n c e . H o we ve r , it s e e m s m o r e c o n ve n ie n t t o r e a c h t h i s g o a l b y c o n s id -
e r i n g t h e r e la t i o n s h ip b e t we e n t h e c e n s o r e d m a t r ix U0 ( ¯ ) a n d it s fu n d a m e n t a l
m a t r ix N0 ( ¯ ) .

L e t u0 ( ¯ ) a n d n0 ( ¯ ) b e t h e m a xim a l e ig e n va l u e s o f t h e c e n s o r e d m a t r ix
U0 ( ¯ ) a n d i t s fu n d a m e n t a l m a t r ix N0 ( ¯ ) , r e s p e c t ive ly. It fo llo ws fr o m r e -
s u lt s o f lin e a r a lg e b r a t h a t t h e ¯ r s t t wo s t a t e m e n t s a r e t r u e , fo r e xa m p le ,
S e n e t a ( 1 9 8 0 ) , a n d t h e t h ir d o n e fo llo ws fr o m t h e d e ¯ n it i o n s o f t h e r a d iu s o f
c o n ve r g e n c e a n d N0 ( ¯ ) .

Lemma 6 L et ¹® and ® be the radii of convergence of Q and P respectively.
In i) and ii), assume 0 < ¯ · ¹®.

i) B oth u0 ( ¯ ) and n0 ( ¯ ) are strictly increasing in ¯, and

ii) u0 ( ¯ ) < 1 if and only if N0 ( ¯ ) < 1.

iii) N0 ( ¯ ) < ® if ¯ < ® and N0 ( ¯ ) = 1 if ¯ > ®.

iv) ® · ¹®.

Th e c la s s i ¯ c a t i o n o f t h e s t a t e s is c h a r a c t e r iz e d b y t h e fo llo win g c o n d it io n s .

T heor em 3

i) If for all 0 < ¯ · ¹®, u0 ( ¯ ) < 1 , then N0 ( ¹® ) < 1 and ® = ¹®. Therefore,
P is ®-transient;

ii) If there exists a ¯¤ with 0 < ¯¤ · ¹® such that u0 ( ¯¤ ) = 1 , then ® = ¯¤

and N0 ( ® ) = 1. Therefore, P is ®-recurrent.

P r oof: S in c e P ( ¯ ) is a s s u m e d ir r e d u c ib le , t h e c e n s o r e d m a t r ix U0 ( ¯ ) ,
a n d t h e r e fo r e t h e fu n d a m e n t a l m a t r ix N0 ( ¯ ) , a r e ir r e d u c i b l e . L e t sk( ¯ ) b e
t h e s u m o f t h e kt h r o w in N0 ( ¯ ) . Th e n , t h e P e r r o n -Fr o b e n iu s Th e o r e m
i m p lie s ( fo r e xa m p le , Co r o lla r y 1 t o Th e o r e m 1 . 1 o f S e n e t a ( 1 9 8 1 ) ) :

m in
k

sk( ¯ ) · n0 ( ¯ ) · m a x
k

sk ( ¯ ) ; ( 1 2 )
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o r

m in
k

sk ( ¯ ) · 1
1 ¡ u0 ( ¯ )

· m a x
k

sk ( ¯ ) ( 1 3 )

a c c o r d i n g t o L e m m a 6 . S in c e t h e s iz e o f N0 ( ¯ ) i s ¯ n it e , t h e r a d i u s o f c o n ve r -
g e n c e ® fo r P e qu a ls

® = s u p f¯ : N0 ( ¯ ) < 1g
= s u p f¯ : m in

k
sk ( ¯ ) < 1g = s u p f¯ : m a x

k
sk ( ¯ ) < 1g

a c c o r d i n g t o Th e o r e m 1 . Th e r e a r e t wo c a s e s : i) t h e r e e xis t s n o s o lu t io n t o
1 ¡ u0 ( ¯ ) = 0 fo r 0 < ¯ · ¹®. In t h is c a s e , n0 ( ¹® ) < 1. Th e r e fo r e , ® ¸ ¹®.
Th is , t o g e t h e r wit h iv) o f L e m m a 6 , i m p lie s ® = ¹®. H e n c e , P is ®- t r a n s i e n t .
ii) Th e r e e xi s t s a s o lu t io n ¯¤ t o 1 ¡ u0 ( ¯ ) = 0 fo r 0 < ¯¤ · ¹®. In t h i s c a s e
n0 ( ¯¤ ) = 1 a n d ® = ¯¤ · ¹®. Th e r e fo r e , P is ®-r e c u r r e n t . Th is c o m p le t e s
t h e p r o o f.

Remar k 6 Th e a b o ve r e s u lt p r o vid e s a wa y t o c la s s ify t h e t r a n s ie n t s t a t e s
a n d t o d e t e r m i n e t h e r a d iu s o f c o n ve r g e n c e o f P . Fo r a n ®-r e c u r r e n t P ,
it is p o s s ib le fo r u s t o ¯ n d a c o n d it i o n t o fu r t h e r d e t e r m i n e wh e n i t is
®-n u ll o r ®-p o s it ive . Fo r e xa m p l e , if b o t h

P1
k=1 kDkG ( ® ) k¡1 < 1 a n dP1

k=1 kCkG( ® ) k¡1 < 1, t h e n t h e ®- r e c u r r e n t Ma r ko v c h a in is ®-p o s i t ive ;
o t h e r wis e , it is ®- n u ll.

Remar k 7 Th e o r e m 3 is a l s o a g e n e r a liz a t i o n o f c la s s ifyin g a n i r r e d u c ib le
s t o c h a s t ic m a t r ix in t o e it h e r a r e c u r r e n t o r t r a n s ie n t m a t r ix b a s e d o n c e n s o r -
i n g . Fo r e xa m p le , P is r e c u r r e n t if a n d o n ly if e ve r y c e n s o r e d m a t r ix o f P is
s t o c h a s t ic . Th e r e fo r e , t h e m a xim a l e ig e n va lu e o f t h e c e n s o r e d m a t r ix is o n e ,
o r u0 ( 1 ) = 1 . P is t r a n s ie n t if a n d o n ly if e ve r y c e n s o r e d ¯ n it e m a t r ix o f P
is s t r ic t ly s u b s t o c h a s t i c . Th e r e fo r e , u0 ( 1 ) < 1 a n d ® ¸ 1 . If we r e p l a c e u0 ( 1 )
m e n t i o n e d a b o ve b y u0 ( ® ) , we t h e n h a ve t h e c o n d it io n s fo r ®-r e c u r r e n c e a n d
®-t r a n s i e n c e .

4 RG-factor ization
Th e RG-fa c t o r i z a t i o n o f ( I¡P ) , wh e r e P is s t o c h a s t ic o r s t r ic t ly s u b s t o c h a s -
t i c , i s a ve r s io n o f UL-fa c t o r iz a t io n h a vi n g p r o b a b ilis t i c in t e r p r e t a t io n s . Th is
fa c t o r iz a t io n wa s d is c u s s e d b y H e ym a n ( 1 9 9 5 ) , Zh a o , L i a n d B r a u n ( 1 9 9 7 ,
2 0 0 0 ) , a n d Zh a o ( 2 0 0 0 ) . H e y m a n s h o we d h o w t o u s e t h i s fa c t o r iz a t io n t o
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d e t e r m in e t h e s t a t i o n a r y p r o b a b ilit y ve c t o r o f a p o s i t ive r e c u r r e n t Ma r ko v
c h a in . W h e n s t u d yin g t h e qu a s i b e h a vi o u r o f t r a n s it io n m a t r ix P o f M=G=1
t yp e wit h o u t b o u n d a r ie s , L i ( 1 9 9 7 ) o b t a i n e d a UL-fa c t o r i z a t io n fo r ( I ¡¯P )
wit h o u t u s in g t h e R-m e a s u r e d e ¯ n e d in t h is p a p e r .

Th e RG-fa c t o r i z a t i o n o f ( I¡¯P ) c a n b e p r o ve d fo r a n a r b it r a r y t r a n s it i o n
m a t r ix P , wit h o r wit h o u t a s t r u c t u r e . H o we ve r , in t h is p a p e r , we o n ly
c o n c e n t r a t e o n t h e t r a n s i t io n m a t r ix o f M=G=1 t yp e d e ¯ n e d in ( 1 ) . W e ¯ r s t
n e e d t o d e ¯ n e t h e R-m e a s u r e a n d t h e m a t r ix G1;0 ( ¯ ) .

Co n s i d e r t h e fu n d a m e n t a l m a t r ix c̄Q o f ¯Q. L e t t h e ¯ r s t b l o c k-c o lu m n
o f c̄Q b e ( bQ1;1 ( ¯ ) T ; bQ2;1 ( ¯ ) T ; : : : ) T . Th e R-m e a s u r e fo r t h e m a t r ix ¯P in
( 1 ) c o n s i s t s o f t wo s e q u e n c e s o f m a t r i c e s R0;k ( ¯ ) a n d Rk( ¯ ) , k = 1 ; 2 ; : : : ,
d e ¯ n e d b y

R0;k ( ¯ ) =
1X

i=1

¯Dk+i bQi;1 ( ¯ ) ( 1 4 )

a n d

Rk ( ¯ ) =
1X

i=1

¯Ck+i
bQi;1 ( ¯ ) : ( 1 5 )

Th e ( r; s ) t h e n t r y o f R0;k ( ¯ ) c a n b e i n t e r p r e t e d a s t h e t o t a l e x p e c t e d d is -
c o u n t e d r e wa r d wit h r a t e ¯ in d u c e d b y a ll vis it s t o s t a t e ( k; s) b e fo r e h it t i n g
a n y s t a t e in L·k¡1, g ive n t h a t t h e p r o c e s s s t a r t s in s t a t e ( 0 ; r ) . S im il a r ly, t h e
( r; s) t h e n t r y o f Rk ( ¯ ) c a n b e in t e r p r e t e d a s t h e t o t a l e xp e c t e d d i s c o u n t e d
r e wa r d wit h r a t e ¯ in d u c e d b y a ll vis i t s t o s t a t e ( i + k; s) b e fo r e h it t in g a n y
s t a t e i n L·i+k¡1, g ive n t h a t t h e p r o c e s s s t a r t s in s t a t e ( i; r) , wh e r e i ¸ 1 .

Th e G-m e a s u r e fo r ¯P o f M=G= 1 t yp e c o n s i s t s o f t wo m a t r i c e s , G( ¯ ) a s
d e ¯ n e d in ( 4 ) a n d G1;0 ( ¯ ) d e ¯ n e d b y

G1;0 ( ¯ ) = bQ1;1 ( ¯ ) ¯D0 = N ( ¯ ) ¯D0: ( 1 6 )

Th e ( r; s ) t h e n t r y o f G1;0 ( ¯ ) c a n b e in t e r p r e t e d a s t h e t o t a l e x p e c t e d d is -
c o u n t e d r e wa r d wit h r a t e ¯ in d u c e d b y h it t i n g s t a t e ( 0 ; s) u p o n t h e p r o c e s s
e n t e r i n g le ve l 0 fo r t h e ¯ r s t t i m e , g ive n t h a t t h e p r o c e s s s t a r t s i n s t a t e ( 1 ; r ) .

U s i n g L e m m a 4 i n ( 1 4 ) a n d ( 1 5 ) , t h e R- m e a s u r e c a n t h e n b e e x p r e s s e d
a s

R0;k ( ¯ ) =
1X

i=1

¯Dk+iG( ¯ ) i¡1N ( ¯ ) ( 1 7 )
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a n d

Rk ( ¯ ) =
1X

i=1

¯Ck+iG ( ¯ ) i¡1N ( ¯ ) ( 1 8 )

fo r k = 1 ; 2 ; : : : .

Remar k 8 U p t o n o w, we h a ve o b t a i n e d a ll c o m p o n e n t s n e e d e d in t h e fa c -
t o r iz a t i o n e qu a t io n a n d e x p r e s s e d i n t e r m s o f G( ¯ ) o n ly.

Fo r t h e m a t r ix P o f M=G= 1 t y p e wit h b o u n d a r i e s , t h e RG-fa c t o r i z a t i o n
c a n b e s t a t e d in t h e fo llo win g t h e o r e m .

T heor em 4 F or the matrix P of M=G= 1 type in (1), I¡¯P can be factorized
as

I ¡¯P = [I ¡ RU ( ¯ ) ][I ¡ UD ( ¯ ) ][I ¡ GL ( ¯ ) ]; ( 1 9 )

where

[I ¡ RU ( ¯ ) ] =

2
666664

I ¡R0;1 ( ¯ ) ¡R0;2 ( ¯ ) ¡R0;3 ( ¯ ) ¢ ¢ ¢
I ¡R1 ( ¯ ) ¡R2 ( ¯ ) ¢ ¢ ¢

I ¡R1 ( ¯ ) ¢ ¢ ¢
I ¢ ¢ ¢

. ..

3
777775

; ( 2 0 )

UD ( ¯ ) is the diagonal matrix in block form with the ¯rst block-entry on the
diagonal equal to U0 ( ¯ ) and all the other diagonal block-entries equal to U ( ¯ ) ,
or UD ( ¯ ) = diag ( U0 ( ¯; U ( ¯ ) ; U ( ¯ ) ; : : : ) , and

[I ¡ GL ( ¯ ) ] =

2
666664

I
¡G1;0 ( ¯ ) I

¡G ( ¯ ) I
¡G( ¯ ) I

. . . . . .

3
777775

: ( 2 1 )

P r oof: W e o n ly p r o ve t h e fa c t o r iz a t io n e qu a t i o n fo r t h e ¯ r s t b l o c k r o w
a n d ¯ r s t b l o c k c o lu m n e n t r ie s . Th e r e m a i n d e r c a n b e s i m ila r ly p r o ve d .

Th e e n t r y o n ( 1 ; 0 ) o n t h e r i g h t -h a n d s id e i s ¡[I ¡ U ( ¯ ) ], wh ic h is e qu a l
t o ¡¯D0 fr o m t h e d e ¯ n it io n o f G1;0 ( ¯ ) .
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Th e e n t r y o n ( 0 ; k ) wit h k ¸ 1 o n t h e r ig h t - h a n d s id e is

¡ R0;k ( ¯ ) [I ¡U ( ¯ ) ] + R0;k+1 ( ¯ ) [I ¡ U ( ¯ ) ]G ( ¯ )

=¡
1X

i=1

¯Di+kG( ¯ ) i¡1 +
1X

i=1

¯Di+k+1G ( ¯ ) i¡1G( ¯ )

=¡¯Dk+1;

wh e r e t h e ¯ r s t e qu a li t y is d u e t o L e m m a 4 .
Fin a lly, t o s e e t h e e n t r y o n ( 1 ; 1 ) o n t h e r ig h t - h a n d s i d e i s e qu a l t o t h e

e n t r y o n t h e l e ft -h a n d s id e , we h a ve

[I ¡ U0 ( ¯ ) ] + R0;k ( ¯ ) [I ¡ U ( ¯ ) ]G1;0 ( ¯ )

=[I ¡ U0 ( ¯ ) ] +
1X

i=1

¯Di+1G ( ¯ ) i¡1N ( ¯ ) ¯D0

=[I ¡ ¯D1 ¡
1X

k=1

¯Dk+1G( ¯ ) k¡1N ( ¯ ) ¯D0] +
1X

i=1

¯Di+1G( ¯ ) i¡1N ( ¯ ) ¯D0

=I ¡ ¯D1:

wh e r e t h e ¯ r s t e qu a lit y is d u e t o L e m m a 4 a n d t h e s e c o n d o n e d u e t o ( 8 ) .

W e will u s e t h e RG-fa c t o r iz a t io n t o o b t a in e xp r e s s i o n s fo r t h e ¯-in va r ia n t
m e a s u r e . A s we m e n t io n e d e a r lie r , t h e RG-fa c t o r i z a t io n is va lid fo r a n a r -
b it r a r y t r a n s it i o n m a t r ix P . A s a s p e c ia l c a s e , it i s va li d fo r t h e t r a n s it i o n
m a t r ix o f l e ve l-d e p e n d e n t M=G= 1 t yp e . Th e r e fo r e , fo r t h e t r a n s it io n m a t r ix
o f le ve l-d e p e n d e n t M=G= 1 t yp e , e xp r e s s io n s fo r t h e ¯-in va r i a n t m e a s u r e c a n
b e o b t a in e d u s in g t h e s a m e a p p r o a c h a s g ive n in t h e n e xt s e c t io n . W e o n ly
p r o vid e t h e RG-fa c t o r iz a t io n h e r e a n d le a ve o t h e r d e t a ils fo r t h e r e a d e r .

Fo r t h e t r a n s i t io n m a t r ix P o f le ve l-d e p e n d e n t M=G=1 t yp e g ive n b y

P =

2
6666664

C(0)
1 C (0)

2 C(0)
3 C(0)

4 ¢ ¢ ¢
C(1)

0 C (1)
1 C(1)

2 C(1)
3 ¢ ¢ ¢

C (2)
0 C(2)

1 C(2)
2 ¢ ¢ ¢

C(3)
0 C(3)

1 ¢ ¢ ¢
. . . . . .

3
7777775

;
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le t

Qk =

2
6664

C (k)
1 C(k)

2 C(k)
3 ¢ ¢ ¢

C(k+1)
0 C(k+1)

1 C (k+1)
2 ¢ ¢ ¢

C(k+2)
0 C (k+2)

1 ¢ ¢ ¢
. . . . . .

3
7775 ; k ¸ 1 :

L e t t h e ¯ r s t b lo c k-c o lu m n o f t h e fu n d a m e n t a l m a t r ix d̄Qk o f ¯Qk b e ( bQ(k)
1;1 ( ¯ ) T ,

bQ(k)
2;1 ( ¯ ) T , : : : ) T . D e ¯ n e R(k)

j ( ¯ ) b y

R(k)
j ( ¯ ) =

1X

i=1

¯C (k)
i+j

bQ(k+1)
i;1 ( ¯ ) ; k ¸ 0 ; j ¸ 1 ;

a n d d e ¯ n e G(k) ( ¯ ) b y

G(k) ( ¯ ) = bQ(k)
1;1 ( ¯ ) ¯C (k)

0 ; k ¸ 1 :

W e a ls o d e ¯ n e

Uk ( ¯ ) = ¯C(k)
1 + R(k)

1 ( ¯ ) ¯C(k+1)
0 ; k ¸ 0 :

T heor em 5 F or the matrix P of M=G= 1 type in (4), I¡¯P can be factorized
as

I ¡¯P = [I ¡ RU ( ¯ ) ][I ¡ UD ( ¯ ) ][I ¡ GL ( ¯ ) ]; ( 2 2 )

where

[I ¡ RU ( ¯ ) ] =

2
666664

I ¡R(0)
1 ( ¯ ) ¡R(0)

2 ( ¯ ) ¡R(0)
3 ( ¯ ) ¢ ¢ ¢

I ¡R(1)
1 ( ¯ ) ¡R(1)

2 ( ¯ ) ¢ ¢ ¢
I ¡R(2)

1 ( ¯ ) ¢ ¢ ¢
I ¢ ¢ ¢

. . .

3
777775

; ( 2 3 )

UD ( ¯ ) is the diagonal matrix in block form with the diagonal entries equal to
Uk ( ¯ ) , k = 0 ; 1 ; 2 ; : : : , or UD ( ¯ ) = diag ( U0 ( ¯ ) ; U1 ( ¯ ) ; U2 ( ¯ ) ; : : : ) , and

[I ¡ GL ( ¯ ) ] =

2
666664

I
¡G(1) ( ¯ ) I

¡G(2) ( ¯ ) I
¡G(3) ( ¯ ) I

.. . .. .

3
777775

: ( 2 4 )
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5 ¯-invar iant measur es
In t h is s e c t i o n , we u s e t h e RG-fa c t o r i z a t io n t o o b t a in ¯-in va r i a n t m e a s u r e s
fo r t h e t r a n s i t io n m a t r ix P o f M=G= 1 t y p e wit h b o u n d a r ie s , wh e r e 0 <
¯ · ®. S in c e t h e RG-fa c t o r iz a t io n is a ve r s i o n o f t h e UL-fa c t o r iz a t io n fo r
a m a t r ix o f in ¯ n i t e s iz e , t h e p r o c e d u r e o f o b t a in in g a n e xp r e s s i o n fo r t h e
¯-in va r ia n t m e a s u r e is s im ila r t o t h e Ga u s s ia n e lim i n a t i o n fo r s o lvin g a ¯ n it e
lin e a r s ys t e m . Fo r 0 < ¯ · ®, le t ¼ b e a ¯-in va r ia n t m e a s u r e o f P . W e
p r e s e n t t wo s e t s o f e xp r e s s i o n s : On e fo r a n ®- r e c u r r e n t m a t r ix wit h ¯ = ®
a n d t h e o t h e r fo r a ll t h e o t h e r c a s e s . S i n c e fo r a n ®-r e c u r r e n t m a t r ix, it s
®-in va r i a n t m e a s u r e i s u n iqu e u p t o m u l t ip lic a t io n b y a p o s it ive c o n s t a n t ,
t h e s o l u t i o n g ive n h e r e is a u n iqu e s o lu t io n u p t o m u l t ip lic a t i o n b y a p o s it ive
c o n s t a n t . W h e n P is ®-t r a n s ie n t , t h e ¯-in va r ia n t m e a s u r e m a y n o t b e u n iqu e .
E xa m p le s a n d r e m a r k s will b e g ive n .

In t h e RG-fa c t o r iz a t io n in ( 1 9 ) , t h e t h r e e m a t r ic e s , [I ¡ RU ( ¯ ) ], [I ¡
UD ( ¯ ) ] a n d [I ¡ GL ( ¯ ) ], a r e a s s o c ia t ive . W e c a n a ls o p r o ve t h a t t h e y a r e
a s s o c i a t ive wit h a n y n o n n e g a t ive ve c t o r ¼, wh ic h will le a d t o s o l u t i o n s fo r
t h e ¯-in va r ia n t m e a s u r e .

Lemma 7 L et P be the transition matrix of M=G= 1 type and let ¼ be any
nonnegative row vector. Then,

¼[I ¡ ¯P ] = f¼[I ¡ RU ( ¯ ) ]gf[I ¡ UD ( ¯ ) ][I ¡ GL ( ¯ ) ]g
= f¼[I ¡ RU ( ¯ ) ][I ¡ UD ( ¯ ) ]g[I ¡ GL ( ¯ ) ]:

P r oof: Th is is c le a r , fo r e xa m p l e , fr o m t h e s u ± c ie n t c o n d it io n s p r o vid e d
i n Co r o lla r y 1 -9 o f K e m e n y et al..

5.1 ®-r ecur r ent with ¯ = ®

In t h i s c a s e , we s o lve ¼ ( I ¡ ®P ) = 0 b y t wo s t e p s . In t h e ¯ r s t s t e p , we l e t

x = ¼[I ¡ RU ( ® ) ]: ( 2 5 )

If x = ( x0; x1; : : : ) a n d ¼ = ( ¼0; ¼1; : : : ) a r e p a r t it i o n e d a c c o r d in g t o l e ve l s ,
t h e n ( 2 5 ) is e q u iva le n t t o

x0=¼0;

xk=¡¼0R0;k ( ® ) ¡
k¡1X

i=1

¼iRk¡i ( ® ) + ¼k; k ¸ 1 :
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E xp r e s s in g ¼k in t e r m s o f xk, we h a ve

¼0=x0; ( 2 6 )

¼k=¼0R0;k ( ® ) +
k¡1X

i=1

¼iRk¡i ( ® ) + xk; k ¸ 1 : ( 2 7 )

In t h e s e c o n d s t e p , we s o lve

x[I ¡ UD ( ® ) ][I ¡ GL ( ® ) ] = 0 ( 2 8 )

fo r a n o n t r ivia l n o n n e g a t ive x. If s u c h a s o lu t io n e xis t s , t h e n ¼ g ive n in ( 2 6 )
a n d ( 2 7 ) will b e n o n n e g a t ive a n d n o n z e r o . A c c o r d i n g t o L e m m a 7 , t h e a b o ve
¼ is a n ®-in va r i a n t m e a s u r e o f P a n d i t i s u n iqu e u p t o m u lt i p lic a t io n b y a
p o s i t ive c o n s t a n t .

E qu a t io n ( 2 8 ) is e qu iva le n t t o

x0[I ¡ U0 ( ® ) ] ¡ x1[I ¡ U ( ® ) ]G1;0 ( ® ) = 0 ;
xk[I ¡ U ( ® ) ] ¡ xk+1[I ¡ U ( ® ) ]G( ® ) = 0 ; k ¸ 1 :

S in c e P is ®-r e c u r r e n t , it fo llo ws fr o m Th e o r e m 3 t h a t t h e m a xim a l e ig e n va l u e
o f U0 ( ® ) i s u0 ( ® ) = 1 . Th e r e fo r e , fo r n o n n e g a t ive a n d ir r e d u c i b l e U0 ( ¯ ) , t h e r e
e xi s t s a p o s i t ive x0 s u c h t h a t

x0[I ¡ U0 ( ® ) ] = 0 :

H e n c e , ( x0; 0 ; 0 ; : : : ) is a s o lu t io n t o ( 2 8 ) .

T heor em 6 If P is ®-recurrent, then the unique, up to multiplication by a
positive constant, ®-invariant measure is given by

¼0=x0; ( 2 9 )

¼k=¼0R0;k( ® ) +
k¡1X

i=1

¼iRk¡i ( ® ) ; ( 3 0 )

where x0 is the unique, up to multiplication by a positive constant, solution
to x0[I ¡ U0 ( ® ) ] = 0 .

W e m a y n o t ic e t h a t t h is fo r m o f s o lu t io n is t h e s a m e a s t h a t o f t h e
i n va r ia n t m e a s u r e fo r a r e c u r r e n t Ma r ko v c h a in a s o b t a i n e d u s in g t h e s a m e
p r o c e d u r e in H e ym a n ( 1 9 9 5 ) o r a n e qu iva l e n t m e t h o d i n R a m a s wa m i ( 1 9 8 8 ) .
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5.2 ®-r ecur r ent with ¯ < ® or ®-tr ansient with ¯ · ®
In t h i s c a s e , we a ls o p r o c e e d in t wo s t e p s , b u t t h e m a t r i c e s a r e a s s o c i a t e d
d i®e r e n t ly. In t h e ¯ r s t s t e p , le t

y = ¼[I ¡ RU ( ¯ ) ][I ¡ UD ( ¯ ) ]: ( 3 1 )

Th is is e q u iva le n t t o

y0=¼0[I ¡ U0 ( ¯ ) ];
y1=[¡¼0R0;1 ( ¯ ) + ¼1][I ¡ U ( ¯ ) ];

yk=

"
¡¼0R0;k ( ¯ ) ¡

k¡1X

i=1

¼iRk¡i ( ¯ ) + ¼k

#
[I ¡ U ( ¯ ) ]; k ¸ 2 :

S in c e b o t h [I ¡ U0 ( ¯ ) ] a n d [I ¡ U ( ¯ ) ] a r e in ve r t i b l e in t h is c a s e , we c a n
e xp r e s s ¼k in t e r m s o f yk:

¼0=y0[I ¡ U0 ( ¯ ) ]¡1; ( 3 2 )
¼1=¼0R0;1 ( ¯ ) + y1[I ¡ U ( ¯ ) ]¡1; ( 3 3 )

¼k=¼0R0;k ( ¯ ) +
k¡1X

i=1

¼iRk¡i ( ¯ ) + ¼k[I ¡ U ( ¯ ) ]¡1; k ¸ 2 : ( 3 4 )

In t h e s e c o n d s t e p , s o lve

y [I ¡GL ( ¯ ) ] = 0 ( 3 5 )

fo r n o n n e g a t ive n o n z e r o y. If s u c h a s o l u t i o n e xis t s , t h e n ¼ c a l c u l a t e d b y
( 3 2 ) , ( 3 3 ) a n d ( 3 4 ) i s n o n n e g a t ive a n d n o n z e r o . A c c o r d i n g t o L e m m a 7 ,
t h e a b o ve ¼ is a ¯-in va r ia n t m e a s u r e o f P . Th o u g h i n m a n y c a s e s s u c h a
¯-in va r ia n t m e a s u r e is u n iqu e u p t o m u l t ip lic a t i o n b y a p o s it ive c o n s t a n t , i n
s o m e o t h e r c a s e s , it i s s im p ly n o t u n iqu e .

E qu a t io n ( 3 5 ) is e qu iva le n t t o

y0 ¡ y1G1;0 ( ¯ ) = 0 ;
yk ¡ yk+1G( ¯ ) = 0 ; k ¸ 1 :

In t h e fo llo win g , we c o n s t r u c t a n o n n e g a t ive n o n z e r o s o l u t i o n y t o ( 3 5 ) . Fir s t ,
we n e e d t h e fo ll o win g l e m m a .

Lemma 8 F or every 0 < ¯ · ®, there exist a µ¯ > 0 and a nonnegative
nonzero vector z such that

µ¯z = zG( ¯ ) : ( 3 6 )
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P r oof: S in c e G( ¯ ) ¸ 0 , t h e m a xi m a l e ig e n va l u e µ¯ o f G ( ¯ ) i s n o n -
n e g a t ive . If µ¯ > 0 , t h e n t h e le m m a i s p r o ve d b y c h o o s in g z t o b e t h e le ft
e ig e n ve c t o r o f G( ¯ ) a s s o c ia t e d wit h µ¯.

It fo llo ws fr o m N e u t s ( 1 9 8 9 ) , b y u s in g ir r e d u c ib ili t y o f P , t h a t µ1 > 0 .
Th e r e fo r e , µ¯ > 0 fo r a ll ¯ ¸ 1 s in c e G( ¯ ) is in c r e a s in g in ¯.

Fo r 0 < ¯ < 1 , t h e p r o o f a ls o r e lie s o n t h e ir r e d u c ib ili t y o f P . S u p p o s e
t h a t t h e r e wa s a n s wit h 0 < s < 1 s u c h t h a t µs = 0 . Th e n , µ¯ = 0 fo r
a ll 0 < ¯ · s. Th e r e fo r e , a ll t h e e ig e n va lu e s o f G ( ¯ ) wh e n 0 < ¯ · s a r e
z e r o a c c o r d in g t o t h e P e r r o n -Fr o b e n iu s t h e o r e m fo r n o n n e g a t ive m a t r ic e s . It
fo llo ws fr o m t h e Ca yle y-H a m ilt o n t h e o r e m t h a t

Gm( ¯ ) = 0 ; fo r a ll 0 < ¯ · s; ( 3 7 )

wh e r e m is t h e s iz e o f m a t r ix G ( ¯ ) . On t h e o t h e r h a n d , a c c o r d in g t o t h e
p r o b a b ilis t ic in t e r p r e t a t i o n o f Gm ( ¯ ) a n d t h e a s s u m p t io n o f ir r e d u c i b ilit y o n
P , Gm ( ¯ ) 6= 0 , wh ic h c o n t r a d i c t s ( 3 7 ) .

Remar k 9 Fo r a ¯ n i t e s t o c h a s t i c m a t r ix, t h e m a xim a l e ig e n va l u e is o n e , a n d
fo r a ¯ n it e s t r i c t ly s u b s t o c h a s t i c m a t r ix, t h e m a xi m a l e ig e n va l u e is s m a lle r
t h a n o n e . Th i s p r o p e r t y is n o lo n g e r t r u e if t h e s i z e o f t h e m a t r ix P is i n ¯ n it e .
Fo r e x a m p le , t h e m a xim a l e ig e n va lu e is ®, wh ic h c a n b e s t r i c t ly g r e a t e r t h a n
o n e if P is t r a n s i e n t . W h e n ¯ < 1 , ¯P is s t r ic t ly s u b s t o c h a s t ic , b u t 1 c a n
s t ill b e a n e ig e n va lu e o f ¯P . Th i s i s t r u e wh e n t h e r e e xis t s a ¯-in va r ia n t
m e a s u r e fo r P .

B y u s in g L e m m a 8 a n d l e t t in g y0 = zG1;0 ( ¯ ) , we c a n e a s ily c h e c k t h a t y =
( y0; z; z=µ¯ , z=µ2

¯ ; : : : ) is a n o n n e g a t ive n o n z e r o s o l u t i o n t o ( 3 5 ) . S u b s t i t u t i n g
y in t o ( 3 2 ) , ( 3 3 ) a n d ( 3 4 ) , a ¯-in va r ia n t m e a s u r e i s fo u n d .

T heor em 7 F or the following values of ¯: ¯ < ® if P is ®-recurrent or
¯ · ® if P is ®-transient, a nonnegative nonzero ¯-invariant measure of P
is given by

¼0=y0N0 ( ¯ ) ; ( 3 8 )
¼1=z[N ( ¯ ) + G1;0 ( ¯ ) N0 ( ¯ ) R0;1 ( ¯ ) ]; ( 3 9 )

¼2=
z
µ¯

fN ( ¯ ) + G( ¯ ) N ( ¯ ) R1 ( ¯ ) ( 4 0 )

+G ( ¯ ) G1;0 ( ¯ ) N0 ( ¯ ) [R0;1 ( ¯ ) R1 ( ¯ ) + R0;2 ( ¯ ) ]g ; ( 4 1 )

¼3=
z
µ2
¯

©
N ( ¯ ) + G( ¯ ) N ( ¯ ) R1 ( ¯ ) + G( ¯ ) 2N ( ¯ ) [R1 ( ¯ ) 2 + R2 ( ¯ ) ] ( 4 2 )

+G ( ¯ ) 2G1;0 ( ¯ ) N0 ( ¯ ) [R0;1 ( ¯ ) R2 ( ¯ ) + R0;1 ( ¯ ) R1 ( ¯ ) 2 ( 4 3 )
+R0;2 ( ¯ ) R1 ( ¯ ) + R0;3 ( ¯ ) ]g
¢ ¢ ¢ ¢ ¢ ¢
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or it can be written as one common expression for k ¸ 1 :

¼k=
z

µk¡1
¯

8
>>>>>><
>>>>>>:

N(¯) +
k¡1X

i=1
G(¯)iN(¯)

X

0·j1·¢¢¢·ji·i
P

t jt=i

Rj1(¯)Rj2 (¯) ¢ ¢ ¢Rji(¯)

+G(¯)k¡1G1;0(¯)N0(¯)
kX

i=1
R0;i(¯)

X

0·j1·¢¢¢·jk¡i·k¡i
P

t jt=k¡i

Rj1(¯)Rj2(¯) ¢ ¢ ¢Rjk¡i(¯)

9
>>>>>>=
>>>>>>;

;

(44)

where R0 ( ¯ ) = I.

E xample 1 Consider the quasi-birth-and-death process, or consider the tran-
sition matrix P in (1) with Di = Ci = 0 for i ¸ 3 . In this case, Ri = R0;i = 0
for i ¸ 2 and

U0 ( ¯ ) = ¯D1 + R0;1 ( ¯ ) ¯D0 = ¯D1 + ¯D2G1;0 ( ¯ ) ;

where

R0;1 ( ¯ ) = ¯D2N ( ¯ ) ; G1;0 ( ¯ ) = N ( ¯ ) ¯D0:

The ¯-invariant measure is given as

¼0=y0N0;

¼k=
z

µk¡1
¯

"
N(¯) +

k¡1X

i=1

G(¯)iN(¯)R1(¯)i

+G(¯)k¡1G1;0(¯)N0(¯)R0;1(¯)R1(¯)k¡1
i
:

Remar k 10 Fo r a ¯ xe d va lu e o f ¯, G( ¯ ) c a n b e e ®e c t ive ly c o m p u t e d b y
a s im il a r c o m p u t a t io n a l s c h e m e fo r t h e c a s e o f ¯ = 1 , fo r e x a m p le , R a -
m a s wa m i ( 1 9 8 8 ) , L a t o u c h e ( 1 9 9 4 ) a n d Me in i ( 1 9 9 7 ) . W h e n G( ¯ ) b e c o m e s
a va ila b le , o t h e r m a t r ic e s , in c lu d in g U ( ¯ ) , N ( ¯ ) , U0 ( ¯ ) , N0 ( ¯ ) , a n d t h e R-
m e a s u r e c a n b e c o m p u t e d . Fin a lly, t h e ¯-in va r ia n t m e a s u r e ¼k c a n b e c o m -
p u t e d u p t o a d e s i r e d in d e x va lu e . A d e t a il e d a n a lys is o f c o m p u t a t i o n a l
s c h e m e h a s b e e n c a r r ie d o u t a n d c o m p u t a t io n a l c o m p le xit y h a s b e e n c o u n t e d
o u t . W e o m it a ll t h e d e t a ils h e r e .
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Remar k 11 To s e e wh y we n e e d t wo d i®e r e n t s e t s o f e xp r e s s i o n s fo r t h e
¯-in va r ia n t m e a s u r e , le t u s c o n s i d e r t h e s c a la r c a s e . If P is ®-t r a n s ie n t , o n e
i s n o t a n e ig e n va l u e o f U0 ( ® ) . Th e r e fo r e , x0[I ¡ U0 ( ® ) ] = 0 o n ly p r o vid e s
t h e t r ivia l s o lu t i o n . Th i s m e a n s t h a t t h e m e t h o d u s e d fo r t h e c a s e in 5 .1 is
n o t va lid . If P is ®-r e c u r r e n t , y g ive n in S e c t i o n 5 .2 i s z e r o . In fa c t , t h is y
c a n n o t s a t is fy ( 3 1 ) u n l e s s y0 = 0 . Fo r e xa m p le , I ¡ U0 ( ® ) = 1 ¡ 1 = 0 fo r
t h e s c a la r c a s e , wh ic h g ive s y0 = 0 .

W h ile i n m a n y c a s e s t h e r e e xi s t s a u n iqu e ¯-in va r ia n t m e a s u r e u p t o
m u l t ip li c a t i o n b y a p o s i t ive c o n s t a n t , i n s o m e o t h e r c a s e s , t h e ¯-in va r ia n t
m e a s u r e i s s i m p ly n o t u n iqu e . On e s u c h e xa m p le wa s p r o vi d e d b y Ga il,
H a n t le r a n d Ta ylo r ( 1 9 9 8 ) , wh ic h i s g ive n a s b e lo w.

E xample 2 In this example, C1 = 0 , Dk = Ck = 0 for k ¸ 3 , and

D1 =
·

1 ¡ p¡ q1 q1
q2 1 ¡ p¡ q2

¸
; D2 = C2 =

·
0 p
p 0

¸
;

D0 = C0 =
·

0 1 ¡ p
1 ¡ p 0

¸
;

where, 0 < p < 1 , 0 < q1 < 1 , 0 < q2 < 1 , 0 < p+ q1 < 1 and 0 < p +q2 < 1 .
Assume p > 1 = 2 . In this case, the transition matrix is transient. Two 1 -
invariant measures b¼ and ~¼ have been found for this example, which are
given by b¼k = ¼0 bRk, k = 1 ; 2 ; : : : , with b¼0 = [1 ; ( p+ q1 ¡ 1 =2 ) = ( p + q2 ¡ 1 = 2 ) ]
and

bR =
1
2

·
¾ ¡ 1 ¾ + 1
¾ + 1 ¾ ¡ 1

¸
;

where ¾ = p= ( 1 ¡ p ) , and by ~¼k = ¼0 ~Rk, k = 1 ; 2 ; : : : , with ~¼0 = ( 1 ; q1=q2 )
and

~R =
·

0 ¾
¾ 0

¸
;

where ¾ = p= ( 1 ¡ p) .

6 Concluding r emar ks
In t h is p a p e r , we c o n s id e r e d t h e m a t r ix o f M=G= 1 t yp e wit h b o u n d a r ie s . W e
g e n e r a liz e d t h e c e n s o r in g t e c h n iqu e s u c h t h a t it c a n b e u s e d t o d e a l wit h t h e
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n o n n e g a t ive m a t r ix ¯P . B a s e d o n t h e g e n e r a liz e d c e n s o r in g t e c h n iqu e , we
p r o p o s e d a m e t h o d fo r d e t e r m in in g t h e r a d iu s o f c o n ve r g e n c e , we o b t a in e d
c o n d i t io n s o n c la s s ifyin g t r a n s i e n t s t a t e s , a n d p r o ve d a fa c t o r i z a t io n t h e o r e m
fo r t h e m a t r ix I¡¯P . Th i s fa c t o r iz a t io n wa s t h e n u s e d t o o b t a in e xp r e s s i o n s
fo r t h e ¯-in va r ia n t m e a s u r e .

Th e m e t h o d d e ve lo p e d h e r e c a n a l s o b e u s e d t o s t u d y t h e r a d i u s o f c o n -
ve r g e n c e a n d ¯-in va r ia n t m e a s u r e s fo r t r a n s it io n m a t r i c e s wit h o t h e r t yp e o f
b lo c k-s t r u c t u r e , s u c h a s , fo r t h e m a t r ix o f GI=M= 1 t yp e a n d e ve n fo r t h e
m a t r ix o f GI=G= 1 t yp e .
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