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Yl~sY\bJK�~BOQbPKN]QKgMJMkY_U|� ILVe[�iLKgG�~ Vvb PuMg�
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��i z{IcY_ofGJKNb � ~ K�~BOn]Q]sUfKNMJ[gbJO 2 K�Y iLKg~�]nV|[NY_]QO��NKgU GWKNMyG UfKg�vKg]QVvoZKNU GWVAoLbJVeULRL[gK�YAoL]QY_icY_b
MJoLY_iLiLOniLw MJR 2 w_bWY_oLIAV_^{Y_i RLiLULKgbJ] 3 OniLw�Y_U|� ILV|[/iLKgG�~ Vvb P GJVvoZVv]QVvw 3 � � IfOQM>GWKgMPGN� [NY_]Q]nKNU GWIfK
� ��
�������� ������� �uOQM ULKgMJOQw_iLKNU GWV/O S ofbJV��vK GWIfK bJKgMJRL]TGWM V 2 GWY_OQiLKgU ^qbPV S bJV_RfGWOniLw,V_i GWIfK %��(')
*�+���
% 
-��.0/e��jBVvRfGWOniLw ~BOn]Q] 2 K�O S oLbJV��_KNU ~BILKgi GWILK/RLiLULKgbJ] 3 OniLw<iLK G�~{Vvb P IcY\M>Y_bPKlY_M ~BIfOQ[mI Y_bPK
MJoLY_bJMPK_� � K:MJIfV�~:�LGJIcY\GB~BOnGJI VviL] 3 ]QVe[lY_] OQif^qV_b S Y\GWOnVvi��eOQiL[g]QRLULOniLw/GJILK:iLV|UfKNMB]QVe[lY\GJOQVvi �|GWIfK
]QVe[lY GWOQV_i V_^ OTGWM � ��ILV_o<iLKNOnwvI 2 V_RLbJMg�LY_iLU)MPV S K [NV S S RfiLOQ[NY\GWOnVvi V��_KNbJIfKlY_U��L~ K�[lY\i<oLbJVeULRL[gK
oL]QY_icY_bkMJocY\iLiLOQifw)MJR 2 w_bWY_oLI MPRLOnGWY 2 ]nK$^qVvbk�\Y_bJOnVvRLM ]nV|[NY\GWOnVvi|��Y�~{Y_bPK$bPVvRfGJOQiLw oLbJV_GJV|[gVv]QMg� � K
~BOQ]n]�MPILV�~�VvRLb�MPO S Rf]pY\GJOQVvi�bJKNMPRL]nGJM�V_^ GWILK x V_bJKN]nOpY GJKNMyG,Oni [NV S ocY_bPOQMPVvi ~BOnGJI GJILK `:Y 2 bJOnKN]
GWKgMPGN�
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��i z{IcY_ofGJKNb � ~ K�UfKgrciLK)GJILbJKgK�KgiLIcY_if[NK S KNi4GJM GJV GWILK<^ Y_[gK)bJVvR|GWOQifw Y_]QwvV_bJOnGJI S M 	 �_�|� ��� �
� ILK�rcbPMPG:Y\]QwvVvbPOnGJI S OQi4GWbPV|UfRL[NKgU OQM>RfMJKNU GJV)Yl�vVvOnU Y bJKgwvOQVvi OQi Y_i Y\U|��ILVe[/ifKgG�~ Vvb P�� � ILK
MJKg[NVvifU Y\]QwvVvbPOnGJI S OQM�GWILK Y\oLoL]QOn[lY\GJOQVvi$V_^ Y S V|UfOnrcKgU/^ Y_[NK{bJVvRfGJOQiLwk^qVvb�bPVvRfGJKsULOQMP[NV��vKgb 3 � � ILK
rcicY\]�G�~ V Y_]Qw_VvbJOTGWI S M ULKgrLiLKNU MPILV�~0Y ~sY 3 GWV<ofbJKNMPKNby�vK KNifKNbJw 3 [gVviLMJR S ofGJOQVvi�V_^8GJILK/^ Y_[gK
bJV_RfGWOniLw Y_]Qw_VvbJOTGWI S �
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�+$,�+��" � �,��� � �," ��� Oni ~BOQbJKg]QKgMJM�iLK G�~{Vvb PuMN� � ILKNbPK S Y 3 2 K

�\Y_bJOnVvRLM:bJKNY_MJV_iLM/GWV Yl�vVvOnU [NKgbPGWY_OQi $���� $,
-��.0/��+� �,�{bJKgwvOQV_iLM,V\^BY�iLK G�~{V_b P��aVviLK V_^sGJILK S VvMPG
O S oZVvbPGWY_i4G 2 KgOQiLw MPKN[gRLbJOTG 3 � ��i�GJILOQM MPKN[gGJOQVvi)~ K,ofbJKNMPKNi4GkG�~{V Y_oLoLbPV4Y_[mILKgMkGJV GWILK:oLbPV 2 ]QK S �
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��i GWILK iLK �eG:MJKN[ GWOnVvi�� ~ K [mIcY_iLw_K�GWILK ������� 
��� ����#"�$ Y_]QwvV_bJOnGJI S OQi4GJV)Y<bJVvR|GWK�ULOnMJ[gV��_KNb 3

Y_]nwvVvbJOTGWI S � � ILK,w_V4Y_]�OnMsGWV KN]nO S OQicY\GJKh]nV|V_oLMBY_iLU�bJKgULRL[NK�GJILK S RL]nGJOT� ILVvo<K 	 Kg[gGl�
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��i.GWILK)iLK �eG MPKN[ GWOQV_i��a~{K)ULKgMJ[gbJO 2 K<G�~ V�MPO S oL]QK Y_]QwvV_bJOnGJI S M$GJV oLbJKgMJKNby�vK�KNiLKgbJw 3 [NVvie�

MJR S ofGJOQVvi ULRfbJOQifw>^ Y_[NKBbJV_RfGWOniLw:OQi Y_i Y_U|� ILV|[ ifKgG�~ Vvb P OT^ ifV|ULKgM ILY��_K GWILKkY 2 On]QOTG 3 GJV$[mIfV|VvMPK
^qbJV S Y MJKgGkV_^

k
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��i GWILOnM>[mIcY_o|GWKNb�~ K MPGJRLU 3 Y<MPRLOnGJK V_^ KlY_bP] 3 Y_]QwvV_bJOnGJI S M J iLVvi ]QVe[lY\GJOQVvie� 2 Y_MPKNU K ULK �vKN]nVvoZKNU
GWV MJVv]T�vK/GJILK/bPVvRfGWOniLw ofbJV 2 ]nK S OQi Y_U|��IfV|[,iLKgG�~ Vvb PuMg� � ILKNMPK Y_]QwvV_bJOnGJI S MhY\bJK/UfOn�eOQULKgU OQi4GJV
GWIfbJKNK:[g]pY_MPMJKNMg� .�
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F .�
��)������� �,� bPVvRfGJOQiLw)oLbPV_GWVe[NV_]8OQM�VvifK�GWIcY\G$Y GJGWK S o|GWM>GWV@P\KNKNo Y_]Q] OQif^qV_b S Y\GWOnVvi Y 2 VvR|G
GWIfK iLK G�~{Vvb P GJVvo V_]QVvw 3 Y_iLU<bPVvRfGWKgM ^qbPV S Y_]Q]cMPVvRLbJ[gKNM{GJV Y_]n]ZUfKNMPGJOQicY GWOQV_iLMN� � IfKNMJK oLbJV_GJV|[gVv]QM
bJKgMJK S�2 ]QKDGWIfVvMJK RLMJKgU/Oni/Y ~BOQbPKNU$iLKgG�~ Vvb P�� � IfKsY_Uf�\Y_i4GWY_wvKDV_^cYBoLbPV4Y_[gGJOn�_K bPVvRfGJOQiLwkoLbJV\GWVe[NVv]
OQMGJIcY\G bJVvRfGJKNM Y_bJK bJKNY_ULOn] 3 Yl�\Y_OQ]QY 2 ]nK�~BILKNi/VviLK iLV|UfK ~BOnMJILKgM�GJV MJKgiLU Y S KgMJMJY_wvKDGWV>Y\iLV_GWIfKNbN�
} iLK UfOQMWY\Uf�\Y_i4GmY_wvKhV_^oLbPV4Y_[ GWOn�_K bPVvRfGWOniLw/OnM GJIcY\G GWILK Y_]QwvV_bJOnGJI S bPKNtuRLOQbPKNM S K S Vvb 3 MPGJVvbWY_w_K
Y\G KlY\[mI iLVeULK V_^>Y MPO �gK�ofbJVvoZVvbPGJOQVviLY_]{GWV GJILK MJO �gK J iuR S�2 KNb V_^hiLV|UfKNM K V_^kGWILK iLK G�~{V_b P��
F�MPKN[NV_iLU ULOQMJY_Uf�\Y_i4GmY_w_K/OQMkGWIcY G�OQi V_bJULKgbhGWV S Y_OniuGWY_OQi GWIfK�bJVvR|GWOQifw OQi|^qVvb S Y\GWOnVvi��ZY ]QY_bJwvK
iuR S�2 KNbhV_^8iLK G�~{V_b P�[NVvi4GWbPVv] S KgMJMJY_wvKNM>Y_bJK$bJKgteRfOQbJKgU�GJV 2 K/MJKgi4G�Y_bPVvRLiLU�GWILK,iLKgG�~ Vvb P��k��i
MJKg[gGJOQVvi �|� ��~ K�~BOQ]n]�MJKgK:GJILK�� �������#"��,� �+��"�� ���) 0��" ��� � � � ���+�," ���
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2 KNbBV_^ iLKgG�~ Vvb P)[gVvi4GWbPVv] S KNMJMJY_wvKgMhOniuGJbJVeULRL[gKNU Vvi GWILK:iLK G�~{Vvb P J ]nKNMJM 2 Y_iLUf~BOnUfGWI�RLMJKgU�^qVvb
S Y_OQi4GWKgicY_iL[gK S KlY\iLM S VvbJK 2 Y_ifUf~BOQUfGJI�^qVvb$bJV_RfGWOniLw UcY GmY�K � � IfKNMJK<Y_]QwvV_bJOnGJI S M>~BOQ]Q]aV_iL] 3
ULOnMJ[NV��_KNb8YBbJV_RfGWKD^qbJV S YhMJV_RLbJ[gK GJV>Y GmY_bPwvKgG ~BILKgi/GWILK MJV_RLbJ[gK ~BOQMPILKNM�GWVk[NV S S RLifOQ[lY GWK8~BOnGJI
GWIfK/GmY_bPwvKgGN� } iLK Y\Uf�\Y_i4GmY_wvK/V_^aGWILKgMJK�ofbJV_GJV|[gVv]QMkOQMkGWIcY\G>iLV|UfKNM>Vvif] 3 iLKgKNU GWV<MyGWVvbPK�OQi|^qVvby�
S Y\GWOnVvi V_i<bJVvR|GWKNM GWIcY\G GWIfK 3 Y_bJKh[NRLbPbJKNi4GJ] 3 RLMJOniLwL�8F MPKN[gVviLU Y_Uf�\Y_i4GWY_wvK OnMN�|Y_M S KNi4GJOQVviLKgU
KlY\bJ]QOnKNbg�fGWILKgMJK,oLbJV_GJV|[gVv]QM GJb 3 GWV RLMPK,]nKNMJM S KNMJMJY_wvKgMh^qVvb S Y_OQi4GmY\OQiLOniLw�bJV_RfGWOniLw OQif^qVvb S Y GWOQV_i��
� ILK S Y_Oni ULOQMJY_Uf�\Y_i4GmY_w_K V\^sGWILKgMJK Y_]QwvV_bJOnGJI S M>OQM�GWILY\G/OT^ Y iLVeULK UfV|KgM,iLV\G/IcYl�_K<Y�bPVvRfGJK
GWV�Y GWY_bJwvK G:OnGh~BOQMJIfKNM�GWV [NV S S RfiLOQ[NY\GWK$~BOnGWI �OnG S RfMPG 2 K ULOQMP[NV��vKgbJKNU � � ILOQM�bPKNMJRf]nGWM�Oni Y
ULKg]pY 3 2 Kg^qV_bJK GJILK rcbPMPGBocY_[ P\KgGB[NY_i 2 K MJKNi4GN� HkV�~ Kg�_KNbg�cVviL[NK:Y,bJVvRfGJK>IcY_M 2 KNKgi)ULOQMP[NV��vKgbJKgU��
S KNMJMJY_wvKgM�[lY_i 2 K<MPKNi4G iLVvb S Y\]Q] 3 ����i MJKN[ GWOnVviLM �|� � Y_ifU �|� ��~{K ~BOn]Q] MJKgK GWILK�� � �+/0� ��� "
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� ILK rcicY_]8G 3 oZK V_^{bJVvR|GWOQifw Y_]QwvV_bJOnGJI S M ULOnMJ[NRfMJMJKgU ILKgbJK Y_bJK /��,')
�� � oLbJV\GWVe[NVv]nMN� � ILKgMJK

Y_]nwvVvbJOTGWI S M GWb 3 GWV�[gV S�2 OniLK 2 V\GWI oLbPV4Y_[gGJOn�_KBY_iLU bJKNY_[gGJOn�vK bPVvRfGJOQiLw�oLbPV_GWVe[NV_]QM GJV:V 2 GmY\OQi�GWIfK
Y_Uf�\Y_i4GWY_wvKNM{V_^ 2 V\GWI�� � IfKNMJK:oLbPV_GWVe[NV_]QMDG 3 ofOQ[lY\]Q] 3 UfOn�eOQULKkGWILK>Y_U|��IfV|[hiLKgG�~ Vvb P OQi4GWV,bJKgwvOQVvifM
Y_iLU o KgbP^qVvb S YAoLbJVvY_[gGJOn�vK�bJVvR|GWOQifw oLbPV_GWVe[NVv]BOni GWIfKNMJK bJKNw_OQVviLMg� Y_iLU	Y bJKNY_[gGJOn�vK�bJVvR|GWOQifw
oLbPV_GWVe[NVv] ~BILKgiAbPVvRfGJOQiLw 2 K G�~{KgKNi bJKgwvOQVvifMN�>��i MPKN[gGJOQVviA�e� � ~ K/~BOn]Q]�MJKNK,GWILK�� ��" � ���� !���#"�$
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� ILK G KgMPGJOQicY\GJOQVvi.d|KNtuRLKgiL[NKgU G OnMPGWY_iL[NK �DKN[gGJVvb J G d G � K/oLbPV_GWVe[NV_] OnM�Y ILVvoe� 243 ��ILVvo.UfOQMy�
GmY\iL[NK)�vKg[gGJVvb oLbJV_GJV|[gVv] 	 � � �8�6� �sGJIcY\G KNiLY 2 ]QKgM S RL]TGWOT� ILVvo bPVvRfGJOQiLw 2 KgG�~ KNKgi iLVeULKNM Oni�Y_i
Y_U|� ILV)iLK G�~{Vvb P�� M Y\[mI�iLVeULK Oni GWILK iLK G�~{V_b P S RLMyG:MPGJVvbJK Y)bJV_RfGWOniLw GmY 2 ]QK [gVvi4GmY_OniLOQiLw<Y_]Q]
ULKgMPGWOnicY\GJOQVviLM{OnG [NY_i bJVvRfGJK>GWVL� � IfK$Onif^qVvb S Y\GJOQVvi OQM{GJILK�iLK �|Gy��ILV_o�iLKgOQwvI 2 VvRLbg�|GWIfK$iuR S/2 Kgb
V_^ ILVvofM J ILVvoe��[NV_RLi4G KhGWV)bPKlY_[mI GWIfK ULKNMyGWOQiLY\GWOnVvi���Y\M>~{Kg]Q]aY_M:Y<MPKNtuRLKgiL[NK iuR S�2 KNbN� G d G �
bJKgtuRLOQbPKNM GWIcY GkY_]Q] iLV|UfKNM oZKNbJOnV|UfOQ[lY\]Q] 3 2 bJV4Y_Uf[lY_MyGkGJILKNOnbsbJV_RfGWOniLw OQif^qV_b S Y\GWOnVvi��uVvb ULV MJV O S �
S KNULOQY\GWKg] 3 J GWbPOQwvw_KNb KB~BILKNi Y [mILY_iLwvK GWV)GJILOQM�Onif^qVvb S Y\GJOQVvi�V|[g[NRLbPMN� G d G � OQM:Y ]QVeVvo ^qbJKgK
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oLbPV_GWVe[NVv] �cY_iLU GWV Y_[mIfOQKg�_K$GJILOQMg�LGWILK$oLbPV_GWVe[NVv] RLMJKgMhGWIfK$MPKNtuRLKgiL[NK�iuR S/2 Kgb S KNi4GJOQVviLKgU KlY_b �
]QOnKNb GJV S Y_b P bJV_RfGWKgMN� � ILK MPKNtuRLKgiL[NK ieR S�2 Kgb:OQM:Y_iAOQiLUfOQ[lY GWOQV_i V_^{IfV�~0Vv]QU GJILK bJVvRfGJK OQMN�
� ILK$ILOQw_ILKNbsGJILK:MJKNtuRLKgiL[NK,iuR S�2 KNbN�LGJILK S V_bJK�[NRfbJbJKgi4GhGJILK:OQif^qVvb S Y GWOQV_i<Y_iLU GWIfKNMJK:bPVvRfGWKgM
Y_bPK S VvbPKs^ Y��_VvbWY 2 ]QK\�8F bJVvRfGJK�� ~{V_RL]QU 2 KB[gVviLMJOnULKNbPKNU S VvbPKs^ Yl�vVvbJY 2 ]QKsGJIcY\G Y_iLV\GWILKgb bPVvRfGJK
��On^hGWILK�MJKNtuRLKgiL[NK iuR S/2 Kgb V_^�bPVvRfGJK��	~sY\M<ILOQw_ILKNb GWIcY\i GWILY\G V\^ �.Vvb GJILKNOnb MPKNtuRLKgiL[NK
iuR S�2 KNbPM/Y_bPK GJILK MWY S K_� 2 RfG,bJVvR|GWK�� IcY_M,Y�]nV�~ KNb:ILV_o|��[gVvRLi4Gl� � IfKNi Y�iLVeULK ULOQMP[NV��vKgbJM
GWILY\G$Y)bJVvRfGJK OQi OnGJM>GmY 2 ]QK IcY_M 2 KNKgi 2 bJV P\KNi���OnG�~BOn]Q]�OniL[NbPKlY_MPK�GWILK MPKNtuRLKNif[NK iuR S/2 Kgb,Y\iLU
MJK G GJILK/ILV_o|��[gVvRLi4GhGJV ∞ � � ILK,iLVeULK,~BOn]Q]�GWIfKNi Y_U|�vKNbyGWOnMJK/OTGWMBbJV_RfGWOniLw OQif^qVvb S Y GWOQV_i<~BILOQ[mI
S Y 3 GWbPOQwvwvKgb RLoZUcY\GWKgM GWV iLKNOnwvI 2 V_RLbJOniLw iLVeULKNMkY_M ~ KN]Q] �

� ILK G d G ��oLbJV\GWVe[NVv]DOQM�GJILK ULOnMPGWY_iL[NK �vKg[gGJVvb�oLbPV_GWVe[NVv]8~BOTGWI Y�^qKg~ S VeULOnrL[lY\GJOQVviLM>GJV
S Y<P_K�OnG S VvbJK MPRLOnGWY 2 ]QK<^qV_b RfMJK�OQi Y_U|��IfV|[ iLK G�~{Vvb PuMN� � ILK�Y_ULULOTGWOnVvi�V_^ GJbJOQw_wvKNbPOQiLw RLoe�
UcY\GJKNM/~BIfKNi.[mIcY_ifwvKNM Ve[N[gRLb/Oni GWILK iLKgG�~ Vvb P�GWV_o Vv]nVvw 3 ��KNifMJRLbPK<GWIcY\G,GWILOnM,Onif^qVvb S Y\GJOQVvi OnM
ULOnMPGWbPO 2 R|GWKNU)GJV Y_]Q]ZGWILK:iLVeULKNM Oni)GWILK�iLK G�~{V_b P�� G d G �0bPKNtuRLOQbPKNMkY�]QV\G V_^ [NVvi4GWbPVv] S KNMPMWY_wvKgM
GWV)Rfo UcY GWK�bPVvRfGWK/OQif^qVvb S Y GWOQV_i Y_[gbJVvMPM>GWILK ifKgG�~ Vvb P�� � ILOQM�IcY\M>]QKgU GWV)ULK rciLOQifw<G�~{V)G 3 o KgM
V_^ RLoZUcY\GWK S KNMPMWY_wvKgMN�

� � �2�"*" �� � � � x KNMPMWY_wvK$[lY\bJbJOnKNM GWIfK$Kgi4GWOQbPK�bJVvR|GWOQifw GWY 2 ]nK>^qVvbBY iLV|UfK_�
�|� � ��� �
5	�)5 � �� #" �  � � � x KgMJMWY\wvKh[NY_bJbPOQKgMaVviL] 3 GWIfKk[mILY_iLwvKgM Oni GWILK bPVvRfGWOniLw>GmY 2 ]QKs^qVvb
Y iLVeULK_�

} iLK�V_^GWIfK S Y\OQi UfbWYl~ 2 Y_[ PuMBV_^ G d G ���LY_M{~ KN]Q] Y_M S VvMPG{oLbJVvY_[gGJOn�vK bJVvRfGJOQiLw/oLbJV_GJV|[gVv]QM
^qVvb Y_U|� ILV|[DiLK G�~{V_b PuMN�4OnM ULRfK GWVBGWIfK ^ Y_[ G GJIcY\G OQif^qVvb S Y GWOQV_i S RLMPG 2 K w4Y GWILKgbJKNU,^qVvb�Y_]Q]4bPVvRfGWKgM
OQi GWIfK iLK G�~{V_b P�� � ILOQM S KlY_iLM$OnG:~BOn]Q]�GWY<P_K MJV S K GWO S K�^qVvb�GWIfK OQi|^qVvb S Y\GWOnVvi GJV�[gVvi4�vKNbPwvK
Y_iLU oLbJVeULRL[gK>Y,MyGmY 2 ]QK bPVvRfGJOQiLw$KNi4�eOQbPVvi S KNi4Gl�aFh]QMJVf�fY\G KlY\[mI)iLV|UfK_�ebJVvRfGJKNM{Y_bJK�P_KNo|Gs^qVvb Y_]Q]
ULKgMPGWOnicY\GJOQVviLM Oni)GWILK$iLKgG�~ Vvb PZ� � ILOQMB[NY_i�bPKNMPRL]nGBOni Y ]QV\GBV_^�MyGWVvbJY_wvK:V��vKgbJILKNY_U�~BOTGWILOni�KNY_[mI
iLVeULK_�
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� ILK,F U|��ILVe[ } i G K S Y_ifU G OnMPGmY\iL[NK �DKN[gGJVvb J F } G � KkofbJV_GJV|[gVv] 	 � � �Z�6� ��OQMBVvifK$GJIcY\GhoLbJV\�
�eOQULKgM S RL]nGJOT� ILVvo bPVvRfGWOniLw)OQi Y\U|��ILVe[ iLK G�~{Vvb PuMN� � G,OnM:Y_]QMPV 2 Y_MPKNUAVviAGJILK ULOnMPGmY\iL[NK �vKg[gGJVvb
bJV_RfGWOniLw�ofbJV_GJV|[gVv] � � ILK S Y_OQi Y_Uf�\Y_i4GWY_wvK�V_^�F } G ��OQM GJIcY\G OQM OnG Y�bPKlY_[ GWOn�_K�ofbJV_GJV|[gVv] �
RLiL]nO P\K G d G � ~BIfOQ[mI<OnMsY/oLbPV4Y_[ GWOn�_K VvifK_� � ILOnM S KlY_iLM GWIcY G{F } G �!VviL] 3 ULOQMP[NV��vKgbJMsbPVvRfGWKgM
GWV UfKNMPGJOQicY GWOQV_iLM{^qVvb{~BIfOQ[mI OnG OnMs[NRfbJbJKgi4GW] 3 GWb 3 OniLw�GWV RfMJK_� � ILOnM S Y 3 Y_]Q]nV�~ ^qVvb Y ULbWY S Y\GJOQ[
bJKgULRL[ GWOQV_i�V\^8MPGJVvbWY\wvK�MJocY\[NK$bJKNtuRLOnbJKgU Y\GBKNY_[mI�iLV|UfK_�

x Y_Oni Y_U|�_Y\iuGWY_wvKgM V\^ F } G ��Y\bJK bJKgULRL[NKgU	MPGJVvbWY\wvK)V_^>bPVvRfGJK�Onif^qVvb S Y\GJOQVvi �8]QVeVvo.^qbJKgK
bJV_RfGWOniLwL�eY_iLU O S S KgULOpY\GJK iLV_GJOnrc[NY\GWOnVvi V_^]QOni	PuM ~BIfOQ[mI 2 KN[gV S K ULOnMJ[NV_iLiLKN[ GWKgU��aF } G �/�f]nO P_K
G d G �/� Y\]QMJV RLMPKNMkMJKgteRfKNiL[gK/iuR S�2 KNbPMBGJV KNiLMPRLbJK:GWIcY GhbPVvRfGJKNMBbJK S Y_Oni<^qbJKgMJI��

� ILKAoLbJV_GJV|[gVv]>RLMPKNM�MJKg�_KNbJY_]:[NVvi4GWbPVv] S KNMJMJY_wvKgM�GJV w4Y GWILKgb�bPVvRfGJOQiLw.Onif^qVvb S Y\GJOQVvi Y\iLU
S Y_OQi4GmY\OQiA]QOQi�PeMg� � ILKgi V_iLK<iLVeULK ~BOnMJILKgM/GWV ULOnMJ[gV��_KNb Y bPVvRfGJK GWV Y\iLV_GWIfKNb�iLVeULK<OTG,~BOn]Q]
2 bPV4Y_UL[NY_MPGhY jkV_RfGWK$jBKNtuRLKNMyG J jhj M�� K S KNMPMWY_w_K:~BIfOQ[mI�OQM ILKNY_bJU 243 OnGWM ifKNOQw_I 2 VvRLbPMN� � ILOnM
jkj�M�� ~BOQ]n]aoLbJVvoLY_w4Y\GJK GWIfbJVvRLw_ILVvRfG$GWILK iLKgG�~ Vvb PARLi4GWOn] bPKlY_[mIfOQiLw GJILK UfKNMPGJOQicY GWOQV_i iLVeULK_�
Vvb Y iLVeULK Vvi�GWILK<~{Y 3 ~BILOQ[mI IcY_M GWIfK�bPVvRfGJK�Onif^qVvb S Y\GJOQVviAGWILK MPVvRLbJ[gK iLV|UfK�OnM ]QVeV PuOQiLw
^qVvbg� � ILKNi GWIfK jhj M�� OnM [NY_ofGWRfbJKNU �>Y jBVvRfGJK jkKgoL] 3 J jkj M � K S KNMPMWY_w_K OQM<MPKNi4G 2 Y_[ P
GWV�GWILK MJV_RLbJ[gK iLVeULK RfMJOQifw�RLifOQ[lY\MPGl� � V S Y_OQi4GWY_OQi Onif^qVvb S Y\GJOQVvi��ifV|ULKgM$~BOn]Q]aoZKNbPOQVeULOQ[NY_]Q] 3
2 bPV4Y_UL[NY_MPG Y 2 KlY_[gVvi MPV GJIcY\GkGWILKgOQbBO S S KgULOpY GWK�iLKgOQwvI 2 VvRLbJMhY_bPK/Yl~{Y_bJK$V_^8GJILKNOnbk[gVvi4GWOnieRfKNU
ocY_byGWOn[NOQoLY\GWOnVvi OQi GWILK iLK G�~{Vvb P�� � IfK iLKgOQwvI 2 VvRLbJM:GWILY\G,Y_bJK RLMJOniLw�GJILK iLV|UfK J ^qbJV S ~BIfOQ[mI
GWIfK 3 bJKg[NKgOn�vKgU Y 2 KNY_[NV_i K{^qVvbBbJVvRfGJOQiLw [NY_i P\KNKgo GWILK:bPVvRfGWKgM Y\MB�\Y_]nOQU��a� ^8Y ifKNOQw_I 2 VvRLb ^ Y_On]QM
GWV)bPKN[gKNOn�_K Y 2 KNY_[NV_i ^qbJV S VviLK�V\^ OTGWMhiLKNOnwvI 2 VvRfbJM�Y\^ GJKNb�Y GJO S K_� OnG ~BOn]Q] S Y_b P GWILK/]QOQi�P GJV
GWILY\GkiLKNOnwvI 2 VvRfbBY_MBULOQMP[NVviLifKN[gGJKNU�� Y_iLU�MJKgiLU Y S KNMPMWY_wvK:OniLULOQ[NY\GWOniLw�GWIfK$]nOQi	P IcY_M ^ Y_On]QKNU<GJV
GWIfK,Y 	 Kg[gGWKgU�ifV|ULKgM ~BILOQ[mI�RLMJK:GWILY\GB]QOni	P ^qVvb bPVvRfGJOQiLwL�



� ��� � �
��� � � � � � � ��� �&� � �
 � � �
� � � � �� � ��� ������� � � �
�>C���C � ����� �, �� ��7 ����
� ��"$��� .������

� ILKgi	Y�ifV|ULK iLKgKNULM GWV�ULOQMP[NV��vKgb YAbJVvRfGJK)^qVvb Y�ULKgMPGWOnicY\GJOQVvi�OnG ULVeKNM iLV_G IcYl�_K_� OnG ~BOn]Q]
2 bPV4Y_UL[NY_MPG Y jkj�M�� S KNMPMWY_w_K_� � ILOnM S Y 3 V|[g[NRLb�Y_M GWILKAiLVeULK�ILY_M�ifV bJV_RfGWK GWV�GWIcY G
ULKgMPGWOnicY\GJOQVvi�� Vvb GWIfK bJVvRfGJK S Y 3 IcYl�vK K �fofOQbJKgU Vvb�OnG S Y 3 IcYl�vK 2 KgKNiAiLV_GJOnrcKgU GWIcY\G>OnG�IcY\M
^ Y_On]QKNU � � ILK iLV|UfK ~BOn]Q]�~sY_OTG:RLi4GWOn]aOnG�bPKN[NKgOn�_KNM�Y jkj�MD� S KNMPMWY_w_K_� � ^siLV�jkj�MD� bPKN[NKgOn�_KNU
~BOnGJI OQiAY r �fKgU�GJO S KNVvRfG>o KgbJOQVeU���GJILK iLV|UfK ~BOn]Q]8bPKgGJb 3 Y MJK G,iuR S/2 Kgb$V\^{GWO S KgM�Y_iLU GWIfKNi
Y_MPMJR S K�GWILKgbJK:OQM iLV bJV_RfGWK>GJV GJILOQM ULKgMPGJOQicY\GJOQVvi �

� ILKNi Y iLVeULK$bJKg[NKNOT�vKgM>Y jkj M � S KgMJMWY\wvK$^qV_bkUfKNMPGJOQicY GWOQV_i �v��VviLK:V_^�G�~{V GWILOniLwvM S Y 3
Ve[N[NRfbN�

� � � ILK iLVeULK ULV|KgM/iLV\G,ILY��_K GJILK bPVvRfGJK Onif^qVvb S Y\GJOQVvi/����iAGWILOnM:[lY_MPK GWIfK iLVeULK ~BOQ]n]8bJK �
2 bPV4Y_UL[NY_MPGBGJILK$jhj M��&Y_iLU)~BOn]Q]�Y\]QMJV Y_bP[mILOn�_K J GWK S oZVvbJY_bJOn] 3 KDGJILK:bJKg�_KNbPMJK$ocY\GWI 2 Y_[ P
GJV GJILK:MJVvRfbJ[NK$iLVeULK>^qVvb oZVvMJMPO 2 ]nK>^qRfGWRfbJK:RLMJK\�

�|� � ILK iLV|UfK OQM ��V_b{IcY_M{bJVvRfGJK Onif^qVvb S Y\GJOQVvi ^qVvb ���a��i GWILOnM{[lY\MJK_�LY/jkj�MD��[lY_i 2 K>MPKNi4G
ULOnbJKg[gGW] 3<2 Y\[ P GWV GWIfK$MPVvRLbP[NK��eOpY RLiLOn[lY_MyGl�aF M GJILK$jhj MD� OQMs^qV_bP~{Y_bJULKgU 2 Y_[ P<GWV GWIfK
MPVvRLbJ[gK,ifV|ULK\�cbJVvR|GWOQifw Onif^qVvb S Y\GJOQVvi OQM RLoZUcY\GJKNU Y\]QVviLw�GJILK$bJVvRfGJK_� � ILKNi�GWILK:MPVvRLbJ[gK
bPKN[NKgOn�_KNMsGWIfK�jhj MD� �|Y/bJV_RfGWK GJV,GJILK>ULKgMPGWOnicY\GJOQVvi ��~BOQ]n]�IcYl�vK 2 KNKgi)[NbJKNY\GWKgU Y_iLU)[NY_i
2 K:RLMJKgU��

�>C���C�� ����� �, 
 )����N�, !��)����� ���'.��	���

� ^ Y<iLVeULK�bJKNY_]QO��NKgM GWIcY G�Y<iLKgOQwvI 2 VvRLb>OnM>iLV)]QV_iLwvKNbhoLbJKgMJKgiuGN� OnG S RLMPG�bPK S V��vK�GWIfK�bJVvR|GWOQifw
OQi|^qVvb S Y\GWOnVvi ^qVvb{GWILY\GBiLKNOnwvI 2 V_RLbN�8� G ~BOn]Q]�GWILKgi�MPKNiLU�Y ]QOni	P ^ Y_OQ]nRLbJK S KgMJMJY_wvK>GWV�GJILK�iLKgOQwvI|�
2 VvRLbJM/OQi GJILK)Y_[ GWOn�_K<iLKgOQwvI 2 VvRLb�]nOQMPG$^qVvb$GWIcY\G�ULKNMyGWOQiLY\GWOnVvi�� Fh]Q] iLV|UfKNM�GWILY\G�bPKN[NKgOn�_K<GWILOnM
S KNMJMJY_wvK ~BOn]Q]DbJKgo KNY\G/GJILK<oLbPV|[gKNULRfbJK)Y_ifU GWILK OQif^qVvb S Y GWOQV_i�Oni�GWIfK<iLKgG�~ Vvb P�~BOQ]n] 2 K [NVvb �
bJKg[gGJKNU��8Fhi 3 iLVeULK MJKgiLULOniLw�OQif^qV_b S Y\GWOnVvi�GWV:Y>ULKgMPGWOnicY\GJOQVvi�V��_KNb8GWIfOQM�bPVvRfGJKs~BOQ]Q] 2 K bJKgteRfOQbJKgU
GWV bPKNULOnMJ[NV��_KNbhY bPVvRfGJK_�
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� ILK 2 OQwvwvKgMPG:Y\Uf�\Y_i4GmY_wvK,V_^DF } G � V��_KNb ~BOnbJK � 2 Y_MPKNU bPVvRfGWOniLw<oLbPV_GWVe[NV_]QMkMJRL[mIAY_M>UfOQMPGWY_iL[gK
�vKg[gGJVvb OnM�GWIcY G F } G �/��ULRLKDGWVBOnGJMbJKlY\[gGWOT�vKDicY\GJRLbJK\�\w_bJKlY GW] 3 bJKgULRL[gKNM GJILKDiuR S�2 KNbV_^|iLKgG�~ Vvb P
[NV_iuGJbJVv] S KNMPMWY_wvKgM Oni4GWbJVeULRL[gKNU���F } G � Y_]nMJV S V_bJKD[N]nVvMJKg] 3 bPKNMPK S�2 ]nKNM ~BOQbPK � 2 Y_MJKgU/oLbPV_GWVe[NVv]nMN�
Y_M$VvoLoZVvMJKgU�GJV G dfj J OQi GWILK iLK �eG/MJKN[ GWOnVvi K�Y_iLUAGWILOnM S Y 3 S Y P_K OQi4GWKgwvbWY\GJOQiLw�Y_i Y_U|� ILV|[
iLK G�~{Vvb P<~BOnGJI�Y ~BOQbPKNU iLK G�~{Vvb P)KlY_MPOQKgbN�

����� 	��.����, � / 
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G 3 icY S OQ[/d|VvRfbJ[NK/jkV_RfGWOniLw J G dfj�K 	 � �|� � � � OnM Y\iLV_GWIfKNbkbJKlY\[gGWOT�vK,bJVvRfGJOQiLw oLbPV_GWVe[NVv]^qVvbhY_U|�
ILVe[ ifKgG�~ Vvb PuMN�a� G ULO 	 KgbJM ^qbPV S GWIfK ULOnMPGWY_iL[NK �vKg[gGWV_b�oLbPV_GWVe[NVv]nM Oni$GJILK{MPKNiLMPK{GWILY_i,GJILK{MPVvRLbJ[gK
iLVeULKBPuiLV�~BM�GWILK ILV_o|� 243 ��ILV_oAbPVvRfGJK�GWIcY\G S RLMPG 2 K�GmY P_KNi 243 GJILK ocY_[ P\KgG:^qbJV S MJVvRfbJ[NK�GJV
ULKgMPGWOnicY\GJOQVvi�� � ILOnMhbPVvRfGJK/OQMkMPGJVvbJKgU OQi GWILK/ocY_[ P_K G�ILKNY_ULKNb Y_iLU Oni4GWKNb S KgULOpY GWK:iLVeULKNM Y_]QVvifw
GWIfK$oLY\GWI�MJO S oL] 3 ^qV_bP~{Y_bJU)GWIfK$oLY_[ P_K GhGJV GJILKNOnbsiLKNOnwvI 2 V_RLb ~BILOQ[mI�OQM iLK �eGhV_i�GJILK:ocY\GWI �

� ILK G dfj oLbJV\GWVe[NVv]OnM S Y_ULK:RLo�V_^�G�~ V MyGmY_w_KNMN� � ILK$rLbJMPGhOQM 
�� �� � � � � ��� �,��
 �<Y_ifU�GWIfK
MJKg[NVvifU�OnM 
�� !� � � �,�#"0� ��"��," ��� � ���� !� ��� � � ��� �,��
 �)OQM RLMJKgUA~BILKgiAY<MJVvRLbP[NK iLVeULK � ~BOnMJILKgM
GWV�MJKgiLU.Y�oLY_[ P_K G/GWV Y�ULKgMPGJOQicY\GJOQVviAiLVeULK ��2 RfG,ULVeKNM/ifV_G$IcYl�vK<MPRL[mI.Y�bPVvRfGJK MyGWVvbPKNU Oni
S K S Vvb 3 ��� G�OQM�Y S KN[mILY_iLOQM S GJV<rciLU GJILK MJVvRfbJ[NK bPVvRfGJK/^qbJV S MJV_RLbJ[gK�GWV GJILK ULKNMyGWOnicY\GWOnVvi��
���� !� � � �,�#"0� ��"��," ���:OnMBY S Kg[mIcY_iLOnM S ~BIfKNbJK$iLVeULK �$[lY\i�ULK GWKg[gGl�L~BIfOQ]QK�MPKNiLUfOQiLw Y ocY_[ P\KgG
V��vKgb$GJILK MPVvRLbP[NK bPVvRfGJK GJV � � GWILY\G:GWILK iLKgG�~ Vvb PAifV|ULKgM,ILY��_K S V��vKgU OQiAMJRf[mI.Y ~{Y 3 GWIcY G
oLbPKg�vKgi4G,OTG>^qbJV S RLMPOQiLw)GJILOQM>bPVvRfGJK_�/d|V S K�]QOni	P Y\]QVviLw GWILK bPVvRfGWK ILY_M 2 KNKNi 2 bPV P_Kgi���Y_iLU �
[lY\i RLMPK>Y_i Y_]TGWKNbPicY\GJK MJVvRLbP[NKkbJVvR|GWK GWV � �uVvb 2 KgwvOQi GWIfKhbPVvRfGWKBULOnMJ[gV��_KNb 3 S KN[mILY_iLOQM S Y_w4Y\OQi��
jBVvRfGWK S Y_OQi4GJKNicY_if[NK�OQM V_iL] 3 RLMJKgU�~BILOn]QK�MPKNiLULOniLw ocY_[ P_K GWMB^qbJV S �:GWV � �
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� VAUfOQMJ[gV��vKNb Y bPVvRfGWK<GJV GWILK)UfKNMPGJOQicY GWOQV_i��8GWILK MPKNiLULKgb � ~BOQ]Q] OQifOnGWOQY\GWK Y bJVvR|GWK<ULOnMJ[gV��_KNb 3
243 MPKNiLUfOQiLw Y jkj M � S KNMJMJY_wvK GJV OnGJM/iLKgOQwvI 2 VvRLbPMN� � ILK jkj M � S KNMPMWY_wvK OQULKgiuGJOnrcKgM/GWIfK
MJKgiLULKgb Y_ifU�GJILK:ULKNMyGWOQiLY\GWOnVvi iLV|UfK,Y\iLU�Y_]QMPV [gVvi4GmY_OniLMkY RLiLOQtuRLK 
���) ����� � � ��"0��� � ��
/[mILVvMPKNi
243 GJILKsMPKNiLULKgbN� � IfK jhj M�� S KgMJMWY\wvK Y_]nMJV [gVvi4GmY_OniLM8Yh]QOQMyG�V\^�Y_ULULbPKNMPMJKNU V_^�Y\]Q]uOQi4GWKgb S KNULOQY\GWK
iLVeULKNMkGWILK$ocY_[ P\KgG�ILY_M 2 KNKgi ^qVvby~sY_bPULKNU�GWILbPVvRLwvI��BX OQwvRLbPK,�|� � MJILV�~BM Y_iLU K �fY S of]QK$V_^8GWIfK
bJV_RfGWK ULOnMJ[gV��_KNb 3 oLbJVe[NKgULRLbPKB~BOTGWI iLVeULK F Y_M8GJILK OQiLOTGWOQY\GWVvb�Y_ifU ifV|ULK G Y_M8GJILK ULKNMyGWOnicY\GWOnVvi��
� ILKgi Y iLVeULK�bJKg[NKNOT�vKgM>Y jhj M�� ocY\[ P_KgGN��VviLK:V_^�G�~{V GWILOniLwvMs~BOn]Q]�Ve[N[gRLbN�

� �B� ^ GWILK iLVeULK OQM>GJILK Oni4GWKNifULKNUAULKNMyGWOnicY\GWOnVvi�� OnG ~BOQ]Q]�bJKNifU Y�jhj MD� S KNMJMJY_wvK 2 Y_[ P GJV
GJILK�OQiLOTGWOQY\GWOniLw:MJKNifULKNbg� ��i<GJILK�bJKgoL] 3 �cY�[NVvo 3 V_^ GWILK�MPVvRLbJ[gK:bJVvRfGJK>OQM{OQiL[g]QRLULKgU)MJV GWIfK
MPKNiLULKgbh[NY_i�[lY_[mILK�GJILOQMBbJV_RfGWK>^qVvbs^qR|GWRLbPK$RfMJK_�

�|�B� ^DGWIfK iLV|UfK OQM ifV_G�GWILK/OQi4GWKgiLULKNU ULKgMPGJOQicY\GJOQVvi � 2 RfG�OTG�IcY_M�MPKNKgi�Y)jkj M ��^qbJV S GWIfK
MJY S K$MJV_RLbJ[gK,~BOnGJI�GJILOQMBbJKgtuRLKNMyG�OQULKgi4GWOnrLKNbN��VvbkOnGkMPKNKNMhOnGJMhV�~Bi Y_UfULbJKgMJM Oni�GJILK/bPVvRfGJK
Onif^qVvb S Y\GJOQVvi�OnG>~BOn]Q]�MJO S oL] 3 OnwviLVvbPK/GWILK S KNMPMWY_w_K Y\iLU ULOQMP[lY_bPUAOTGl�$� ^ GJILK bJKgteRfKNMPG$OnM
iLK ~:�4GWILKgi GJILKBiLV|UfKB~BOn]Q]fY_ULU OnGJMDY_ULULbPKNMJMDGWV�GJILKBKNiLU V_^ZGWILKBbJV_RfGWKBY_ifU ^qVvby~sY\bJULMaGWIfK
bPKNtuRLKNMyGh~BOTGWI)GWIfK$MJY S K$bPKNtuRLKgMPGhOQULKgiuGJOnrcKgbsGWV OnGJM iLKNOnwvI 2 V_RLbJMkY_MBY ]QVe[lY_] 2 bJVvY_UL[lY\MPGl�
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X�OnwvRLbJK,�|� � � F i�K �fY S oL]QK:V_^ G dfj!bJVvR|GWK S Y_Oni4GWKNiLY_iL[NK\�sF!~sY\iuGJMhGJV MJKgiLU Y ocY_[ P\KgG GJV G �
2 RfGBGJILK:]QOQi�P ^qbPV S � V|ULK$� GWV � VeULK$z OQM 2 bPV P_Kgi��
�>C�� C�� ����� �, 
 )����N�, !��)����� 

��i G dfj:�bJVvRfGJK S Y_Oni4GWKNiLY_iL[NK OnM�IcY_iLUL]nKNU ~BILOQ]nK iLVeULKNM$Y_bPK ^qV_bP~{Y_bJULOniLw ocY_[ P\KgGWM,V��vKNb:GWIfK
MJV_RLbJ[gKkbPVvRfGJK_�+MDY_[mI iLVeULKs^qVvby~sY_bPULOQifw:Y:oLY_[ P_K G{OnM8bJKgMJoZVviLMJO 2 ]QKsGJV S Y P_K MJRfbJK GWILK ifK �eGP� ILVvo
iLVeULK IcY_M bJKN[gKNOT�vKNU GWIfOQM>ocY\[ P_KgGN� � ILOnM�[lY_i RLMPRcY_]n] 3�2 K ULV_iLK�~BOnGJI ]QOnGPGW]nK$V��_KNbJIfKlY_U GWV)GWIfK
G dfj�oLbPV_GWVe[NVv]4�eOpYBGWILK{��M M�M � �4�|� � � ]QOni	Pv��]QK �vKg]|Y\[ PeifV�~B]nKNULw_K S KNi4G8^qbWY S KD^qVvb�K �fY S oL]QK 	 � ��� �
F MJKg[NVviLU S K GWILVeU ^qVvbDY$ifV|ULK GJV PuiLV�~	GJIcY\G Y$oLY_[ P_K G{IcY\M 2 KNKgi bJKg[NKgOn�vKgU 243 GWIfKkifK �eGP� ILVvo
iLVeULK/OnM 243 Y . ������� �,� ������" � � � � � $�� � ��"0� 	 ��� ��~BILKgbJK,GJILK/^qVvby~sY\bJULOniLw ifV|ULK,V��vKNbPILKlY\bJM>GWIfK
iLK �|Gy��ILV_o iLVeULK ^qVvby~sY\bJULOniLw�GJILK ocY\[ P_KgG/GWV OTGWM$iLK �eGy��ILVvo.ifV|ULK\� � ^ GWILK ^qVvbP~{Y_bJUfOQiLw�iLV|UfK
[lY\iLiLV_G/RLMJK<V_iLK V_^ GJILKNMPK G�~ V S K GWILVeULMN� GWILKgbJK OnM�Y�GJILOQbPU Y_]TGWKgbJicY\GJOn�_K_� � ILK ^qVvby~sY_bPULOQifw
iLVeULK [lY\i MPKgG Y 2 OnG8OQi�GWIfKkoLY_[ P_K G IfKlY_ULKgbDbJKNtuRLKgMPGJOQiLw,Y G dfj Y_[ PuiLV�~B]nKNULwvK S Kgi4G GJV 2 K MPKNi4G
2 Y_[ P<^qbPV S GJILK:iLK �eGy��ILVvo�iLVeULK_�

� ^aY ocY_[ P\KgG>OnM iLV_GhY_[ PuiLV�~B]QKgULwvKgU���OnG ~BOQ]n] 2 K$bPKNMPKNi4G ^qVvbBY MJK GkieR S�2 KgbhV\^�bPKgGWbPOQKgMN� � ^8OnG
MPGJOQ]n] IcY_MBiLV\G 2 KNKgi Y\[ PeifV�~B]nKNULw_KNU���GWILK�^qVvby~sY\bJULOniLw iLV|UfK:~BOn]Q] Y_MJMPR S K�GJILKNbPK,OnMBY ofbJV 2 ]nK S
Y_iLU)w_KNiLKgbWY\GJK�Y jkV_RfGWK�MDbPbJVvb J j M jkj�K S KNMJMJY_wvK GJV 2 KhMJKgiuG 2 Y_[ P GJV/GWILK�MPVvRLbP[NK>MPKNiLULKgb V_^
GWIfK>ocY_[ P\KgGl� � ILOnMsj MDjhj ~BOQ]n]Z]nKgG GWILK MJKNifULKNb>PuiLV�~ GWILY\G{GJILK>bJV_RfGWKhIcY_M ^ Y\OQ]QKgU��eY_iLU ~BIfOQ[mI
MJoZKN[gOnrc[ IfVvoAY_]QVvifw GWILK bPVvRfGWK/[lY_RLMPKNU GWILK�GJbJVvR 2 ]QK\�/��i rcwvRLbPK �|� � ~{K MJKgK GWIcY\G�� [NY_iLiLV\G
MJKgiLU�Y/ocY_[ P\KgGBGWV��8�f��i<GWIfOQM{[NY_MJK��H~BOn]Q]�MJKgiLU�Y j�MDjkj S KNMPMWY_w_K 2 Y_[ P GWV � Onif^qVvb S OniLw �



� ��� ��� � �	� ��� ���� � �%
���(� ������� ��� � 
 � �

GWILY\Gk]QOQi�P � �HOQM 2 bJV P\KNi�� � VeULK � ~BOQ]Q] GWILKgi�bPK S V��_K$GJILOQM IfVvo�]nOQi	P ^qbJV S OnGJMkbPVvRfGJK$[NY_[mILK\�
� ^ � ~{Y_i4GWM GWV MPKNiLU Y_ULULOTGWOQV_icY_]{oLY_[ P_K GWM GWVAULKNMyGWOQiLY\GWOnVvi �:�aOnG/~BOQ]Q]{IcYl�vK GWV KNOTGWILKgb�rciLU
Y_i K �|OnMPGWOniLw�Y_]nGJKNbPicY\GWK/bJVvRfGJK OQi OnGJM>[lY\[mILK V_b�bJKNOniLOnGJOpY\GJK/Y)bPVvRfGWK ULOnMJ[gV��_KNb 3 oLbJVe[NKgULRLbPK ^qVvb
ULKgMPGWOnicY\GJOQVvi��:�

�>C�� C � �� !) �,���� !7

� ILK S Y_Oni Y_Uf�\Y_i4GmY_w_KhV_^ MJVvRfbJ[NKhbJVvR|GWOQifw$OnM GJIcY\G OQi4GJKNb S KNUfOpY\GJKkifV|ULKgM Oni GJILKkiLKgG�~ Vvb P RLMPKNU
GWV<^qV_bP~{Y_bJU ocY_[ P\KgGJM,Y\bJK iLV_G>bJKNtuRLOnbJKgU GJV S Y\OQi4GmY_Oni RLo GJV)UcY\GWK/bJVvRfGJOQiLw)Onif^qVvb S Y\GJOQVvi �>��i
G dfj:��GWILKgbJKsOnM8Y_]nMJVkiLV>iLKgKNU�^qVvb o KgbJOQVeULOn[ 2 KlY\[NVviLM GWV Rfo UcY GWK{ifKNOQw_I 2 VvRLbPILVeV|U,OQif^qVvb S Y GWOQV_i��
� ILOnMs~BOQ]Q]ZbJKgULRL[gK 2 Y_iLUf~BOnUfGWI�Y_iLU oZV�~{KgbkV��_KNbJIfKlY_U��cKgMJoZKN[gOpY_]n] 3 ~BILKNi GWILKgbJK�OnMs]QOTGJGW]nK Vvb{iLV
iLVeULK S V 2 OQ]nOnG 3 �

F�iLVeULK [lY_i Y_]nMJV.ULOnMJ[NV��_KNb bJVvR|GWK OQi|^qVvb S Y\GWOnVvi 2u3 ]QOQMyGWKgiLOQiLw OQi Vvi ocY_[ P\KgGJM�GJIcY\G OnG
bJKg[NKgOn�vKgMN�D� ^ �4^qVvbDOQiLMyGmY_if[NKhY,iLVeULK��	bJVvRfGJOQiLw$ocY_[ P\KgGJM GWV,iLVeULK � �eOpY:iLVeULK � ~BOQ]n]LULOQMP[NV��vKgb
2 V_GWI bJV_RfGWKgMBGJV 2 V_GJI �0Y_ifU �8�

� ILK ^ Y_[ G/GJIcY\G,ocY_[ P_K GWM S RfMPG�OniL[N]nRLULK GWILK MJVvRfbJ[NK bJVvRfGJK ^qbPV S MJVvRfbJ[NK GWV UfKNMJOTGWicY GWOQV_i
iLVeULK S KNY_iLMaGWILY\GDKlY_[mI Y_iLU Kg�_KNb 3 ocY\[ P_KgG OQi4GJbJVeULRL[NKgMDMJV S K 2 Y_iLUf~BOnUfGWI V��vKgbJILKNY_U GJV,MyGWVvbPK
GWIfOQM bJV_RfGWK�Onif^qVvb S Y\GJOQVvi�� � ILOnM V��_KNbPILKlY_U�OQMsUfOQbJKg[gGJ] 3 ofbJVvoZVvbPGJOQVviLY_]ZGJV GWILK�iuR S�2 KNbBV_^�ILV_oLM
ocY_[ P\KgGJM S RLMyG GWbJY��_KNbPMJK,^qbPV S MPVvRLbP[NK�GWV ULKNMyGWOnicY\GWOnVvi��

X�OQiLY_]Q] 3 ��OQi G dfj:�\GWIfK{iLVeULKNM VvoZKNbWY GWK{Oni/oLbPV S OQMJ[gRLVvRLM S VeULK\�\]nOQMPGJKNiLOniLwkOQi/GJV>Y_]n]eoLY_[ P_K GWM
OnG8bJKN[gKNOT�vKNMDMP[lY_iLifOQiLw�^qVvb8Onif^qVvb S Y\GJOQVvi � � IfOQMaOQM8Y:MPKN[gRLbJOTG 3 bJOnM P/Y_iLU MJV S K S KN[mIcY_ifOQM S&S RLMyG
2 K$ofbJV��eOQULKgU�GJV MPKN[gRLbJK:GWILK:oLbPV_GWVe[NV_] J O � K\�aMJV S K>^qVvb S V_^8KgiL[Nb 3 ofGWOnVvi K �

���
	 � & �! � & �.��� � � "%$�&���&0/ &�) '�� � "

� ILK � VviLKkjBVvRfGWOniLw:�abJV_GJV|[gVv] J ��jk� K 	 � �L�e� � ��OnMaOQi Y�[N]pY\MJMDV_^ /��,')
*� � bPVvRfGJOQiLw:oLbPV_GWVe[NVv]nMN� � G
[NV S�2 OQifKNM 2 V\GWI�Y bJKlY\[gGWOT�vK$Y_iLU�oLbPV4Y_[gGJOn�_K$bPVvRfGJOQiLw oLbPV_GWVe[NV_] � � ILK$iLK G�~{Vvb P)OQM MPR 2 UfOn�eOQULKgU
OQi4GJV bJKgwvOQV_iLMN�8[NY_]Q]nKNU�����" ���)Y_ifU IcY_M Y�oLbJV_GJV|[gVv]a^qVvb/bPVvRfGJOQiLw�OQiLMPOQULK Y �NV_iLK)Y_iLU VviLK ^qVvb
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bJV_RfGWOniLw 2 K G�~{KgKNi S RL]nGJOQoL]nK �NV_iLKNMg�
� ILK:G�~{V oLbJV_GJV|[gVv]QMBY\bJK:GWILK:��i4GWbJY,�NVvifK/jBVvRfGJOQiLw �abJV_GJV|[gVv] J ��F jh� KBY_iLU GWILK$��i4GWKgb �NV_iLK

jBVvRfGWOniLw �abJV_GJV|[gVv] J ��MDjk� K �a��F>jk�0OnM RLMJKgU GWVAbJV_RfGWK ocY_[ P\KgGJM ~BOTGWILOni Y �gVviLK_�{Y_iLU S Y 3
RLMPK Y .�
�)����� � �,��bPVvRfGWOniLw oLbJV\GWVe[NVv] MPRL[mI Y_M G d G �/� G O 	 KgbJKgiuG �NV_iLKNM S Y 3 bPRLi UfO 	 KNbJKgi4G
oLbPV_GWVe[NVv]nMN�aFh]QMJVf�f~BILKNi S V 2 OQ]nOnG 3 bJKgMJRL]TGWMBOQi Y GWVvoZVv]nVvw 3 [mIcY_iLwvK\�cGWILOnM OQif^qVvb S Y GWOQV_i OQM V_iL] 3
oLbPVvocY_w4Y GWKNU)~BOTGWILOni GJILK$Y 	 KN[gGJKNU��NVvifK,Y\iLU�ifV_G GWILbPVvRLwvIfVvRfG GWIfK$Kgi4GWOQbPK:iLKgG�~ Vvb P��

� ILK)��MDjh� OQM Y 
� ������� �,�)bPVvRfGWOniLw oLbPV_GWVe[NV_]sY_iLU.RfMJKNU.^qVvb/ULOQMP[NV��vKgbJOQifw bJVvRfGJKNM Y_[gbJVvMPM
GWIfK<iLKgG�~ Vvb P 2 K G�~{KgKNi S RL]TGWOQof]QK bJVvRfGJOQiLw �NVviLKgMN�A� ^BGWILK<UfKNMPGJOQicY GWOQV_i OQM�ifV_G�Oni GWILK<MJY S K
bJV_RfGWOniLw �NVvifK_� GJILK oLbJV\GWVe[NVv]s~BOn]Q] 2 bJV4Y_Uf[lY_MyG Y jkj�M�� S KNMPMWY_w_K GJVAY_]Q] 2 VvbPULKNb iLVeULKgM Oni
GWIfK�[NRLbPbJKNi4G��NV_iLK J 2 VvbJULKgbJ[NY_MPGJM K � � ILK 2 VvbJUfKNb iLVeULKNMs~BOn]Q]Z^qVvbP~{Y_bJU)GJILK:jhj M�� S KNMPMWY_wvK�OT^
GWIfK�ULKNMyGWOnicY\GWOnVvi ifV|ULK,OQMhiLV_G>Oni�GJILKNOnb bJV_RfGWOniLw �gVviLK_� � ILOQM>bPKNoZKlY\GJM RLi4GJOQ] GWILK�UfKNMPGJOQicY GWOQV_i
iLVeULK:IcY_M 2 KNKNi ^qVvRLifU Y_ifU Y jkj�MD� OnM bJKgGJRLbJifKNU�GJV GWILK:MJKgiLULKgbN� � ILK,��MDjk� OQif[N]QRfULKNM GWIfK
�{VvbPULKNbP[lY_MyG�jBKNMPVv]QR|GWOQV_i �DbPV_GWVe[NV_] J �sjk� K>~BIfOQ[mIAIcY_iLUL]nKNM S Y_icY_wvK S Kgi4G,V\^{iLVeULKgM,Vvi GWIfK
2 VvbJULKgb>V_^aGJILK �NV_iLK_� � ILOnM oLbPV_GWVe[NV_]�Y_]n]QV�~BMh^qV_bhGWIfK�MJKgiLULOQifw<V_^ S KNMJMJY_wvKgM>^qbJV S VviLK/iLV|UfK
GWV Y_]n]�V_^�GWILK:iLVeULKgMhY G GWILK:KNUfwvK:V_^ GJILK:[NRLbPbJKgiuG �NV_iLK_�

�>C��>C � 	 :� ��������������� � �� 

� ILK�bPVvRfGWOniLw&�NV_iLK�V_^ Y�iLVeULK � OnMsULKgrLiLKNU 243 GWIfK�MJKgGBV\^�Y\]Q]ZiLV|UfKNMs~BILOn[mI�[NY_i 2 K�bPKlY_[mIfKNU
~BOnGJILOQi Y,MPo Kg[NOTrc[ S OQiLO S R S ieR S�2 Kgb V\^ILVvoLM ^qbJV S ���u��i rcwvRfbJK��e� ��~{K MJKNKkGWIcY G{iLVeULKgM{F/�
� � z � M �*H,� �m� �<Y_bPK�Y_]n] ~BOTGWILOni � IfVvoLMh^qbPV S iLVeULK G � F ]nMJVL�ZMJRLofo VvMPK iLVeULK � ~BOQMPILKNM GJV
MJKgiLUAY S KNMJMJY_wvK/GJV)iLVeULK %s�deOQiL[gK %�OQMhiLV_G�Oni GWILK/bJVvRfGJOQiLw �NVvifK V_^ �:� Y bJV_RfGWK�bPKNtuRLKgMPG
S KNMJMJY_wvK:OQM MPKNi4GBGWV GWIfK 2 VvbPULKNbBiLVeULKNMBV_^ � ��" ��� J z Y_ifU G K � � ILKgMJK/ifV|ULKgM ~BOQ]Q] [mILKN[ P<GJV
MJKgK/OT^ %HOQMBOQi GWIfKNOQbBbPVvRfGWOniLw �NVvifK_�&%HOQMBiLV_GB^qVvRfiLU Y_ifU�GJIeRfM � ^qV_bP~{Y_bJULM GJILK,bPKNtuRLKgMPG GJV
GWIfK iLK �eG�MJK G/V\^ 2 VvbJULKgb,ifV|ULKgM,F,� G ��X Y_iLUFH,� ��^qVvbP~{Y_bPULM$GJILK bJKNtuRLKgMPG,GWV F,� z � M � �
Y_iLU �f� � V�~:�ZGWILK,ULKNMyGWOnicY\GWOnVvi�iLV|UfK %0OnMk^qVvRfiLU OQi�GWILK �NVvifKNM>V_^ 2 V_GJI M Y_iLU X �ZF&bJKgoL] 3
OQM MPKNi4G 2 Y_[ P GJV iLVeULK ���
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X�OnwvRLbJK$�e� � � ��jk� K �fY S of]QK �{d|ILV�~BM��NVvifKNM ^qVvb iLVeULKNMkF/� G ��Y_iLU ` �
�>C��>C�� �� !) �,���� !7

� ILOnM8oLbJV\GWVe[NVv]|OQM8Y>I 3e2 bPOQU VviLK{GWY<PuOQiLw>Y_Uf�\Y_i4GmY_w_KsV_^ 2 V\GWI oLbPV4Y_[gGJOn�_K Y_iLU bPKlY_[ GWOn�_KBY_MJoZKN[ GWMg�
jBVvRfGWKgM�[lY\i 2 K<ULOnMJ[gV��_KNbPKNU��vKNb 3 tuRLOn[ Pe] 3 ~BOTGWILOni Y �NV_iLK_� Y_iLU.UfKNMPGJOQicY GWOQV_iLM�VvRfGJMJOnULK GWIfK
bJV_RfGWOniLw&�NVvifK,Y\bJK�^qVvRLiLU 243 Y_M PeOniLw Y MPR 2 MPKgGhV_^�ifV|ULKgM ^qbJV S ~BOnGWIfOQi)GWILK �gVviLK_�

F iLV\GWILKgb Y_U|�_Y\iuGWY_wvK V_^$GWILK � VviLKAjBVvRfGJOQiLw��abJV\GWVe[NVv]�OnM GJIcY\G GWIfKAofbJV_GJV|[gVv]>[lY\i 2 K
Y_U .PRfMPGWKgU GWV:~ Vvb P Vvi ULO 	 KNbPKNi4G GJVvoZVv]QVvw_OQKNMg� � IfK �NV_iLKhUfOpY S KgGJKNb J iuR S�2 KNb V_^ ILVvoLMQK [lY\i 2 K
[mIcY_ifwvKNU 2u3 Y_i�Y_U S OQiLOnMPGWbJY\GWV_b GWV Vvo|GWO S O �gK>VvoZKNbJY\GWOnVvi)OQi ocY_byGWOn[NRL]QY_bsiLK G�~{Vvb P)MJ[gKNicY_bPOQVvMg�

����� � $  �$6$��  23

��i.GWILOnM�MJKg[gGJOQVvi��8~ K IcYl�vK)MPKNKNi Y_i.V��vKgbP�eOQK ~ V_^BGJbWY_ULOTGWOnVvicY_]DbJV_RfGWOniLw Y_]nwvVvbJOTGWI S M:^qVvb Y_U|�
ILVe[/iLK G�~{V_b PuMN� � ILK S Y_OQi�ULOQMJY_Uf�\Y_i4GmY\wvK/V_^aGJILKNMPK Y_]nwvVvbJOTGWI S MBOQMkGWIcY\GhGWILK 3 bPKNtuRLOnbJK�]QY_bJwvK
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V��vKgbJILKNY_U Oni S Y\OQi4GmY_OniLOQifw�bPVvRfGWOniLw GWY 2 ]QKgM Vvb�ULOnMJ[gV��_KNbPOQiLw bJV_RfGWKgMN� � IfKNMJK oLbPV_GWVe[NV_]QM,~BOn]Q]
���cVeVeU��hGWILK:iLK G�~{V_b P)ULRLbPOQiLw bPVvRfGWK:ULOnMJ[gV��_KNb 3 ��Vvb bJV_RfGWOniLw GmY 2 ]nK>RLoZUcY\GJKNMN�
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��i�GJILOQMB[mIcY\ofGWKgbk~ K/ULKgMJ[gbJO 2 K$Y [g]pY_MPMkV\^8bJV_RfGWOniLw Y_]QwvV_bJOnGJI S M>PuiLV�~Bi Y_M � � � �,� �+��"�� ��� �,
�:V_b
$���� � ����
��+�>bJVvR|GWOQifwL� � ILOQMB[g]pY_MPMkV\^8Y_]nwvVvbPOnGWI S M oLbJV��eOQULK:MPV S K$Y_UfULOnGJOQVvicY\]�Y_Uf�\Y_i4GWY_wvKNMBV��vKgb
GWbJY_ULOTGWOQV_icY_]_GJVvo V_]QVvw 3>2 Y_MJKgU Y_]Qw_VvbJOTGWI S MN� � K ~BOn]Q]4MJKgK{GWIfKNMJKsY_Uf�\Y_i4GmY_w_KNM�Oni$GJILK{UfKNMJ[gbJOnofGWOnVvi
V_^aGJILK/wvKgiLKNbJY_] S VeULKN]^qVvbkwvKNV S K GWbJOn[,bPVvRfGJOQiLw oLbJV_GJV|[gVv]QMg� � IfKNMJK Y\]QwvVvbPOnGJI S M S Y<P\K/RLMPK�V_^
OQi|^qVvb S Y\GWOnVvi<Y 2 VvR|G GWILK�oLI 3 MJOn[lY_]V_b wvKNVvw_bWY_oLIfOQ[lY\] oZVvMJOTGWOQV_i<V_^�GWILK:iLVeULKNM Oni)GWILK�iLK G�~{V_b P��
��i/GJILK ^qV_]Q]QV�~BOniLwBMJKN[ GWOnVviLM ~ K ~BOn]Q]4oLbPKNMPKNi4GDYhw_KNiLKgbWY_] S V|ULKg]eY_iLU�Y 2 bJOnKg^cMPRLbP�_K 3 V_^c]nV|[NY\GWOnVvi|�
Yl~sY\bJK$bJVvRfGJOQiLw Y_]nwvVvbPOnGWI S Mg� � OTGWI GWILK:K �f[gKNofGJOQVvi V_^ GJILK:rcicY_]G�~ V<Y_]nwvVvbJOTGWI S MsoLbPKNMPKNi4GWKgU��
GWIfKNMJK Y_]nwvVvbJOTGWI S M UfVkifV_G ���cVeV|U�� GJILKDiLKgG�~ Vvb P$UfRLbJOniLw GWILKgOQbVvoZKNbJY\GWOnVvi�� 2 RfG�MPKN]QKg[gG GWIfK ifK �eG
� 2 KNMyG/�$ifV|ULK:GWV ^qVvbP~{Y_bPU ocY_[ P\KgGJMN� � F jHY_iLU G j�MaF x RLMJKgU . �,
*� ���,����� � � �#"�$)GJV ^qVvby~sY_bPU
ocY_[ P\KgGJM,~BOnGJILOQi�Y bJKNw_OQVvi V_^ GWILK iLKgG�~ Vvb PAUfKgrciLKgU 243 GWILK ]QVe[lY GWOQV_i V_^{GJILK MPKNiLUfOQiLw�iLV|UfK
Y_iLU<GJILK>K �foZKN[ GWKgU�bJY_iLwvK V_^ ]QVe[lY\GJOQVvi V_^GWIfK GmY_bPwvKgGN� � ILK S Y_OQi ULOQMJY_Uf�\Y_i4GmY\wvK>V_^ ]nV|[NY\GWOnVvi|�
Yl~sY\bJK Y_]QwvV_bJOnGJI S M�V��vKNb�GWbJY_ULOnGJOQVviLY_]vY_]nwvVvbPOnGWI S M�OnMGWILKDGWbJY_ULK � V 	 V_^ S K S Vvb 3 �vKgbJMPRLM8VvofGJO S Y_]
bJV_RfGWKgMN� d|OQif[NK>GWbJY_ULOTGWOQV_icY_]ZY_]Qw_VvbJOTGWI S M ofbJVvocY\w4Y\GWK�Onif^qVvb S Y\GJOQVvi Y 2 VvRfGsGJILK:iLKgG�~ Vvb P GWV GWIfK
iLVeULKNMBOni GJILK:iLKgG�~ Vvb PZ� S VvbJK�V_ofGWO S Y_] bJVvR|GWKNMB[NY_i 2 K�^qVvRLifU��

� �
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� ILK)^qVv]n]QV�~BOQiLw�ULKNMP[NbPO 2 KNM GWILK)w_KNiLKgbWY_] [mIcY\bWY_[ GWKNbPOQMyGWOQ[gM V_^hY S VeULKN] ^qVvb Y ]QVe[lY GWOQV_i|� Yl~{Y_bJK
bJV_RfGWOniLw Y_]Qw_VvbJOTGWI S �

� � MDY_[mI iLV|UfKhOni GJILKhifKgG�~ Vvb P IcY_MDGWILK S KlY_iLMDGWV$ULK GWKNb S OniLK GWILKgOQbDoLI 3 MJOn[lY_]Zo V_MJOnGJOQVvi Oni
GJILKNOnbsKNi4�eOQbPVvi S KNi4Gl� � ILOnMs[lY_i 2 K�V 2 GWY_OQiLKgU)GWILbPVvRLwvI Y `:� d bPKN[gKNOn�_KNbBVvb V_GJILKNb MPRL[mI
S KN[mIcY\iLOQM S �

�|�BFh]Q]�ifV|ULKgM S RLMPG S Y<P_K RfMJK V_^{Y � � � �,���+��" � ��
 � �+��� GJV)rciLU GWILK oZVvMJOTGWOnVvi V_^ Y)ULKg�eOQ[gK
~BOTGWI/~BILOn[mI/GWIfK 3 ~BOQMJI,GWV>[gV S S RLiLOQ[NY\GWK\����� � �,���+��" � ��
 � �+�����sY_bJK iLV_G�ULOQMP[NRLMPMJKNU ILKgbJK\�

�f� � OTGWI)GWILK:]nV|[NY\GWOnVvi)OQif^qV_b S Y\GWOnVvi V_^ GWILK:ULKgMPGJOQicY\GJOQVvi �fGWILK:bPVvRfGWOniLw ULKN[gOQMPOQVviLMkY\GBKNY_[mI
ILV_o Oni GJILKhbPVvRfGJKk[NY_i 2 K S Y_UfK 2 Y_MJKgU Vvi GWILKk]QVe[lY GWOQV_i V_^ GJILKh[gRLbJbPKNi4G iLV|UfK Y_ifU GWIfK
]nV|[NY\GWOnVvi<V_^�GWILK:ULKgMPGJOQicY\GJOQVvi

�L� � ILKgbJK:OQM ifV iLKgKNU ^qVvb ULK �|On[NKgMkGJV MyGWVvbPK�bJVvR|GWOQifw GWY 2 ]nKNMN� G Kg�eOQ[gKNMkVviL] 3 S Y\OQi4GmY_Oni GWIfK
Onif^qVvb S Y\GJOQVvi Y 2 V_RfG GWILKgOQb VvifK ��IfVvo J MJV S KgGJO S KNM{G�~ V\� ILVvo KsiLKgOQwvI 2 VvRLbJMg�

�|� � ILKgbJK:OQM ifV ifKNKNU ^qVvb Y\ULULOnGJOQVviLY_] S KNMPMWY_wvKgMBMJKNi4GkOQi<GJILK:iLKgG�~ Vvb P GWV S Y_OQi4GmY\OQi<bPVvRfGP�
OniLw GmY 2 ]QKgMN� G K �|On[NKgM�OQi GJILK�iLK G�~{Vvb P�~BOn]Q]�MJO S oL] 3 o KgbJOQVeULOn[lY_]n] 3)2 bPV4Y_UL[NY_MPG�Y '�� ������"
[gVvi4GmY_OniLOQiLw Onif^qVvb S Y\GJOQVvi MJRL[mI Y_MBiLVeULK:OQULKgiuGJOnrcKgbBY_iLU wvKgVvwvbWY\oLILOQ[�[gV|V_bJULOnicY\GWKgMN�

�f�BFhi<Y_ULUfOnGWOnVvicY_]fY_Uf�\Y_i4GmY\wvKhV\^�RLMPOQiLw$bJVvR|GWOQifw 2 Y_MJKgU Vvi o VvMPOnGJOQVvi��_OQMaGWIcY G{OTG Y_]Q]nV�~BMa^qVvb
GJILK�Y 2 On]QOTG 3 GWV�MPKNiLU S KNMPMWY_wvKgM{GWV/ULKg�eOQ[gKNM Oni<Y�ocY_byGWOn[NRL]QY_b Y_bJKNYf�aF i<K �fY S of]QK V\^GWILOnM
~ VvRL]nU 2 K/Y GmY\bJwvK GWKNU Y_Uf�vKgbPGJOQMJOniLw<Y\oLoL]QOn[lY\GJOQVvi)~BILKgbJK Onif^qVvb S Y\GJOQVvi)OnM MJKgi4G>GWV<RfMJKNbPM
Y_MhGWILK 3 KgiuGJKNb�Y<[gKNbyGmY_Oni Y_bJKNY MJRf[mI�Y\M>Y<MJIfVvoLoLOniLw S Y_]Q] � � IfOQM>OnM [lY\]Q]QKgU $���� � �������#"�$
	 �v� ��Y\iLU�~BOn]Q] iLV_G 2 K$UfOQMJ[gRLMJMPKNU�^qRLbPGJILKNbg�

HhV�~ Kg�vKgbN�LGJILKNbPK�Y_bJK S Y_i 3 �\Y_bJOQY\GWOnVviLMDVvi GJILOQM S VeULKg] �8XcVvb K �fY S oL]nK_�fMPV S K>Y_]nwvVvbJOTGWI S M
S Y 3 [mILV|V_MJK GWV�MPGJVvbJK MJV S K OQi|^qVvb S Y\GWOnVvi V_i�bPVvRfGWKgM$GJIcY\G:IcYl�_K ULOnMJ[gV��_KNbPKNU MPRL[mI Y_M �F>j
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J ~BIfOQ[mI ~ K ~BOn]Q]8MPKNK<MPILVvbPGJ] 3 K�VviL] 3 RLMJOniLw ]nV|[NY\GWOnVvi OQif^qVvb S Y GWOQV_i ^qVvb$bJVvRfGJK UfOQMJ[gV��vKNb 3 Y\iLU
iLV_GD^qVvbDY\[gGWRLY_]cbJVvR|GWOQifwL�ad|V S KBY_]nwvVvbPOnGWI S M S Y 3 iLV\G K �|oL]QOn[NOnGJ] 3 RLMJKhY�]QVe[lY\GJOQVvi MPKNby�|On[NK\� 2 R|G
S Y 3 oLbJV_ocY_w4Y\GJK�]QVe[lY\GJOQVvi)Onif^qVvb S Y\GJOQVvi Y 2 VvRfGBiLVeULKNM ~BOTGWILOni)UcY\GmY ocY_[ P\KgGJMN�
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��i GWILOnM�MJKN[ GWOnVvi ~{K ~BOQ]n]�ULKNY_]8~BOnGJIAY MPRLOnGJK V_^ $,
���� � � Y_]Qw_VvbJOTGWI S M 	 � �f��� � � � �{RfG:rcbPMPGl�~ K
~BOQ]n]LOQi4GJbJVeULRL[NKBGWIfKhULK rciLOTGWOQV_i V_^�.�
� $,
������ 	 � ��� �a�abJVvw_bJKNMPM OnM GJILK S Y_Oni OQULKNY 2 KNILOniLU MJKg�_KNbJY_]
bJV_RfGWOniLw Y\]QwvVvbPOnGJI S Mg�<� ^ ~ K IcYl�vK<Y iLVeULK � ~BOQMPILOQiLw�GWV�^qVvbP~{Y_bJU Y�ocY_[ P\KgGN�8GWILK oLbJVvw_bJKNMPM
V_^BY iLKgOQwvI 2 VvRLb$iLV|UfK "�OQM:GWIfK oLbPV .PKN[ GWOnVvi Vvi4GJV�GWIfK ]nOQiLK ^qbJV S � GJV�GJILK UfKNMPGJOQicY GWOQV_i��<� ^
iLVeULK "�]pY 3 OQi GJILK/^qVvby~sY_bPU ULOQbPKN[ GWOQV_i��ZGJILKNi GJILK�iLVeULK�IcY\M .0� ���#� � �,�/Vvb � ��
 � �,
 � .�
�� $,
����� �
V_GJILKNby~BOQMJK:OTGBOQM MWY\OQU)GWV IcYl�vK " �+$(�,��� �,�:Vvb '������ � �,
 � � .�
� $,
����� �

X�OnwvRLbJK��f� � � �abPVvwvbJKgMJM � � VeULKNM F Y_ifU	� Y_bPK�Oni ^qV_bP~{Y_bJU	UfOQbJKg[gGJOQVvi J oZVvMJOTGWOT�vKLK � z OnM Oni
2 Y_[ P4~{Y_bJU�ULOQbPKN[ GWOQV_i J iLKNwvY\GWOT�vKLK ^qbPV S MPVvRLbP[NK$iLV|UfK&� �

��i GJILK � �," � � � � 
� $,
����� S K GWILVeU 	 ��� � �|Y\G KlY_[mI ILVvo Y_]QV_iLw�GWILKBbJV_RfGWK\�|ocY\[ P_KgGJM ^qVvbDVvifK
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iLVeULK ��Y_bPK bJY_iLULV S ] 3 ^qVvbP~{Y_bPULKNU/GJV>Y_i 3 iLKgOQwvI 2 VvRLbJOniLwkiLV|UfK GWILY\G S Y<P\KNM ^qV_bP~{Y_bJU,oLbJVvw_bJKNMPM
^qbJV S GJILKs[gRLbJbPKNi4GDiLVeULK{GWV�~{Y_bJUfM�GWILK GmY_bPwvKgGN����i�rcwvRfbJK �f� � iLVeULK �{~{V_RL]QU bJY_iLULV S ] 3 [mIfV|VvMPK
^qbJV S iLVeULKNM�� Vvb �B�

��i GWIfK � � ����� ��
 � �,
 � � �#�#/��#" � � � �# � S KgGWIfV|U�Vvb x X8j 	 � � � ��GJILK/ifKNOQw_I 2 VvRLbBMPKN]QKg[gGJKNU
OQMsGJILK:VviLK�~BILOn[mI�OnM [N]QV_MJKNMyGBGWV GWILK:ULKgMPGJOQicY\GJOQVvi �fGWIcY GBOQM IcY_M GJILK S VvMyG ^qVvbP~{Y_bPU�ofbJVvwvbPKNMPMN�

� ILK x X8j Y\]QwvVvbPOnGJI S OQM S V|UfOnrcKgU.OQi 	 � � �s~BILKgbJK iLVeULKNM [NY_i Y_U .PRLMyG GWILKgOQb�oZV�~{Kgb GJV
.PRLMyG>[NV��_KNbhGJILK/UfOQMPGWY_iL[gK 2 KgG�~ KNKNi ifV|ULKgM Oni [NV S S RfiLOQ[NY\GWOnVvi�� � IfOQM bPKNMPRL]nGJMhOni�^qVvby~sY_bPULOQifw
ocY_[ P\KgGJMs^qVvbsY,GWY_bJw_KgG{GJV/GWIfK>[N]nVvMJKgMPG iLKgOQwvI 2 VvRLb ~BOnGWI ^qVvbP~{Y_bJU oLbJVvw_bJKNMPMN� � ILOnM{OQMNPuiLV�~Bi�Y\M
� � �,
������ � �#�#/�� ��
 � �,
 � � 
� $,
�����$Vvb � X8���

��i rcwvRLbPK �f� � � ~ K MJKgK iLVeULKNM ~BOTGWI ^qV_bP~{Y_bJU Y_ifU 2 Y_[ P4~{Y_bJUAoLbJV_wvbJKgMJM ^qbPV S iLV|UfK � ����i
x X8j:�LiLVeULK � ~{V_RL]QU 2 K:MPKN]QKg[gGJKNU��L~BILOn]QK>~BOTGWI � X8� iLKNOnwvI 2 VvRfb � ~{VvRf]QU 2 K:[mILV_MJKNi �

X�OnwvRLbJK �f� � �D`�bJKNKgU 3 Y\]QwvVvbPOnGJI S ��X�OniLULOniLw Y/bPVvRfGWKh^qbJV S MJVvRfbJ[NK �>GWV ULKgMPGWOnicY\GJOQVvi � ^ Y_OQ]nM{Y\M
iLVeULK�� IcY\MkifV ifKNOQw_I 2 VvRLbPM ~BOnGWI)^qVvby~sY\bJU oLbJV_wvbJKgMJMN�

X�OQiLY_]Q] 3 �{~ K [lY_i MPKNK GWIcY G)wvbJKgKNU 3 ^qVvbP~{Y_bPULOQiLw Y_]QwvV_bJOnGJI S M Y_]nVviLK�[lY_iLifV_G wvRcY_bJY_i4GWKgK
ULKg]QOn�_KNb 3 V_^kocY\[ P_KgGJMN� � IfKNbJK Y\bJK<MPV S K iLKgG�~ Vvb P�GWVvoZVv]QV_wvOQKgMN��MPRL[mI Y_M/GWIfK)VviLK<MPILV�~Bi Oni
rcwvRfbJKh�f� �e�u~BIfKNbJKhY:ocY_[ P_K G S Y 3 2 K ^qVvby~sY_bPULKNU GWV,Y$ifV|ULKB~BILKgbJK ifV$^qVvby~sY\bJU oLbJVvw_bJKNMPM{[NY_i
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2 K S Y_UfK_�:��i GWILKgMJK [lY_MPKNMg� GJILKNbPK S RLMyG 2 K Y<bPKN[gV��_KNb 3 S Kg[mIcY_iLOnM S � } iLK Y\]QwvVvbPOnGJI S GWIcY G
IcY_MBMPRL[mI Y\i�KgiLIcY_if[NK S KNi4GhOQM&% 
��� � � � ��
���� ��� ��
 � �+�,� � ���� �� �#"�$ ~BILOn[mI�~ K�~BOQ]Q] MJKgK$]QY\GWKgbN�
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��i 	 �_�f�u�v� ��~{KhMJKNKBGWIfK OQi4GJbJVeULRL[gGJOQVvi V_^ GWILKkiLV_GJOQVvi V_^ � � � . ����� ���� ����#"�$_� � ILK OnULKlY:[NV S KgM
^qbJV S GJILK bPKlY_]Z]QOT^qKBoLbJV 2 ]QK S V_^Y,�eOQMJOTGWVvbDGWV/Y/[NOTG 3 GWb 3 OniLw,GJV�icYl�eOQw4Y\GJKkGJV Y/]nV|[NY_]c]pY_ifU S Y\b P
GWILY\GDGWILK 3 [lY_i MJKNKkOQi GWIfKhULOnMPGWY_iL[NK\� � ILKBGWbJY��_KN]nKNb MJILVvRf]QU GmY<P\KhGWIfKkMyGWbPKNKgGJM GJIcY\GDGmY<P\KkGJILK S
OQi)GJILK:ULOQbPKN[gGJOQVvi)[g]QVvMPKNMyGkGJV�~sY_bPULMBGWILK:ULKgMPGWOnicY\GJOQVvi��

X�OnwvRLbJK>�f� � � z{V S oLY_MJMkjBVvRfGWOniLw ^qbJV S � �� !
����GJV �+�,
 $���� �

� V MJKNifU YhocY\[ P_KgG�^qbJV S YkMJVvRLbP[NK iLV|UfK GJV>YhUfKNMPGJOQicY GWOQV_i,iLVeULK\�_ULKg[NOQMPOQVvifM S RLMyG 2 K S Y_UfK
Y\GDKNY_[mI ifV|ULKkY_]nVviLw>GJILKBbJVvRfGJK_� � IfKkifK �eG{ifV|ULKsGJbWYl�vKgbJMPKNU Oni GWILKBiLK G�~{Vvb P OQMa[mILV_MJKNi 2 Y_MPKNU
Vvi OTGWMkULOQbPKN[ GWOQV_i�^qbJV S GJILK/[gRLbJbPKNi4G�iLVeULK,OQi bPKN]QY\GWOnVvi�GJV GWIfK/ULOnbJKN[ GWOnVvi V_^aGJILK/UfKNMPGJOQicY GWOQV_i
^qbJV S GJILKs[NRfbJbJKgi4GDiLV|UfK_� � ILK ifK �eGaiLVeULK [mILVvMPKNi MJIfVvRL]QU 2 K{GJILKsVviLKsGJIcY\G�IcY_M8GWIfKsULOQbPKN[ GWOQV_i
[N]nVvMJKgMPGkGWV GWIcY\GkV_^�GWILK$ULKNMyGWOnicY\GWOnVvi�� � ^ S V_bJK�GWIcY\i VviLK$iLVeULK,^qRf]nrc]n]QM{GJILOQMkoLbJV_o KgbPG 3 J GJILKNbPK
[lY\i 2 K Y S Y �|O S R S V_^DG�~{V�K � GJILKNi VviLK/V_^aGWILK S OnM [mILVvMPKNi�Y_b 2 OnGWbJY_bJOn] 3 �h��i rcw_RLbJK �|� � ~ K
MJKgK$GJILK$Y_]Qw_VvbJOTGWI S Y\G ~ Vvb P��

d|O S oL]nK�[gV S oLY_MJM bJVvRfGJOQiLw�OQM iLV_G<MPR � [NOnKNi4G)GWV w_RcY_bWY\iuGJKNK UfKN]QOT�vKgb 3 V_^:ocY_[ P\KgGJM<^qbJV S
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MJV_RLbJ[gK$GJV GWY_bJw_KgGl� � IfK/Y_R|GWILVvb Oni 	 �_� � IcY_MBMJIfV�~Bi Y iLKgG�~ Vvb P<GJVvoZVv]QVvw 3 ~BILOn[mI�~BOn]Q]�UfKg^qKlY G
[NV S ocY\MJMBbJVvR|GWOQifwL�

! �
	 �7� /  �� & � ��� ���

��i GWILOnMaMJKg[gGWOnVvi��v~ K ~BOQ]Q]|ULKNMP[NbPO 2 KsG�~{V ������� ���� !���#"�$ Y_]QwvV_bJOnGJI S M 	 �f�u�_�e�4�4� �f~BILKNbPKkoLY_[ P_K GWM
Y_bPK�oLbPVvwvbPKNMJMPOn�_KN] 3 ^qV_bP~{Y_bJULKgU GJILbJVvRfwvI OniuGJKNb S KgULOpY\GJK iLV|UfKNM Y_[NbPVvMJM Y_U .JY_[gKNi4G ����������V_^>Y
oL]QY_icY_bsw_bWY_oLI GWV�~{Y_bJUfMBGJILK:ULKNMyGWOnicY\GWOnVvi iLVeULK_�

F [gVviLiLKg[gGWKgU�oL]pY_iLY_b,w_bWY_oLI�~BOQ]Q]DMPR 2 UfOn�eOQULK GWILK oL]pY\iLK OniuGJV Y MPKgG V\^BY_U .JY_[gKNi4G ��������� �
� ILKgMJK/^ Y_[gKNMhY_bJK 2 VvRLiLULKgU 243 Y oZVv] 3 w_VvicY_]MPIcY_oZK S Y_ULK 243 GWILK$KNULw_KNM V\^�GWIfK/wvbJY_oLI��s� ^8Y
ocY_[ P\KgG Y_bPbJOT�vKNMDY GaY �vKgbPGJK � ���\~BILOQ[mI ]QOnKNM�Vvi Y ^ Y_[gK � �_GWIfKsocY_[ P\KgGD[lY\i 2 K{^qVvby~sY\bJULKgU Y_bJVvRfiLU
GWIfK 2 VvRLiLUcY\b 3 V_^ � 243 RLMJOniLw GJILK,~ KN]n] KgMPGmY 2 ]QOnMJILKgU 
*� $�/�� �+/ �," � 
* �� � 	 ��� � � IfOQM bPRL]QK$MPGWY\GWKgM
GWILY\G On^ 3 VvR@P_KNKgo 3 VvRLb bPOQwvI4G IcY\iLU Vvi<GWILK>~{Y_]n] ~BILOn]QK ~{Y_] PuOniLw/^qVvby~sY_bPU��cY_]n] GJILK>~sY\]Q]QM V_^ Y
S Y,�NK�[NY_i 2 K�GWbWYl�_KNbJMPKNU�� � ILOQMBbPRL]QK�OnMsGWILK 2 Y_MPOQM ^qVvbsGJILK�������� 
��� ����#"�$�Y_]nwvVvbPOnGWI S Mg�8X�OnwvRLbJK
�f��� MJILV�~BMBGWILK$Y_]nwvVvbJOTGWI S ULK �vKg]QVvoZKNU�OQi 	 �\� � �

� ILK VvoZKNbJY\GWOnVvi V_^DGJILK � ����� ���AY_]nwvVvbPOnGWI S OQM UfKNoLOn[gGWKgU OQi rcw_RLbJK �|� �|� F ]Q]�iLVeULKNMEPuiLV�~
GWIfKNOQb ]QVe[lY\GJOQVvihOQif^qVvb S Y GWOQV_i>Y_]nVviLw{~BOTGWI>GWIfK ]nV|[NY\GWOnVvi V\^eGJILK8GmY\bJwvK G iLV|UfK_� � ILK

line(source,

target)
OnMDRLMJKgU GWV S KlY_MPRLbJKBoLbPVvwvbJKgMJM V_^ GJILKhY_]QwvV_bJOnGJI S � � IfKhocY\[ P_KgG OQMa^qVvby~sY\bJULKgU<Y_bPVvRLiLU

GWIfK 2 VvRfiLUcY_b 3 V_^DGJILK/^ Y_[gK Y_iLU GWIfK�o V_OQi4G J M KhV_^DOni4GWKNbPMJKg[gGWOnVvi V_^DGWIfK
line(source, target)Y_bPK$bPKN[gVvbJULKgU��

� ILK:KNULw_K:~BIfOQ[mI�IcY_MsGWIfK$Oni4GWKNbPMJKg[gGWOnVvi o V_OQi4G . [g]QVvMPKNMyGkGJV�GWILK�GWY_bJwvK GBOQM [mILV_MJKNi�Y_M GWIfK
���cOno��aKNULwvK GWV GJILK iLK �eG8^ Y_[gK_� F iLK ~

line(p, target)
OnM ifV�~�RfMJKNU�Y_M8YBGWKNMyG�^qVvb�OQi4GJKNbJMPKN[ GWOQV_i

MPGWY_bPGJOQiLw>Y\G8GWIfK{GWbJY��_KNbPMWY_]LV\^ ifK �eGa^ Y_[NK\� � ILOnM8oLbPV|[gKNULRLbPK bJKgo KNY\GWMaRLi4GJOQ]|GJILK{GWY_bJwvK GaIcY_M 2 KgKNi
bJKNY_[mILKgU��

� ILK Y_]nwvVvbJOTGWI S ~BOQ]Q]BbPKlY_[mI GWIfK GmY_bPwvKgG iLVeULK ~BOnGJI Y\G S VvMyG&���
m

�aIfVvoLM ~BILKgbJK
m
OnM

GWIfK ieR S�2 Kgb<V_^$KNUfwvKNM)Oni GWILK RfiLULKNbP] 3 OQifw iLKgG�~ Vvb PZ�&FsG KlY_[mI OTGWKNbJY\GWOnVvi��{GJILK ocY_[ P\KgG OnM
^qVvby~sY_bPULKNU Y\bJVvRLifU<GWILK>[gV S oL]QK GWK 2 VvRLifUcY_b 3 V_^GJILK ^ Y_[gK_� } iL[NKhGWIcY\GsOQM{[gV S oL]QK GWK_�eOnG S RLMyG



� ��� � � ��� ����� ���� � � � �

X�OQwvRfbJK��f���#� � ILK,X�Y_[NK � � jBVvRfGWOniLw F ]nwvVvbPOnGWI S �

X�OnwvRLbJK:�|� � �DX�Y_[gK � � �ajBVvRfGWOniLw�^qbJV S � �� !
����GJV �+�,
 $���� �
2 K/^qVvbP~{Y_bPULKNU Y_wvY_OQi�� 2 Y_[ P�GWV GJILK*���LOQo��,KgULwvK\� � ILOQM>[NY_i 2 K�O S oLbJV��_KNU GWV<� �

m
�LILVvoLM 2u3

^qVvby~sY_bPULOQifw/GWILK�oLY_[ P_K GkGJV�GWILK�ifK �eG(���cOno�� KNULw_K�Vvi<GWILK�MPILVvbyGWKNb{V_^ GWILK>G�~ V ocY\GWIfMBY_bJVvRfiLU



� ��� � � ��� ����� ���� � � � �

GWIfK:^ Y\[NK 2 V_RLiLUcY_b 3 �
� ILK�Y_R|GWILVvbPM{Oni 	 � � ofbJVvoZVvMJK>Y_i<O S oLbPV��_K S KNi4G Vvi GWIfK rcbJMyG Y_]nwvVvbPOnGWI S � � ILK�Y\]QwvVvbPOnGJI S

� ����� � � OQM MPILV�~Bi OQi.rcw_RLbJK �f� �f�.��iLMyGWKNY_U V_^kGWbJYl�vKNbPMJOniLw GWILK KNi4GJOQbJK 2 VvRLiLULY_b 3 V\^>Y ^ Y_[gK
Y\G$KlY\[mI OnGJKNbJY\GWOnVvi���GWIfK Y\]QwvVvbPOnGJI S ~BOn]Q]-� �cOQo��/GJV�GJILK ifK �eG,^ Y\[NK ~BILKNi Y_iAOQi4GWKgbJMJKg[gGJOQVviAV_^
line(p, target)

OQM:^qVvRLifU MJRf[mI GWIcY G,GJILOQM$iLKg~ Oni4GWKNbPMJKg[gGWOnVvi oZVvOniuG$OnM$[g]QVvMPKNb:GWV�GWILK GmY_bPwvKgG
GWILY_i�GJILK:oLbJK �eOQVvRLMkVviLK\� � IfOQM ~sY 3 ��GJILK,Y_]QwvV_bJOnGJI S OQMBKNifMJRLbPKNU�GJV S Y<P\K$ofbJVvwvbPKNMPMkGJV�~{Y_bPULM
GWIfK:GWY_bJw_KgGBiLVeULK_�

X�OQwvRfbJK��f� � � � ILK,X�Y_[NK �y� jBVvRfGWOniLw F ]nwvVvbPOnGWI S �

��i rcwvRfbJK �f� �e��~ K [NY_i MPKNK GJILK V_o KgbWY\GJOQVvi V_^sGJILK�������� � � Y_]nwvVvbJOTGWI S � � ILK<Y\]QwvVvbPOnGJI S
GWKgb S OQicY GWKNM$OQi Y�rciLOTGWK iuR S�2 KNb/V\^BMPGWKgoLM Y_M$GWILK ULOQMyGmY_if[NK GJV�GWIfK GmY\bJwvK G�OQM$MJIfbJOQi�PeOniLw Y G
KlY\[mI)OnGWKgbWY\GJOQVvi ����i)oLbJY_[gGJOQ[NK\� � ����� � � oZKNby^qVvb S M 2 KgGPGWKgb{GWIcY\i ������� ���_�uILV�~ Kg�vKgbN��OnG IcY_M 2 KgKNi
MJIfV�~Bi�GWIcY GBOQi K �eGWbPK S K:[lY_MPKNMkOnG [NY_i��eOnMJOnG

Ω(n2)
KgULwvKNMkV_^�GWILK:wvbJY_oLI��



� ��� � �
� � 
 ���� � � ��� � ��� ���� � � ��� � � ��>

X�OnwvRLbJK:�|� � �DX�Y_[gK � � �ajBVvRfGWOniLw�^qbJV S � �� !
����GJV �+�,
 $���� �
! ��� +-��� � ��� $  �.� /  � & �.��� ��� ' + � �

� � ��.�� � �,��������� ���� �� �#"�$,V_b � � � 	 � �L�_��� �|OQM Y_i,K �eGWKgiLMJOnVvi V_^ � ����� ���� ����#"�$_�\~BILOn[mI�bJKgteRfOQbJKgM
Y_iARLiLULKgbJ] 3 OniLw oL]pY\icY_b>iLK G�~{V_b P�� � ILK Y_]nwvVvbPOnGWI S GJbJOQKgM>GWV 2 V_RLiLU GWILK ^ Y_[gK bPVvRfGJOQiLw Y_]nwvV\�
bJOTGWI S GWV S OniLO S O �gK GJILKBULOQMyGmY_if[NKBGWbWYl�_KN]QKgU ^qbPV S GJILK

line(source, target)
��F X8j	oZKNbP^qV_b S M

^ Y_[gK$bPVvRfGJOQiLw Oni G�~ V MPGWKgoLMN�

��C���C � DF������8� !8 ��)��� 4����� �,�����
(BFR[ĉd])

��i �sX8j:� GJILK Y_R|GWILVvbPM)Y_MPMJR S K GWIcY G)Y_i RLofo Kgby� 2 VvRLifU
ĉd

Vvi	GWIfK ]QKgiLw_GWI
cd

J
p∗
K V_^:GWIfK

MJIfVvbPGJKNMPG>bJVvRfGJK
p∗
^qbPV S GWILK/MJVvRLbP[NK �/GWV GJILK�ULKgMPGJOQicY\GJOQVvi	�hOnM�PuiLV�~Bi 2 K ^qVvbJKgIcY_iLU � � ILK 3

]QK G
ε
2 K:Y_i)KN]n]QOQofMJK UfKgrciLKgU 2u3 GWILK�]nV|[gRLMsV_^ Y_]n] oZVvOniuGJM{GWIfK>MJR S V_^ ~BILVvMPK$UfOQMPGWY_iL[gK ^qbJV S �

Y_iLU �kOnM
ĉd

� � IfK�KN]n]QOQofMJK:IcY_M ^qVe[NO V_^ � Y_iLU � � � 3 GWILK,ULKgrcifOnGWOnVvi V\^
ε
� GJILK/MPILVvbyGWKNMyG�ocY\GJI

^qbJV S �/Y_iLU �sGWIfbJVvRLw_I�MPV S K$oZVvOniuG{~BILOQ[mI�]QOnKNM VvRfGJMJOnULK
ε
~BOn]Q] 2 K:]QV_iLwvKNbsGJIcY_i

ĉd

�
� ILK ^ Y_[NK bJVvR|GWOQifw Y_]QwvV_bJOnGJI S OQM:iLV�~ S V|UfOnrcKgUAOni MJRL[mI.Y<~{Y 3 GJIcY\G�~BILKgi GWbJYl�vKNbPMJOniLw

^ Y_[gKNMN� ~{K MyGmY 3 ~BOTGWILOni�GWIfK 2 VvRfiLUcY_b 3 V_^aGJILK�Kg]Q]QOnoLMJK
ε
� � OnGJI GWIfK�ULKgrLiLOnGJOQVvi V\^

BFR
~ K

iLV�~ ILY��_K$GJILK S Y\OQi 2 RLOn]QULOniLw 2 ]nV|[ P V_^
AFR

�



� ��� � �
� � 
 ���� � � ��� � ��� ���� � � ��� � � �v�
��C���C�� .98�)+���,�5
� ��)��* ����� �,������� . � ���

� ILK$oLbJV 2 ]QK S ~BOnGJI��{X8j OQMsGJIcY\GkOQi�Y ~{Vvb PuOQiLw iLK G�~{Vvb P�� Y_i�RLoLoZKNb � 2 VvRLiLU�Vvi GWILK$]QKgiLw_GJI
V_^�GJILK MPILVvbyGWKNMyG ocY\GJI ^qbJV S �>GWV �DOQM{ifV_G PuiLV�~Bi�� � ILK>Y_]QwvV_bJOnGJI S rLbJMPG S RLMyGsULK GWKNb S OniLKhY_i
KNMyGWO S Y\GJK

c̃d

V_^�GWILK:RLi	PuiLV�~Bi��_Y\]QRLK
cd

J
p∗
K � � V 2 KNwvOni��L]nKgG

c̃d := 2s̄t
�

X�OQwvRfbJK:�f� � �D�{VvRfiLULKNU�X�Y_[NK$jBVvRfGJOQiLw J ^ Y_OQ]nRLbJK\�|Kg]Q]QOnoLMJK�MPO �gK�[mILVvMJKgi�GJV|V M S Y_]n] K �
� ILK,Y_]QwvV_bJOnGJI S [NVvi4GJOQiuRLKNMhY_Ms^qVv]n]QV�~BM��
� � M �|KN[gRfGWK,�sX8j 	

c̃d

� �
�|�B� ^L�sX8j Oni � � MPRL[N[gKNKNUfKNU�Oni:rLiLULOQifwhYBbJV_RfGWK8GJVhiLVeULK�� GJILKNi:GWILK Y_]nwvVvbJOTGWI S OnM�rciLOQMPILKNU �
� ^ iLV_Gl�uULV_R 2 ]QKBGWIfKhKgMPGWO S Y GWK V_^ ]QKNifw_GWI V_^�MPILVvbyGWKNMyG{oLY\GWI��

c̃d

��� �
c̃d

�8jkKgo KNY\G{ofbJVe[NKNMPM
MyGmY_byGWOQifw Y\GkMPGWKgo � �

X�OQw_RLbJK,�f� � MJILV�~BM:Y_i RLiLMJRf[N[NKgMJMy^qRL]aK �|KN[gRfGWOnVvi V_^
BFR

�ZGWILK 2 V_RLiLU ~{Y_M>MJK G>GWV M S Y_]Q]
MJV iLV ocY\GJI)GWV GWILK�GWY_bJwvK G ~sY\Mk^qVvRfiLU��a��i GWILK�^qVv]n]QV�~BOQiLw$rcwvRLbPK J �f� >�K GWIfK 2 VvRLifU�ILY_M 2 KgKNi
OQif[NbJKNY_MJKgU���Y_iLU GWIfK,Y\]QwvVvbPOnGJI S MJRL[g[NKNKgULM Oni)rciLULOniLw Y oLY\GWI GWV GWIfK:GWY_bJw_KgGl�



� ��� ���-� ������� 
���� � � ���� ��� � ��� � � ���� � � � �

X OQwvRLbPK��f� > �D�{VvRfiLULKNU X�Y_[NK:jBVvRfGJOQiLw J MPRL[N[gKNMPM K �
� ILKsY\RfGWILV_bJM�MJILV�~.GWILY\G GWILK

AFR
~BOn]Q]vrciLU/YkoLY\GWI$^qbJV S � GWV �~BOnGWI,Y\G S VvMPG } J

c2
d(p

∗)
K

ILVvofMN� � IfK 3 Y_]nMJVs^qRLbyGWILKgb K �|ocY_iLU:GWIfKNOQbF X8j Y\]QwvVvbPOnGJI S ~BOnGWI�% 
��� � � � � /0��
 � � ��.�� � �,� � �����
���� !���#"�$ J ` } F X8j�K 	 � �u�Z� � � �

! ��� � $� � ���� "  �$6� ,  2�� �$ 
0������ �� & �.��� � �

��i 	 � >f��\� � � GWILK Y\RfGWILV_bJM>oLbPKNMPKNi4G�% 
��� � � � ��
*��� ��� ��
 � �+�,� � ���� ����#"�$���% � � ��� � � ILK�~ Vvb P
OQM 2 Y_MPKNU.RLoZVvi GWIfK % 
��� � ��� � ����� �*% 
��� � ����% � %	��Y_]nwvVvbJOTGWI S rcbJMyG oLbJV_o VvMPKNU.Oni 	 ��� � � ILK
Y_]nwvVvbJOTGWI S RLMJKgM/G�~ V S K GWILVeULM:GWV�^qVvbP~{Y_bJU�ocY_[ P\KgGWM OniAGJILK ifKgG�~ Vvb P�� � ILK rcbPMPG,OQM $,
���� � �
� ��
 � �,
 � �#"�$)~BILOn[mI OnMhRLMPKNU ~BIfKNiLK �vKNb�oZVvMPMJO 2 ]QK_�ZY_ifU�GWIfK/MJKg[NVvifU .0��
*��� ��� ��
�� ��
 � �,
 � �#"�$<OnM
RLMPKNU�~BIfKNi GWILK�rcbPMPGk[lY_ifiLV_Gl�
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� ^ iLV|UfKNM PuiLV�~0GWIfK ]nV|[NY\GWOnVvi V_^ Y_]n]�GWIfKNOQb iLKNOnwvI 2 VvRfbJMN�GJILK 3 [NY_i S Y P_K Y)]QVe[lY_]n] 3 VvofGJO S Y_]
bJV_RfGWOniLw ULKg[NOQMPOQVvi 243 [mILV|V_MJOQifw GWILK iLKgOQwvI 2 VvRLb ~BILOQ[mI OQM [N]QV_MJKNMyG wvKNV_wvbWY_ofILOQ[NY_]Q] 3 GWV GWIfK
Kg�_KNi4GWRLY_] UfKNMPGJOQicY GWOQV_i iLV|UfK_� ��iArcw_RLbJK �f� � �<~{K [lY\i�MPKNK Y_i�K �fY S of]QK V_^ GWILK MJKg]QKg[gGWOnVvi V_^
GWIfK iLK �eG�ILVvoAiLVeULK_� � ILK [gRLbJbPKNi4G�iLVeULK � IcY_M�.PRLMPG,bJKg[NKgOn�vKgU.Y S KgMJMWY\wvK ^qV_b$GJILK �+�,
 $���� �
� VeULK ��[mIfV|VvMPKNM OnGWM iLKgOQwvI 2 VvRLb � ~BIfOQ[mI OnM [g]QVvMPKNMyG{GWV$GWILK � �,
 $���� � � ILK [gOQbP[N]QKkY_bPVvRLiLU iLV|UfK
� OQMhGJILK/GJbWY_iLM S OnMJMPOQVvi bJY_iLwvK,V_^DiLVeULK �AY_iLU GJILK�ULV_GPGWKgU Y_bJ[,OQM V\^aGWILK�[gOQbP[N]QK/Y_bJV_RLiLU GWIfK
�+�,
+$�����~BOnGJI Y>bWY_ULOnRLM8KgteRLY_]fGWV>GJILK ULOnMPGmY\iL[NK 2 KgG�~ KNKgi OTGaY_iLU ifV|ULK � � � IfOQMaoLbPV|[gKNMJMabPKNoZKlY\GJM
OnGJMJKg]n^�RLi4GWOn]�GWILK S KNMPMWY_wvK S Y<P_KgMhOTGWMs~{Y 3 GWV GWIfK �+�,
 $���� �

X�OQwvRfbJK��f� � � � `:� dfj ��`:bPKNKgU 3 XcVvbP~{Y_bJUfOQiLwL�

F M<~ K IcYl�vK MPKNKNi KNY_bJ]nOQKNbg�sGWILOnM wvbPKNKgU 3 ^qVvby~sY\bJULOniLw S Y 3 ^ Y_On]kGJV rciLU Y bPVvRfGWK�^qbJV S
GWIfK � �� �
���)GWV GJILK � ����� �#"��,���+��"c�.d|V S K)iLK G�~{V_b P GWV_o Vv]nVvwvOnKNM,~BOn]Q] bJKNtuRLOnbJK<GJIcY\G GWIfK�ifK �eG
ILVvo Y_[gGJRcY_]Q] 3 2 K ^qRLbyGWILKgb�Yl~{Y 3 ^qbJV S GWILK ULKNMyGWOQiLY\GWOnVvi�� � V bJK S KgU 3 GWILOnM,ofbJV 2 ]nK S � MPV S K
bJKg[NV��vKgb 3�S KN[mIcY_ifOQM S OQM bPKNtuRLOQbPKNU��
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F M ~{K [lY_i MJKNK OQi rLwvRLbJK �f� � � �4GWILKhOQi4GWKgbJMPKN[gGJOQVvi V_^�GWIfK [NOnbJ[gRL]pY_baGJbWY_iLM S OnMJMPOQVvi bWY_ifwvK Y 2 VvR|G
� Y_iLU�GWILK$[NOnbJ[N]nK$Y_bJVvRfiLU�GJILK �+�,
 $����s~BOnGWI Y bJY_ULOQRfM � � ��� � � � � �,
 $���� � IcY\MhiLV iLKNOnwvI 2 V_RLbJMkV_^
iLVeULK��v� � ILK MJIcY_UfKNU bPKNwvOnVvi ~BOnGJILVvRfG:iLKgOQwvI 2 VvRLbPM$OnM�[lY_]n]QKgU�Y �,��� � � � VeULK � ~BOn]Q] GJb 3 GJV
bJV_RfGWK$Y_bPVvRLiLU)GWIfK:�_VvOQU �

� ILK�Y\]QwvVvbPOnGJI S iLV�~!RfMJKNMkGWILK:~ KN]Q] �5PuiLV�~Bi 
*� $�/�� �+/ �," � 
* !� �$GWV Y_OQU Oni�bPVvRfGWOniLw Y_bJVvRfiLU
GWIfK,�vV_OQU�� � ILK Y_ofoL]QOn[lY\GJOQVvi V_^aGJILK/bPRL]QK$OQM Y_Mh^qVv]n]QV�~BM�� ~BILKNi Y\bJbJOT�eOQiLw Y\G>ifV|ULK �v�Z^qbPV S �\�
GWIfKhiLK �eGs]QOni	P/GWY<P_Kgi<OQMaGWIfKhiLK �eGsVviLKk[NV_RLi4GWKNbP[N]nV|[ P4~BOQMPKh^qbPV S KNULw_K J

x, y
K � � ILKhbJOnwvI4G ILY_iLU

bJRf]QK>GWbJYl�vKNbPMJKgM>Y �������:OQi�Y [N]nV|[ P4~BOnMJK�^ Y_MJIfOQVvi��
� ILK�Y_R|GWILVvbPMsRLMPK GWILOnM [ 3 [N]QK � GJbWYl�vKgbJMJOniLw oLbPVvo KgbPG 3 GWV�bPVvRfGJK>Y_bPVvRLiLU GJILK �,��� � ����i<rcwvRLbPK

�f� � � �aGWbJYl�vKNbPMJOniLw J
x → a → b → target → d → c → x

K�RLMPOQiLw GJILK bJOQw_IuGy��IcY\iLU bJRf]QK
bJKgMJRL]TGWM Oni<bJVvR|GWOQifw Y_bJV_RLiLU<GWIfK �vVvOnU J Oni<GWILOnM{[lY\MJK_�cOTGsOniL[N]nRLULKNU<GJILK �+�,
 $���� K � � ILOQMsV_bJULKgbsV_^
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� ILK `$� dfj Y_]nwvVvbJOTGWI S [NV S�2 OQifKNM GWILKAwvbJKgKNU 3 ^qVvby~sY\bJULOniLw ~BOTGWI o KgbJO S KgGJKNb)^qVvby~sY_bPULOQifw
~BOnGJILOQi	Y	.�� �,"��,
�wvbJY_oLI	~BILKgi wvbJKgKNU 3 ^qVvbP~{Y_bJUfOQiLw [NY_iLiLV\G 2 K Y\[mILOQK �vKNU � � ILK oLY_[ P_K GWM
MPGWY_bPG$VvR|G:OQi	$,
��� � ��� � � � � � Y_ifU GJILK MJVvRfbJ[NK iLVeULK [mILKN[ PuM,OnGWM�]nOQMyG�V_^ iLKNOnwvI 2 VvRfbJM�GWV MJKgK OT^
GWIfKNbJK OnM�VviLK GWIcY G:OQM�wvKgVvwvbWY\oLILOQ[NY_]Q] 3 [N]QV_MJKNb>GJV�GJILK�GmY\bJwvK G,ifV|ULK\� � ^{MPRL[mI Y)iLKgOQwvI 2 VvRLb�OnM
^qVvRLifU�� GWIfK ocY_[ P_K G:OQM ^qV_bP~{Y_bJULKgU GWV<GWIfOQM ifV|ULK\�,� ^ iLV)ifKNOQw_I 2 VvRLbhOQM ^qV_RLiLU�� GJILK ocY_[ P\KgG:OnM
S Y_b P\KNU�Y_iLU)GWILK$Y_]nwvVvbPOnGWI S My~BOnGW[mIfKNMBGWV .0��
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� ILKNi!Oni .0��
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�wvbWY\oLI
GWbJYl�vKNbPMWY_] � � ILOnM ~{V_b PuM>MJO S On]pY_bP] 3 GWV GJILK/^ Y_[gK/bJV_RfGWOniLw)Y_]nwvVvbJOTGWI S �cocY_[ P\KgGJM:Y_bJK$^qVvbP~{Y_bJUfKNU
Y_[gbJVvMPMhY\U .JY_[NKgi4G ��������� �

� ILKNi)GJILK ocY\[ P_KgGBMy~BOnGJ[mILKNU)GWV/o KgbJO S KgGJKNb � S V|ULK\�uOnG ~sY_M S Y_b P_KgU<~BOnGWI GWILKh]QVe[lY\GJOQVvi V_^
GWIfK oZVvOQi4G�~BILKNbPK{OTG ]nKg^ G�wvbPKNKNU 3 � S VeULK\� � ILK{Y_]Qw_VvbJOTGWI S RLMJKgM GWIfOQM�OQif^qVvb S Y GWOQV_i>GWVkULKgGJKNb S OQifK
Y\Gs~BIfOQ[mI o V_OQi4G OnG{[lY_i bPKgGWRfbJi 2 Y_[ P GWV wvbJKgKNU 3 � S VeULK�Y_ifU�[gVvi4GWOnieRfK_� � ILK:oLbPV|[gKNMJM bPKNoZKlY\GJM
OnGJMJKg]n^�RLi4GWOn]�GWILK�ocY\[ P_KgG bJKNY_[mILKNMBGWIfK:GWY_bJw_KgGl�
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G dfj J ~BIfOQ[mI ~ K<IcYl�vK<MPKNKgi.OQi�GJILK<oLbPKg�eOQV_RLM/[mIcY\ofGWKgb K � � F j Y_iLU G j MaF x J ~BIfOQ[mI ~ K
~BOQ]n] MPKNK�Oni<GWILK>ifK �eGkMJKN[ GWOnVvi K S Y<P_K RLMJK�V_^ S VvbJKhGWIcY_i)MPO S oL] 3 GJILK S V 2 OQ]nKkifV|ULKgM ]QVe[lY\GJOQVvi
OQi|^qVvb S Y\GWOnVvi�� � ILK 3 Y_]nMJV,RfGWOn]QO �gK OQif^qV_b S Y\GWOnVvi Vvi iLVeULKgM S V 2 OQ]nOnG 3 Y_M ~ KN]n] �uMJRL[mI Y\MsY,ifV|ULKgM
Yl�vKgbWY_wvK��_KN]QVe[NOTG 3 �

��i [gV S ocY_bJOnMJVvi,GWV G dfj:�(�F>j ~BOn]Q]|MJKNifU OTGWM8]nV|[NY\GWOnVvi�OQi|^qVvb S Y\GWOnVvi,~BOTGWILOni�KlY\[mI ocY\[ P_KgGN�
Y_iLU Oni�UfVvOQiLw MPV ~BOQ]Q] ILVvoZKg^qRL]n] 3 bJKgULRL[NK�GJILK�V��vKNbPILKlY\U V_^�Y_i 3 MPR 2 MJKgtuRLKNi4G�bPVvRfGWK�bPKNtuRLKgMPGWMg�
��i G dfj:� ~BIfKNi Y iLVeULK IcY_M,Y)ocY_[ P_K G/GJV�MPKNiLUAGWV�Y UfKNMPGJOQicY GWOQV_i � � 2 RfG$ULVeKNM$iLV_G$IcYl�vK Y
bJV_RfGWK\�cOnGB~BOQ]n] �cVeV|U GWIfK$Kgi4GWOQbPK,ifKgG�~ Vvb P<~BOTGWI�Y bPVvRfGWK:bPKNtuRLKNMyGl� �F j$�cVvi GWIfK$V\GWILKgbhIcY\iLU
S Y<P_KgMkRfMJK:V_^�GWILK:]QVe[lY GWOQV_i<OQif^qV_b S Y\GWOnVvi V_^�GWIfK S V 2 On]QKhiLV|UfKNM GWV �cVeV|U)~BOTGWILOni Y_i Y\bJKlY Oni
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Y [gKNbPGWY_OQi ULOQbPKN[gGJOQVvi � � ILOQM/Y_bJKNY OQM/[lY_]n]QKNUAGWILK 
����) 0����� ����" � � � 3 RLMPOQiLw Y bJKgteRfKNMPG �gVviLK\�
GWIfK Y_]nwvVvbPOnGWI S ILVvoZKNMDGWV$]QO S OTG�GJILK �cVeVeULOQiLw:VvbDbPVvRfGWKkbJKgtuRLKNMyGsocY_[ P\KgGJM{GWV:~BOnGJILOQi Y$oZVvbyGWOQV_i
J IfVvo K ^qRL]Q] 3 M S Y\]Q] KDV_^�GWILK:KNi4GJOQbJK:iLK G�~{V_b P��
� ILK �F>j.oLbPV_GWVe[NV_]eUfKgrciLKgM�G�~ V S K GWILVeULM ^qVvb�iLV|UfKNM GJV RLMPK{Oni/ULK GWKNb S OniLOQifwkGJILK bPKNtuRLKgMPG

�NV_iLK�GWV ~BILOQ[mI GWIfK 3 ~BOQ]n] ^qVvby~sY\bJU�bJVvRfGJK�bJKgteRfKNMPGhocY_[ P\KgGJMN�

X�OnwvRLbJK,�f� � � � �F j&jBKNtuRLKgMPG � VvifK�Y_iLU M �foZKN[ GWKgU � V_iLK�� � V|ULKgM iLV\G>OQifMJOQUfK,bPKNtuRLKNMyG �NV_iLK
~BOQ]n] iLV\Gk^qV_bP~{Y_bJU ocY_[ P\KgGJMN�
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��i GJILOQM S K GWILVeU�� GJILK bPKNtuRLKgMPG&�gVviLK<OnM,KgMPGmY 2 ]QOnMJILKgU.Y_M�Y�bJKg[gGmY\iLwv]QK ~BOnGJI�GWIfK MJV_RLbJ[gK �)Oni
VviLK [NVvbPiLKNb/Y_iLU GWIfK	� ��.0����� � � ����" � OQi GJILK V_oLo V_MJOnGJK_� � IfK<K �|oZKN[gGJKNU �NV_iLK<OQM/Y [NOnbJ[gRL]pY_b
Y_bPKlY�Y_bPVvRLiLU<GJILK UfKNMPGJOQicY GWOQV_i � ~BIfOQ[mI)IcY_MsY/bWY_UfOQRLM V_^GWILKhbWY_ifwvK GWILY\GsiLVeULK � [NV_RL]QU<ILY��_K
S V��_KNU)MPOQiL[gKhGWIfK ]pY\MPG{GJO S KBOnGWM ]QVe[lY\GJOQVvi ~{Y_MsRLoZUcY\GJKNU�� deKNK rcw_RLbJK��|� � ��GWV�MPKNK GJILK bPKNtuRLKgMPG
Y_iLU K �|o Kg[gGWKgU �gVviLKNM�Oni GWILK � F j0�{V�� S K GWILVeU�� � KNOnwvI 2 V_RLbJOniLw iLVeULKgM>~BILOQ[mIAY_bPK iLV_G�Oni
GWIfK$bPKNtuRLKgMPG �NVviLK�~BOn]Q]�iLV\G ^qVvbP~{Y_bJU)GJILK:bJVvRfGJK:bJKNtuRLKgMPGhocY_[ P\KgGWMg�
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��i.GWILK � F j deGJKNo S KgGWIfV|U��DY\i.OQi4GWKgb S KNULOQY\GWK iLV|UfK<[mILKN[ PuM GWV MPKNK)On^kOTG�OQM/[N]QV_MJKNb,GWV GWIfK
ULKgMPGWOnicY\GJOQVvi ��GWIcY\i,GWIfK iLVeULKD~BILOQ[mI,OnG�IcY_M .PRLMyG�bPKN[NKgOn�_KNU�GWIfK ocY\[ P_KgG ^qbJV S � � ^cOnG�ULK GWKgb S OQiLKgM
GWILY\GBOnGBOnM [N]QV_MJKNbg�LOnG ~BOn]Q] [NVviLMPOQULKgbBOnGWMPKN]T^ Oni)GWILK:bJKgtuRLKNMyG �gVviLK$Y_iLU ^qVvbP~{Y_bPU�GJILK�ocY_[ P\KgGl�
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jBKNw4Y_bPUL]QKgMJMkV_^8~BILOn[mILKg�_KNb>V\^8GWILK/Y 2 V��_K/oLbPV|[gKNULRfbJKNM>Y_bJK$RLMJKgU�� GJILK�Y\]QwvVvbPOnGJI S ULK GWKgb S OQiLKgM
Y>G�~{V,MPGWY_wvKBbJVvR|GWKBULOQMP[NV��vKgb 3 S KN[mIcY\iLOQM S � ��i GJILK rcbJMyG MyGmY_w_K_�eY$oLY_[ P_K G{OnM8^qVvbP~{Y_bJUfKNU RLMJOniLw
VviLK{V_^�GWILK Y 2 V��vKsG�~ V S KgGWIfV|ULMg�8� ^ZY 
�� !� ��
� .�� �$OQM�ifV_GabJK GWRLbPiLKNU ~BOTGWILOni Y>ULKgrLiLKNU 
���) �����
����� ���� !�ko KgbJOnV|U���GWIfK�Y_]nwvVvbJOTGWI S S V��vKgM GWV GWILK,MJKN[gVviLU MPGWY_wvK\� F0MPKN[gVviLU bJV_RfGWK�bPKNtuRLKgMPG�OnM
GWIfKNi �LV|VeULKNU Y_[NbPVvMJM GWILKkKNi4GJOQbJKhY_U|� ILVe[kifKgG�~ Vvb P J Y\M Oni G d|j�K �e� ^Y,bJV_RfGWKkbJKgoL] 3 OnM MyGWOn]Q]LiLV\G
bJKg[NKgOn�vKgU��fGJILK�[NRLbPbJKgiuGsiLV|UfK ~BOQ]n] S Y_b P GJILK>ULKgMPGWOnicY\GJOQVvi iLV|UfK �sY_M{RLiLbJKNY_[mIcY 2 ]QK_�a� ^�iLVeULK �
MPGWY 3 MkRLiLbPKlY_[mILY 2 ]QK�^qVvb S VvbPK>GWIcY\Gk�_� MPKN[gVviLULMg� Y_]n] ocY\[ P_KgGJMh^qVvb � ~BOQ]Q] 2 K:ULbPVvoLoZKNU��
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�hif]QO P\K �V|[NY\GWOnVvi)F OnULKNU�jkV_RfGWOniLwL�|GJILK G OQMyGmY_if[NK$jkV_RfGWOniLw M 	 KN[ GkF ]Qw_VvbJOTGWI S ^qVvb x V 2 OQ]QOTG 3
Vvb � �� � � Y_]Qw_VvbJOTGWI S 	 �e� � �8OQM�Y .�
�)������� �,�&
�� !���#"�$ .�
��� � ����� �,Fh]Q]�ifV|ULKgM P_KNKgoAGJbWY_[ P�V_^
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GWIfK ]QVe[lY GWOQV_i�Onif^qVvb S Y\GJOQVvi V_^BY\]Q]DiLVeULKNM�Oni�GJILK<Y_Ue��ILVe[ iLK G�~{V_b P�� � Y 2 ]QK S Y\OQi4GWKgicY_iL[gK OnM
ULVvifK 2u3 IcYl�|OniLw Y_]Q]ZiLVeULKNMBMPKNiLULOniLw GWILKgOQbs]nV|[NY\GWOnVvi Onif^qVvb S Y\GJOQVvi GWV Y_]n] V_GJILKNb ifV|ULKgM OQi)GWIfK
iLK G�~{Vvb P�� � ILOQMkOQM UfVviLK$M S Y_bPGJ] 3 �fMJRL[mI GJIcY\GBGWIfOQMBOQif^qV_b S Y\GWOnVvi<OQMBMPKNi4GhGJV ifKlY_b 2u3 ifV|ULKgM Y G
Y S VvbPK ^qbPKNtuRLKNi4G bJY\GWK GWILY_i�GJIcY\G�V\^s^ Y_b$Yl~sY 3 iLV|UfKNMN� � ILK oLbJK S OnMJK ILKNbPK OQM:GWILY\G/ifV|ULKgM
^ Y_byGWILKgb)Yl~sY 3 ^qbPV S 3 VvR Y_ofo KNY_b GJV S V��vK S VvbPK MP]QV�~B] 3 �hY\iLU 243 [mIcY\iLwvOQifw GWILK bJY\GWK�V_^
RLoZUcY\GJKNM G j MDF x ILV_o KgMsGWV ]QO S OnGDGJILK:RLMJK:V_^ 2 Y_iLU|~BOQUfGJI�bPKNtuRLOQbPKNU ^qVvbs[gVvi4GWbJV_] S KgMJMWY\wvKNMg�

� VB^qVvby~sY_bPU$YBoLY_[ P_K Gl�\GJILKDMJVvRfbJ[NK\�_Vvb Y\i 3 OQi4GWKgb S KNULOQY\GWK8ifV|ULK � [NY_]Q[gRL]pY\GJKNM GJILKDULOQbPKN[ GWOQV_i
V_^:GWIfK ULKNMyGWOQiLY\GWOnVvi � �&� G)GWILKgi ~BOQ]Q]hRLMJK GJILK S V 2 OQ]nOnG 3 Onif^qVvb S Y\GJOQVvi OnG)IcY\M Y 2 V_RfG � GJV
ULK GWKNb S OniLK Y Y_iLw_RL]pY_b$ULOnbJKN[ GWOnVvi 
-�,"�$�� � � ILK [NRLbPbJKNi4G oLY_[ P_K G OQM:^qVvbP~{Y_bPULKNU GJV Y_]n]aV_^ GWIfK
iLKgOQwvI 2 VvRLbJM V_^ �>OQi GWILOnM UfOQbJKg[gGJOQVvicY\]cbWY_iLw_K_� � ILK Y_bJKNY,OQM ULK GWKNb S OniLKNU 243 GJILKhG�~ V/GWY_iLwvKgiuGJM
^qbJV S GJILK>[NRfbJbJKgi4GBiLV|UfK GWV Y�[gOQbP[NRL]QY_b bJY_iLwvK>Y 2 V_RfG{GJILK>ULKgMPGWOnicY\GJOQVvi<ifV|ULK � � � ILOnMs[NOnbJ[gRL]pY_b
bWY\iLwvK:OQMBULK rciLKNU Y_MkGJILK,Y_bJKNY GJIcY\Gk[NV��vKgbJM�Y\]Q]�oZVvMJMPO 2 ]nK:]QVe[lY\GJOQVviLM GWIcY\GhiLVeULK �B[NVvRL]nU�ILY��_K
S V��_KNU�MJOQif[NK GWILK ]pY\MPG:GWO S K�OTGWM:]QVe[lY GWOQV_i ~sY_M$RLoZUcY\GJKNU Y\iLU�OnM:[lY_]n]QKNU GJILK � ��.0����� � � ����" � �
� ILK Y_bJKNY)OQiL[g]QRLULOniLw<GWIfK G�~ V�GWY_iLwvKgi4GWM$Y_iLU GWILK � ��.0����� � � ����" � OnM PuiLV�~Bi Y_M�GWILK 
���) �����
����" �$Y_MBULKgoLOQ[ GWKgU�Oni rLwvRLbJK$�f� � �f�

�hiL]nO P\K �F j$�L~BILOn[mI�UfKgrciLKgMhGJILK:bJKNtuRLKgMPG �NVviLK 2 Y_MPKNU�RLo V_i�GJILK:MJVvRLbP[NK,Y_iLU�K �|oZKN[gGJKNU
�NV_iLK�V_^aGJILK,GWY_bJwvK Gl�ZGWILK�bPKNtuRLKgMPG �NV_iLK/OnM bJKg[lY_]n[NRL]QY\GWKgU Y\G KlY_[mI OniuGJKNb S KgULOpY\GJK,ifV|ULK 2 Y_MPKNU
Vvi GJILK Y 2 V��_K ULKNMP[NbPOQofGJOQVvi��:Fh]QMJVf��OQi G j�MaF x GWIfKNMJK oLY_[ P_K GWM$Y_bJK Y\[gGWRLY_]Q] 3 � �,� ��oLY_[ P_K GWM
Y_iLU/iLV_GabPVvRfGWK bJKgteRfKNMPGDoLY_[ P_K GWMN���F j OnM�RLMPKNU ^qVvb�bJVvRfGJKsULOnMJ[NV��_KNb 3 �v~BILOQ]nK G j MaF x OnM�RLMPKNU
GWV MPKNiLU UcY GmY/ocY\[ P_KgGJMN� � ILKNi�Y�ocY\[ P_KgGhY_bPbJOT�vKNMsY\GsGWIfK>ULKNMyGWOnicY\GWOnVvi��|Y_i ������" � � � � � $�� � ��"0�
Vvb
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~{Y_MBMJKNi4GkGWV � �
� ^ ^qVvbDMPV S KBbPKlY_MPVvi<Y�UcY\GWY$oLY_[ P_K GsVvbaGWIfKk[gVvbJbPKNMPo VvifULOQiLw

ACK
OnMa]QVvMyGl�4GWIfKkMPVvRLbP[NKB~BOQ]Q]
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 � S Kg[mIcY_iLOnM S � � ILK>MPVvRLbJ[gK>iLVeULKh~BOn]Q]cMPO S oL] 3 �cVeVeU GWIfK KNi4GJOQbJKhiLKgG�~ Vvb P
~BOnGJI)GWILK:ocY_[ P\KgGhULKNMyGWOniLKNU ^qVvb � �
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� ILK oZVvMJOTGWOnVviLM�V_^�iLVeULKNM8Oni Yh~BOnbJKN]nKNMPMaY_U|� ILV|[ iLKgG�~ Vvb P�Y_bPKsbWY_ifULV S �vY_iLU�GJIuRLM�GWIfKsiLKgG�~ Vvb P
^qVvb S KgU S Y 3 iLV\G 2 K oL]QY_icY_bg�8��i GWIfOQM{[mILY_ofGWKgb{~ K ~BOQ]n]ZMPKNK �\Y_bPOQVvRfM{Y_]nwvVvbPOnGWI S MDULKgMJOQw_iLKNU GJV
ULKgbJOn�_K>Y .�� �,"��,
�� . �,"0"0�#"�$ �� ' $,
 ��.0/ ^qbJV S Y_i RLifULKNbP] 3 OQiLw,iLKgG�~ Vvb P RLMPOQiLw,VviL] 3 ]QVe[lY_]�OQi|^qVvby�
S Y\GWOnVvi�� GJIcY\G$OQMg��RfMJOQifw�Vvif] 3 Onif^qVvb S Y\GJOQVvi Y 2 V_RfG�GWILK iLVeULK Y_iLUAOnGJM�iLKNOnwvI 2 VvRfbJM:]QVe[lY\GJOQVvi
OQi|^qVvb S Y\GWOnVvi��

��i Y_i Y_U|� ILVe[{iLK G�~{Vvb P��4OQiLULOT�eOQULRcY\]eifV|ULKgM8V_^ GJKNi ULV>ifV_G8IcYl�_K�$,� �,'��,�cOQif^qVvb S Y GWOQV_i,Y 2 VvR|G
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OQM Onif^qVvb S KNU<GJV bPK S V��vK�GWILK:]nOQi	P Y_M ~{Kg]Q] �

� ILK�X�OnwvRLbPK �e� �:OQ]Q]nRLMPGJbWY\GJKNMDILV�~:�eRLiL]QO P_KBGWILK>`$Y 2 bJOnKN]LGWKgMPGN�|GWIfK x VvbPKN]nOpY�GWKNMyG{~BOn]Q]c[mILKg[ P
^qVvbB[NbPVvMJMPOQiLw_MhoLbPOQVvb GJV Kg]QO S OQiLY\GWOniLw Y ]QOQi�PZ� � GB~BOQ]Q]Kg]QO S OnicY\GWKh]QOni	P

AB
2 KN[lY\RLMJK,OnGBULK GWKN[ GWM

[NbPVvMJMPOQiLw_MN� 2 RfGkOTGs~BOQ]n]�iLV_GBKg]QO S OQiLY\GWKhOnGs~BILKgi iLV [gbJVvMPMJOQifw OnM MJKNKgi��
� V_GJOQ[gK/GWIcY G�OQi GJILK�bPRL]QK � V\^aGWILK x V_bJKN]nOpY GWKNMyGl��ifV|ULKgM

A
Y_iLU

B
]QVeV P VviL] 3 Y\G iLV|UfKNM

GWILY\G>Y\bJK$OQi
N(A)

Y_iLU
N(B)

bJKgMJoZKN[ GWOn�_KN] 3 � O � K\�n��iLVeULKgMhGWILY\G>Y\bJK$VviLK/IfVvo Yl~{Y 3 �B��i bJRL]nKNM
�|�f�f�#�L�fY_iLU �/iLVeULK

A
[mILKg[ PuMkifV|ULKgM OQi

N(A)
�LifV|ULK

B
[mILKN[ PuMkiLV|UfKNM OQi

N(B)
Y_iLU 2 V_GJI

A
Y_ifU

B
o VvMPMJO 2 ] 3 [mILKN[ P

N(x)
^qV_b>iLVeULKNM

x
OQi ∈ X2 ∪ Y2

� � IuRLM
A
Vvb

B
Y_bJK [mILKg[ PuOQiLw

iLVeULKNM GJIcY\GkY_bPK,Y G S VvMyG G�~{V ILVvofMhYl~{Y 3 � � ILKNbPKg^qVvbPK_�cGWILK x V_bJKN]nOpY/GJKNMPGkOnMBY ]nV|[NY_] GJKNMyGl�
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 �
	/	 � � M8�vKgb 3 KNULwvK OQi
N
GJIcY\G OQM P_KNo|G 243 GWILKs`$Y 2 bJOQKg]4GWKNMyG8OnM�Y_]nMJV P_KgofG 243 GWILK x VvbJKg]QOQY

GWKgMPGN� � IuRLMg�
N ′

[gVvi4GmY_OniLM�GWILK `:Y 2 bPOQKN] wvbWY\oLI�V\^
N
Y_M:OTGWM�MJR 2 wvbWY\oLI�� d|OQif[NK GWILK `:Y 2 bPOQKN]

GWKgMPGkoLbPV|ULRf[NKNMhY [NVvifiLKN[ GWKNU�MJR 2 wvbWY_ofI�V_^
N
��GJILK:MJR 2 iLKgG�~ Vvb P

N ′
OnM [NVviLifKN[gGJKNU��
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a) b)

c) d)

e)

A

R
R

B

R R

R
R R

R

A

A A

B

B B

A B

X�OnwvRLbJK �|� � ��M
�fY S oL]nKNMsV_^�GWIfK x VvbJKg]QOQY,GWKgMPGkMJOTGWRcY\GJOQVvifM��aY�K
AB

ULKg]QKgGJKNU 243 bJRL]nK � � 2 K
ABULKg]QKgGJKNU 243 bJRL]nK$�|�c[LK

AB
P_KNo|Gl��U K

AB
P_KgofGl�cK K

AB
ULKN]nKgGJKNU 2u3 bJRL]nK �L�

F MPMJR S K GWILY\G GJILKNbPK>OQM Y/]nOQi	P
e
Oni

N ′
GWIcY G{[gbJVvMPMJKNMBY$]QOni	P

AB
V_^

N ′
�ad|OQiL[gKhGJILK>]QKgiLw_GJI

V_^ Y\i 3 ]nOQi	P Oni
N
OQM Y\G S VvMyG

R
� 2 V\GWI<KgiLULMsV_^

e
Y_bJKkOQi

N(A)∪N(B)∪X3 ∪Y3

�8� ^ VviLKkV_^
KNifULMsV_^

e
OnM Oni GWIfK [NOnbJ[g]QKB~BOnGWI ULOpY S KgGJKNb

AB
GWILKgi

AB
~{VvRf]QU 2 K ULKg]QK GWKNU 243 GWIfK x VvbPKN]QOQY
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GWKgMPGN� � ^ 2 V\GWI KgiLULMhV_^
e
Y_bPK,V_RfGWMPOQULK:GWILK$[NOnbJ[g]QK�~BOnGJI ULOQY S K GWKgb

AB
GJILKNi VviLK$V_^�GJILK/KgiLULM

V_^ GWILKBKNUfwvK
AB

S RLMPG 2 KkOniLMJOnULK GWILKB[gOQbJ[g]QK ~BOnGJI ULOpY S KgGJKNb
e
�eMJOniL[NK GWIfKhKgULwvKNM [NbPVvMJMPKNM KlY_[mI

V_GJILKNbg� HhV�~{K �vKgbN�GWILK x VvbJKg]QOQY GWKgMPG$Y_ofoL]QOnKNU�GJV
e
~{V_RL]QU Kg]QO S OQiLY\GWK

e
2 KN[lY\RLMJK V_^DOTG 2 KNOniLw

[NbPVvMJMPKNU 2u3
AB

� � IuRLMBGWILKgbJK:[lY\i 2 K:iLV [NbJV_MJMJOniLw OQi
N ′
�

�

��i�X�OQw_RLbJK �|� ��~{K)MPILV�~ ILV�~ GJILK x V_bJKN]nOpY GWKNMyGBP_KgKNoLM MPV S K V_^ GWIfK<]QVvifw ]QOni	PuMN� � ILK
]QK ^ GP� IcY_iLU<MPOQULKhMJILV�~BMBY�]nOQi	P

AB
Y_iLU<GJILK>iLVeULKNM{OQiLMPOQULKkGWILK>[gOQbP[N]QKk~BOnGJI GWILK ULOpY S KgGJKNb

ABY_iLU GWIfK$bPOQwvI4Gy��IcY_ifU)MJOQUfK$MPILV�~BMk~BILY\GkKNULwvKgMkY_bJK P_KgofG 2u3 GWILK x VvbPKN]nOpY/GWKgMPGN�

A B A B

X OQwvRLbPK �|� � � x RL]TGWOQof]QK IfVvo�Kg]QO S OnicY\GWOnVvi J ]QOniLK�MJKgw S KNi4G
AB

K �eOQY GJILK x VvbPKN]QOQY/GWKgMPGl�

	���� � $  �$ �! ���� &�� � �! � &�$� �)%� � �  �* �

��i GJILOQM�MJKg[gGJOQVvi ~{KA~BOQ]n]�ULOQMP[NRLMPM�GWIfK�V��vKgbJILKNY_U V_^/GWILK x VvbPKN]QOQY � KgMPGl��FhM�GJILKAGJKNMyG OnM
oZKNbP^qV_b S KNU)^qVvbsK �vKNb 3 ]QOni	P Oni)GWILK�iLK G�~{V_b P���OnG OnM o VvMPMJO 2 ]QK GJIcY\G GJILK x VvbJKg]QOQY,GWKgMPGB~BOQ]n] MJKgiLU
S KNMJMJY_wvKgM8Vvi�K �vKNb 3 ]nOQi	P�� ��i Yh[gV S of]QKgGJK ifKgG�~ Vvb P��4~BILKNbPK Y_]n]eifV|ULKgM8Y_bPK{Oni/[NV S S RfiLOQ[NY\GWOnVvi��
GWIfK<iuR S�2 KNb/V\^B]QOQi�PeM$OQM } J

n2
K � ��i�Y UfKNiLMPK<iLKgG�~ Vvb PZ�aGJILK x VvbPKN]nOpY)GWKNMyG S Y 3 OniuGJbJVeULRL[gK

} J
n2
K S KgMJMWY\wvKNMg� � K�~BOQ]n] bJK �eOQMJOTG GWILOnM MJOTGWRcY\GJOQVvi)]QY\GWKgbN�
��i jBRL]QK � V_^8GWIfK x V_bJKN]nOpY�GWKgMPG iLV|UfK

A
Vvb

B
iLKgKNULMkGWV ULKgGJKNb S OQifK:~BILY\G ifV|ULKgM>Y_bPK,Oni

GWIfK�[NOQbP[N]nK ~BOnGJI
AB

Y_M OnGJMsULOQY S K GWKgb Y_iLU)GWIfK�[NV S oL]QK �|OnG 3 V_^�OTG OQM{iLV_G S RL[mI wvbPKlY\GJKNbsGJIcY_i
GWILY\GBV_^�GWILK:[NV_bJbJKgMJoZVviLULOniLw `$Y 2 bJOQKg] GJKNMPGN�
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jkRf]QKNM ��Y_iLU ��^qVvb
A
OQi4�vVv]T�vKgM ifV|ULKgM GJIcY\G Y_bPKBOQi

N(A)
Y_ifU KNY_[mI iLVeULKBV_^ZGWILKBiLK G�~{V_b P

iLKgKNULM�GJV PeifV�~ OnGJM/iLKgOQwvI 2 VvRLbPM Y_i 3 ~sY 3 � � V [mIfKN[ P ^qVvb,[NbPVvMJMPOQiLwvM/V_^BG�~{V ]nOQiLK MJKNw S KgiuGJM
OQi4�_Vv]n�_KNM MJO S oL]nK wvKNV S KgGJbJOn[lY_]c[gV S ofRfGmY\GJOQVvi V_^ [NV S oL]nK �|OnG 3

O(1)
�uY_ifU GWIfKhMJY S KhY_oLof]QOQKgM8GWV

iLVeULK
B
� � IfKhK �f[mILY_iLwvKkV_^ S KgMJMWY\wvKNM 2 KgG�~ KNKNi

A
Y_iLU

B
[NVvifrLb S OQiLw:ULKg]QKgGJOQVvi V_babJKgGJKNi4GWOnVvi

V_^�GWILK:KgULwvK:OQMBY_]nMJV MJO S of]QK_�
 �
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AB
�

��i bPRL]QKgM � Y_iLU �f�ciLVeULK
A
~BOn]Q]�V_iL] 3 MPKNiLU Y S KNMPMWY_w_K$GJV

B
GWV bJK S V��vK:GWIfK$]nOQi	P

AB
On^

GWIfKkifV|ULK GJIcY\G [NbPKlY\GJKNM Y$]nOQi	P:~BOnGJI Y�iLVeULKBOQi
X1

OnMDY
N(A)

Y_iLU iLV_G Y
N(B)

J GWILKBbPKg�vKgbJMPK
OQMDGWbPRLKh^qV_b

B
MPKNiLUfOQiLw Y S KgMJMJY_wvKhGJV�bJK S V��_KhGWIfK ]nOQi	P/GJV

A
K �Dd|O S On]pY_bP] 3 � ^qVvb bJRL]nKNM��/Y_iLU �e�

Y S KNMPMWY_w_K$~BOn]Q]VviL] 3 2 K$MJKgi4G>GWV GWILK,V_GWIfKNbkiLV|UfK$GJV bJK S V��_K/]QOni	P
AB

OT^�GWIfK/[NRf]QoLbPOnGkiLVeULK
OQM ifV_GkY ifKNOQw_I 2 VvRLb V\^ 2 V_GWI

A
Y_iLU

B
�

X OQwvRLbPK �|���#� z{V S oLRfGJOQiLw Y_bPKlY V_^ [NOQbP[N]nK>V��vKNbP]pY_o
� ILK>oLbPV 2 Y 2 OQ]QOTG 3 GWILY\GsY,iLV|UfKh~BILOn[mI<OQM{Y,iLKgOQwvI 2 VvRLb{V\^

A
OnM{Y/ifKNOQw_I 2 VvRfb V_^

B
Y_M ~ KN]n]

OQMsGJILK:o KgbJ[gKNi4GmY_w_K/Y_bPKlY V_^�GWILK:V��vKgbJ]QY_o�GJV GWILK�GWV\GmY_]Y\bJKlY V_^�G�~ V GJbWY_iLM S OnMJMPOQVvi bWY\iLwvKNMg�
� V rciLU GWIfK�Y_bPKlY V_^�GWILK�V��_KNbJ]QY_oLoLOniLw bPKNwvOnVvi V\^ Y [NOnbJ[g]QK:~BILKNi iLVeULKNM Y_bJK/Y\G>UfOQMPGWY_iL[gK
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� J MWY S K Y_M�GWIfK GJbWY_ifM S OQMJMPOQVvi bJY_iLwvK Kh~{K [lY_i GWbPKlY\G�GJILOQM � ��
��� � ��� � MJ[gKNicY_bPOQV�Y_M$Y RLiLOnG
[NOnbJ[g]QK�oLbPV 2 ]QK S J MJKNK:rcwvRfbJK �|��� K �

X�OQbPMPGN�L~{K$ULbWYl~ G�~{V RLiLOnGBKgtuRLOQ]QY\GWKgbWY_] GJbJOQY_iLwv]nKNMN� �_�cOQiLMPOQULK�GWIfK$V��_KNbJ]QY_oLoLOniLw Y_bJKNYf�L~BOnGJI
GWIfKNOQb��_KNbPGJOQ[gKNM Y\G:GJILK iLVeULKgM/Y_ifU�GWIfK OQi4GJKNbJMPKN[ GWOQV_iLM,V\^{GWIfK [NOnbJ[gRL]pY_b>GJbWY_ifM S OQMJMPOQVviAbWY\iLwvK_�
� K �eGl�L~ K$rcifU�GJILK$Y_bJKNY V\^�KNY_[mI KgteRfOQ]pY GWKNbJY_] GJbJOQY_iLwv]nK GWV 2 K��

Area(a) =
√

3/4
J �|� � K

� K S RLMyG GJILKNi$rciLU$GWILK Y_bJKNYkV\^fGWIfK ^qVvRfb�]nKNiLM ��MPIcY_oZKNU/ofOQKN[gKNMg�0'N� VvRfGWMPOQULKaGJILK KgtuRLOQ]QY\GWKgbWY_]
GWbPOpY_ifwv]QKgMN� � ILK Y_bPKlY V_^DKlY_[mI V_iLK/V_^�GWILKgMJK�]nKNiLMhMJIcY_oZKNM OQMhGJILK/UfO 	 KNbJKgiL[NK 2 K G�~{KgKNi ��� � V_^
Y�RLiLOTG [NOnbJ[g]QK�Y_ifU<GWILK:Y_bPKlY�V_^ GJILK�RLiLOTG KNtuRLOn]pY\GJKNbWY\] GWbPOpY_ifwv]QK �_��MDY_[mI ]QKNifM IcY_MBY_i Y_bPKlY�V_^ �

Area(b) = π/6 −
√

3/4
J �|� � K

� ILKNi � Y\ULU�Rfo�GJILK:oLOQKg[NKNM �

Area(overlap) = 2 · Area(a) + 4 · Area(b)
J �|� ��K

� ILK{GJV_GmY_]|Y_bPKlYhOnM�KgteRLY_]eGJV G�~BOQ[gK GJILK Y_bPKlYhV\^ZY [NOnbJ[N]nK UfKgrciLKgU 243 YBGWbWY\iLM S OQMPMJOQV_i/bWY\iLwvK_�
S OQiuRLMsGWIfK,Y\bJKlY V_^�GWIfK$[gOQbP[N]QK�V��_KNbJ]QY_o��

Area(total) = 2π − Area(overlap)
J �e� � K

� V�~H~{K/[lY_i [NY_]Q[gRL]pY\GJK$GJILK�oLbPV 2 Y 2 OQ]QOTG 3 GWILY\G�Y ifV|ULK$~BOQ]n] 2 K 2 V_GJI Y iLKgOQwvI 2 VvRLb V\^
AY_iLU

B
� � ILK$oLbPV 2 Y 2 On]QOTG 3 OnM��

p =
Area(overlap)

Area(total)

J �e� � K
� ILKNi<~ K>~ Vvb P GWILOnM{oLbPV 2 Y 2 OQ]QOTG 3 VvRfG 2 Y_MPKNU)Vvi GJILK>RLifOnG [NOQbP[N]nK_�u~{K>MPKNK>GJIcY\G

p ≈ 0.24
�

� IcY\G S KNY_iLM<GWILY\G)OQi GWILK ~ VvbJMyG [lY_MPK_�kOn^$iLVeULKNM<Y_bJK RLifOn^qVvb S ] 3 bWY_iLUfV S ] 3 ULOQMyGWbPO 2 RfGJKNU��
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Y_oLofbJV��|O S Y\GWKg] 3 � ����V_^BGWILK ]QOQi�PeM,~BOQ]Q] IcYl�vK Y bJY_iLULV S iLVeULK<Oni [NV S S Vvi�� ��i GWKgb S M�V_^
MJKgiLULOniLw S KgMJMWY\wvKNMg� GJILK oLbPV 2 Y 2 On]QOTG 3 V_^

A
MJKNifULOQiLw�Y S KNMJMJY_wvK�GJV

B
J Vvb

B
GJV

A
Kk~BOn]Q] 2 K

1 − p
VvbBY_ofoLbJV��|O S Y\GWKg] 3 �����<�

X�OnwvRLbJK �|��� �8F bPKlY V_^�[NOnbJ[g]QK Oni4GWKNbPMJKg[gGWOnVvi J
N(A) ∩N(B)

K OQif[NbJKNY_MJKgMBY_M iLVeULKNM S V��vK�[g]QVvMPKNb
GWV_wvKgGJILKNbg�

X�OQw_RLbJK �e� �/MPILV�~BMkGJIcY\G ]nO P_Kg]QOnILV|VeU V\^�GJILOQM S KNMPMWY_w_K 2 KgOQiLw MPKNi4GB^qbJV S
A
GWV

B
J V_b{^qbJV S

B
GWV

A
K/OnM ]QKgMJM ]QO P_KN] 3 GJILK [N]nVvMJKgb�GWVvwvK GWILKgb

A
Y_iLU

B
Y_bJK<GJVAKNY_[mI V\GWILKgbN�.F ifU Oni.VvRLb

MJO S RL]QY\GWOnVviLMN�\~{KhMJKNKhGWIcY\G Y_M GWILKkiLK G�~{Vvb P 2 KN[gV S KNM S VvbPKhUfKNiLMPK_�|GJILKkieR S�2 Kgb{V_^ GWILOnM G 3 oZK
V_^ S KgMJMJY_wvK:OQM bPKNULRL[gKNU Y_M GWILK$Y_bPKlY V_^ V��_KNbP]pY_o�OQiL[gbJKNY_MJKgMN�

���2�'< ��5 ��� 5 	 � 34	��25 <-�'� $&5 (��'	���<
X3

 !���
Y3jkRf]QKNM ��Y_iLU �)V_^sGJILK GWKNMyG/Oni4�vVv]T�vKNM:GWIfK K �fOnMPGJKNiL[gK<V_^sifV|ULKgM,Oni

X3

Y_iLU
Y3

GJIcY\G,Y_bPK
VvRfGJMJOnULK V_^

N(A)∪N(B)
��HhV�~ Kg�_KNbN��Y\]Q]cGWIcY GsOQM iLKNKgULKNU<^qV_b

A
Vvb

B
OQM GJV�MJKgiLU Y S KNMPMWY_wvK

GWV GWIfK$ifV|ULKgMBOQi bJKgwvOQVvi
X2

V_b
Y2

Y_M PuOniLw GJILK:tuRLKNMyGWOQV_i���OQMsGWIfKNbJK,Y_i 3 iLVeULK:OQi
Y3

V_b
X3 �	�bJKgMJoZKN[ GWOn�_KN] 3 � � ILK�bJKgwvOQV_i

X3

Vvb
Y3

[NY_i 2 K�MPo Kg[NOnrLKNU 243 GWIfK>GWILbPKNK:[NVvbPiLKNbPM V_^ GWILK�bPKNwvOnVvi��
� IuRLMN� Y_]TGWILVvRfwvI GWILKgMJK bJRL]nKNM�Oniu�_Vv]n�_K iLV|UfKNM�GWIcY G$Y_bJK G�~ V�ILV_oLM$Y�~{Y 3 ^qbJV S

A
Y_iLU

B
� OTG

ULVeKNM�ifV_G [NbPKlY\GJK)Y MPOQwviLOTrc[lY\iuG/V��vKNbPILKlY\U V_b�ULKN]QY 3 � � K<MJILV�~ iLV�~ GWIcY\G,GWILK MJO �gK<V_^BGWIfK
bJKgwvOQV_i

X2

Vvb
Y2

OQMBY M S Y_]n]QKNb ocY_byG V_^�GWILK�[gOQbJ[g]QK>~BOTGWI)ULOQY S K GWKgb
AB

�{deOQiL[gK:jkRL]nK � Y_iLU4�
Y_bPK$RfMJKNU�VviL] 3 ~BILKgi

X2

Vvb
Y2

OQMsGJILK:VviL] 3 bJKgwvOQV_i�V\^ GJILK:[NOQbP[N]nK�[NVvi4GmY\OQiLOniLw Y ifV|ULK�V\^�GWIfK
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� ILKgbJK:~{KgbJK:G�~{V S Y\OQi)wvV4Y\]QM{GJV Y\[mILOQK �vK:~BOnGWI VvRfb MJO S RL]pY\GJOQVvifMN�
� � � V [NV S ocY\bJK GJILK)Yl�vKgbWY_w_K<]QOni	P ]QKgiLw_GWI OQi�GJILK<oL]QY_icY_b$MJoLY_iLiLOniLw MJR 2 wvbWY\oLI.[NbPKlY\GJKNU
RLMPOQiLw GJILK x VvbJKg]QOQY Y_iLU `$Y 2 bJOQKg] GJKNMPGJMN�

�|� � V [gV S ocY_bJK>GJILK:iuR S�2 KNbBV_^8IfVvoLMBbJKgteRfOQbJKgU�GJV UfKN]QOT�vKgb S KgMJMWY\wvKNMB~BOnGJI ^ Y\[NK:bJVvR|GWOQifw
Vvi)GJILK:oL]pY_iLY_b MJocY\iLiLOQifw MPR 2 wvbJY_oLI�[NbPKlY\GJKNU 243 GJILK x VvbPKN]QOQY Y_iLU�`:Y 2 bJOnKN] GJKNMyGWMN�

�>C���C�� ;  �� 0F�+�,= 
 �8� !6

F!MJO S RL]QY\GWOnVvi ~{Y_MBULKNMPOQwviLKgU�GJIcY\GkY_]n]QV�~ KNU)GWILK�[gbJKNY\GWOnVvi V_^8Y bJY_iLULV S iLKgG�~ Vvb PZ� FHMJtuRcY_bPK
Y_bPKlY J [lY\]Q]QKgU Y $,
*� � K8[NVvRL]nU 2 KBULKgrLiLKNU��|iLVeULKNM [NVvRf]QU 2 Kk[NbPKlY\GJKNU ~BOTGWI Y$MPo Kg[NOTrc[kGJbWY_ifM S OQMy�
MJOnVvi bWY\iLwvK Y_ifU oL]pY_[gKNU Y\G>bWY_iLUfV S [gV|V_bJULOnicY\GWKgM>Vvi GJILK wvbJOnU�� � K RLMJK�GJILK � G ` S VeULKg] �
~BILKgbJKBY_]n]eifV|ULKgMaIcYl�vKsGJILKsMWY S K GWbWY\iLM S OQMPMJOQV_i�bWY_ifwvK_� M Y\[mI iLKgG�~ Vvb P,MJO S RL]pY GWOQV_i,[gVviLMJOnMPGJKNU
V_^ �_� ifV|ULKgMhKNY_[mI�~BOTGWI�Y GJbWY_ifM S OQMJMPOQVvi bJY_iLwvK:V_^a� �_� RLiLOnGJMN� � ILK:GWKNMyG>Y\bJKlY ~sY\M Y MJtuRcY_bPK
wvbPOQU Vvi ~BILOn[mI GWILK �_�<ifV|ULKgM>~{KgbJK bWY\iLULV S ] 3 oL]pY\[NKNU � � ILOnM�MJK GWRLo ~sY\M�[mILVvMJKgi Y\M�OnG�IcY\M
2 KNKNi�MJKgKNi Oni�V\GWILKgb$MPO S Rf]pY\GJOQVviLM MJRL[mI.Y\M:GJILVvMPK oZKNby^qVvb S KNU 243 	 � � � � ILOQM:iLK G�~{Vvb P MJKgGJRLo
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Y_]nMJV>Y\]Q]QV�~ KNU$RLM�GJVhGWKgMPG GWILK o KgbP^qVvb S Y_if[NKD~BOnGWI,ULO 	 KNbPKNi4G8ifV|ULK ULKNifMJOnGJOQKgM 243 MJO S oL] 3 �\Y_b 3 OQifw
GWIfK$w_bJOQU)MPO �gK_�

�>C���C � . ��)�65"7 �%7 ��� 
 �+�	 !6���) � ��)���:'
>7�C � ) ���	�� !6 � ��)���:

� ILKk`:Y 2 bPOQKN] � KgMPG Y_ifU GJILK x VvbPKN]nOpY � KNMyG ~ KNbPK bJRLi Vvi GJILK �)� � � MPKNbJOnKNMaV_^ZbJY_iLULV S wvbWY\oLILMN�
� ILK�^qVv]n]QV�~BOQiLw�Y_bJK�GWIfK S Y_Oni S K GWbJOn[NM{GJIcY\GB~ KNbJK:GWbJY_[NKgU�Oni<GWILK:MPO S RL]QY\GWOnVvi/�

� �BF �vKgbWY_wvK$]QKgiLw_GJI�V\^ �OQi�PeM V_i�KNY_[mI�of]pY_icY\b MJocY_ifiLOQiLw MPR 2 wvbJY_oLI��
�|� � R S�2 KNb V_^ ]QOni	PuM OQi KlY_[mI�oL]pY\icY_bsMPocY_iLiLOniLw MJR 2 wvbWY_ofI��
�f� � R S�2 KNb:V_^ x KNMJMJY_wvKgM/OQi4GJbJVeULRL[NKgU 243 x VvbPKN]nOpY � KgMPG J S KNMPMWY_wvKgM,MPKNi4G$GWV�iLKNOnwvI 2 VvRfb
GJV bPK S V��vK:[NRLbPbJKgiuGh]QOni	P��LY_ifU S KNMPMWY_wvKgMBMJKNi4GkGWV iLVeULKNMBOni�bPKNwvOnVvi

X2

Vvb
Y2

K �
�L� � R S�2 KNb V_^ iLVeULKNMkOQi�`:Y 2 bPOQKN] [NOQbP[N]nK>~BILKNi x VvbPKN]QOQY(P_KgKNoLM Y ]nOQi	P

�/� 5 �2 #� ��	 � . � ��� � 	�� � $& #���2	 � �&�  � 0

� ILK<rcbPMPG GJKNMPGN� � KgMPG � �8~{Y_M�GWV w_KNiLKgbWY\GJK)Y MJKgbJOQKgM V_^BbWY\iLULV S iLKgG�~ Vvb PeMg� � ILK)wvbPOQU MPO �gK
~{Y_MkGJILK:VviL] 3 ocY_bJY S KgGWKgbs~BIcY\GB~{Y_MkY_]nGJKNbJKgU)^qVvbkY MPKNbPOQKNMBV_^�GWbPOpY_]nMN� � IfOQMBIcY_U GWILK:K 	 Kg[gGkV_^
OQif[NbJKNY_MJOniLw�Vvb{ULKN[gbJKlY\MJOQifw�GWILK�iLK G�~{V_b P UfKNiLMPOnG 3 J GWILK M S Y_]Q]nKNbDGWILK�wvbPOQU<MPO �gK_�|GJILK>GWIfK>[N]nVvMJKgb
GWV_wvKgGJILKNb GWIfK$ifV|ULKgMN�LGJILK:wvbJKNY\GWKgb ieR S�2 KgbBV_^�]nOQi	PuMg�fGWILK:ILOnwvILKgb ULKNwvbPKNK:�vKgbPGWOn[NKgM K �

X�OQw_RLbJK �|��� MJILV�~BMhGJILK,Y��_KNbJY_wvK$]QOQi�P ]QKgiLw_GJI�V\^�GWIfK�`:Y 2 bPOQKN]�Y_iLU x VvbJKg]QOQY�wvbWY_ofILMN� � ILK
x VvbPKN]nOpY>wvbJY_oLI OQiLUfKNKNU ULVeKNM�P_KgKNo MJ]QOnwvI4GW] 3 ]nVviLwvKgba]QOQi�PeM�Vvi Yl�_KNbWY\wvK_� � ILKkYl�vKgbWY_w_KhOniL[NbPKlY_MPK
OQi ]nKNiLw_GJI)~sY_M �L� � � RLiLOTGWM Vvb �|�������<�

X�OQw_RLbJK �|� � MPILV�~BM�GWILK Yl�vKgbWY_wvK iuR S�2 KNb�V\^L]QOni	PuM�P_KNo|GaOQi:GWILK oL]pY\icY_bMJoLY_iLiLOniLw MPR 2 wvbJY_oLI
^qVvb 2 V_GJI<GWKNMyGWMg� � IfK x VvbJKg]QOQY$GWKgMPG�P\KNKNofM S VvbPK>]QOni	PuM{Vvi Yl�vKgbWY_w_K�OQi<GWIfK>MJocY\iLiLKNbsGJIcY_i)GWIfK
`:Y 2 bJOnKN] GWKNMyGl� � IfK�Yl�_KNbWY\wvK OQiL[gbJKlY\MJK OQi.]nOQi	PuM(P\KNofG OQi.GJILK x VvbPKN]QOQY wvbJY_oLI.~sY\M-�|� �6� V_b
�|���6>�� V��_KNbBGWILK,`:Y 2 bPOQKN] wvbWY\oLI��
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Test 1 - Average Length of Links in Planar Spanner (50 Nodes with 250 unit radius)

Gabriel Test
Morelia Test

X�OnwvRLbJK-�|��� � � KgMPG � �hF��_KNbWY\wvK ]nOQi	P ]nKNiLw\GWI Oni�of]pY_icY\b$MPocY_iLifOQiLw�MJR 2 w_bWY_oLIA~BOnGJI.`:Y 2 bJOnKN]Y_iLU x VvbPKN]nOpY � KNMyGWMN�
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Test 1 - Average Number of Links in Planar Spanner (50 Nodes with 250 unit radius)

Gabriel Test
Morelia Test

X�OnwvRLbJK �|� � � � KNMPG � � F �vKNbJY_wvK ieR S�2 Kgb V\^c]QOni	PuM�Oni,of]pY_icY\b�MPocY_iLifOQiLwhMJR 2 w_bWY_oLI$~BOnGJI `:Y 2 bJOnKN]Y_iLU x VvbPKN]nOpY � KNMyGWMN�
� ILK bJKgMJRL]TGWM OQi rcw_RLbJK �e��> MPILV�~ GWILK S KNMPMWY_w_KNM<OniuGJbJVeULRL[gKNU OQi GWILK iLKgG�~ Vvb P 243 GWIfK

x VvbPKN]nOpY�GJKNMyGl� � ILK)RLoLoZKNb/]QOQifK MJIfV�~BM�GJILK GJV_GmY_] iuR S�2 KNb�V_^ S KNMPMWY_w_KNMN�aGJILK S OQULUL]nK ]nOQiLK
MJIfV�~BM GWIfK�oZVvbyGWOQV_i.V_^hGJILK iuR S�2 KNb V_^ S KgMJMWY\wvKNM MJKgi4G GJVAifV|ULKgM OQi.bJKgwvOQV_i

X2

Vvb
Y2

GJV
[mILKg[ P ^qVvbaofbJKNMPKNiL[gK>V_^ iLVeULKNM OQi bJKgwvOQVvi

X3

V_b
Y3

�eY_iLU GWIfK 2 V_GJGJV S ]nOQiLK MPILV�~BM GWIfKkoZVvbyGWOQV_i
V_^ GWILK S KNMPMWY_wvKgM,MPKNi4G:^qbJV S iLV|UfK

A
GJV

B
J Vvb>�eOQ[gK �_KNbPMWY�K>GWV OQi|^qVvb S V_^sY)]nOQi	P�bJK S V��\Y_] �

� V\GWOQ[gK_�^qVvb S KNMPMWY_wvKgM,MPKNi4G$^qbJV S
A
GJV

B
J Vvb>�eOQ[NK �vKgbJMJY�K�GJV bJK S V��vK ]QOni	P

AB
� GWIcY G$GJILK



� ��� � �  � ��� � ��+� �����&�
� � � � � ��� �6��� �4�

 0

 20

 40

 60

 80

 100

 120

 140

 400  500  600  700  800  900  1000

N
um

be
r 

of
 M

es
sa

ge
s

Grid Size (units x units)

Test 1 - Number of Messages Sent with Morelia Test (50 Nodes with 250 unit radius)

Total Messages
Msgs to Neighbour
Msgs to Reg X2/Y2

X�OQw_RLbJK �|� > � � KNMyG � � � R S�2 Kgb V_^ x KNMPMWY_wvKgM ��i4GWbPV|UfRL[NKgU 243 x VvbPKN]nOpY � KNMPGN�
iuR S�2 KNbBV_^ S KgMJMJY_wvKNMBMPKNi4G UfKN[NbPKlY_MPKNM Y_M GWILK�iLK G�~{V_b P ULKNifMJOnG 3 OQiL[gbJKlY\MJKNMg�

� K/Y_]QMPVIP\KNofGhGWbJY_[ P)V_^8GJILK,iuR S/2 KgbhV_^8iLV|UfKNMkOQiLMPOQULK:GWILK/`:Y 2 bJOnKN]�GJKNMPGh[NOnbJ[g]QK�^qVvbk]QOQi�PeM
bJK S V��_KNU�^qbPV S GJILK `$Y 2 bJOnKN]8wvbJY_oLI�� 2 R|G,bPK S Y_OQifOQiLw)Y ^ GWKNb>GJILK x VvbJKg]QOQY GWKNMyGl� � ILOnM:~ VvRL]nU
wvOT�vK Y_i:OQiLUfOQ[lY GWOQV_i>GWVkY_oLoLbPV��fO S Y GWKN] 3 GJILK ieR S�2 Kgb V_^fIfVvoLMGWIcY G [gVvRL]nU 2 KDMWYl�vKgU 243 P_KgKNoLOniLw
GWIfK x V_bJKN]nOpY�]nOQi	P�� F MkK �|o Kg[gGJKNU���GWILK$iuR S�2 KNbBV_^�iLV|UfKNMkOQiLMPOQULK>GJILK,bPKNwvOnVvi OQiL[gbJKNY_MJKgU�~BOnGJI
GWIfK�UfKNiLMPOnG 3 V_^kGWIfK�ifKgG�~ Vvb P�� � ILK�ieR S�2 KgbJM bJKg[NVvbPULKNU bWY\iLwvKNU�^qbJV S Y_i Yl�vKgbWY_wvK V_^ �f���
iLVeULKNMBOni�V_RLb ULKNifMJK:GWVvoZVv]QV_w 3 GJV � � � iLVeULKNMBOni�V_RLb MJocY\bJMJK:GWV_o Vv]nVvw 3 �

�/� 5 �2 #� ��	 � . $  !���2	 � �&�
 �� 0 7-� �
0, ���� #� <�5 $&5 ( ��	��

� ILOnMhMPO S RL]QY\GWOnVvi�� � KgMPG��|�L~sY\M ULKgMJOQw_iLKNU�GWV GWKNMyGhGJILK$oL]pY_iLY_b MJocY\iLiLOQifw MJR 2 wvbWY\oLI [gbJKlY GWOQV_i
~BILKgi�GJILKNbPK)K �|OQMyGWM Y_i�Y\bJKlY V_^ GJILK)wvbJY_oLI ~BILOn[mI ILY_M Y ]QKgMJM ULKgiLMJK)GJVvo V_]QVvw 3 � F bJKgwvOQV_i
�_�v� �!�\�v��RLiLOnGJMa~BOnGWIfOQi GWILKBGWKgMPG wvbJOnU ~sY_M ULK rciLKNU GWV$IcYl�vKhY$iLVeULKBULKgiLMJOTG 3 V\^ VvifK ��ILY_]n^ZGWIcY G
V_^�GWILK:bPKNMPGkV_^�GWIfK$ifKgG�~ Vvb P��

HhKgbJK,~ K$bJKNoZVvbyGl�ZY_MkOQi GWILK:rcbJMyGhGJKNMyGl��GWILK$bJKgMJRL]TGWOQifw Yl�vKgbWY_w_K,]nOQi	P<]nKNiLw\GWI�Y_iLU iuR S/2 Kgb
V_^ iLVeULKNMBOQi)GJILK:oL]pY_iLY_bsMJoLY_iLiLOniLw MPR 2 wvbJY_oLI��

��i rcwvRfbJK �|� � �f� ~ K MPKNK�GJILK Yl�_KNbWY\wvK ]nKNiLw_GJI V\^�]QOni	P P\KNofG)Oni 2 V_GJI GWIfK `:Y 2 bPOQKN]BY\iLU
x VvbPKN]nOpY<wvbJY_oLI�� � ILK Yl�vKgbWY_wvK x VvbPKN]nOpY<]QOni	P ]nKNiLw\GWI IcY_M:iLV�~ 2 KNKgi O S oLbPV��vKNU GJV 2 K-�|� ���
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Test 2 - Average Length of Links in Planar Spanner (50 Nodes with 250 unit radius)

Gabriel Test
Morelia Test

X�OnwvRLbJK �|� � � � � KNMPG,� � F �vKNbJY_wvK ]nOQi	P)]nKNiLw_GJI OQi oL]pY_iLY_bhMPocY_iLifOQiLw)MPR 2 wvbJY_oLI ~BOnGJI `:Y 2 bJOnKN]Y_iLU x VvbPKN]nOpY � KNMyGWMN�
RLiLOTGWM ]nVviLwvKgbsGWIcY_i GWIfK:Y��_KNbJY_wvK/`$Y 2 bJOQKg] ]nOQi	P��
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Test 2 - Average Number of Links in Planar Spanner (50 Nodes with 250 unit radius)

Gabriel Test
Morelia Test

X�OnwvRLbJK �|� � � � � KgMPG��A��F��_KNbJY_wvK iuR S�2 KNb V_^:]QOni	PuM OQi oL]pY_iLY_b MPocY_iLiLOniLw MPR 2 wvbJY_oLI	~BOnGJI`:Y 2 bJOnKN] Y_iLU x VvbJKg]QOQY � KgMPGWMg�
X�OQiLY_]Q] 3 �|~ K$MJILV�~HOQi)rcw_RLbJK �|� � � GWILK,Yl�vKNbJY_wvK$iuR S�2 KNbkV_^8K �|GJbWY ]QOni	PuM P\KNofGhOQi GWIfK:G�~ V

wvbJY_oLILMg� � IfK$iuR S/2 KgbkILY_MBOQiL[gbJKlY\MJKNU GWV P\KNKNo �|��� �/Vvb � �f� �v��� K �eGWbWY ]nOQi	PuMN�
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��i)GWILOnMsMJKg[gGJOQVvi)~ K$ofbJKNMPKNi4GBGWILK�MPO S Rf]pY\GJOQVvi bJKNMPRL]nGJM V_^�GWILK>^ Y_[gK�bJVvR|GWOQifw Y_]Qw_VvbJOTGWI S � ����� � �

Vvi GJILK<MJY S K MJKNbPOQKgM�V_^BbWY\iLULV S wvbWY\oLILM�Vvi�~BILOQ[mI GJILK x VvbPKN]nOpY Y\iLU `$Y 2 bJOnKN]aGWKgMPGWM ILY��_K
oLbPV|ULRf[NKNU�Y oL]pY_iLY_bsMJoLY_iLiLOniLw MJR 2 w_bWY_oLI �

� K�~sY\iuG GWV�MJILV�~�GWILY\Gl� Oni YAiLKgG�~ Vvb P�~BOnGJI MPV S K�MJoLY_bJMPK Y_bPKlY_Mg�sGWILK�^ Y_[NK�bJVvR|GWOQifw
Y_]nwvVvbJOTGWI S ~BOQ]n]4o KgbP^qVvb S bJVvRfGJOQiLwB~BOnGJI,^qK ~{Kgb�iuR S�2 KNb V_^cILVvofM Vvi�Y��_KNbJY_wvK_� � ILbJKgKsMJ[gKNicY\bJOQV_M
~ KNbJK MJO S RL]QY\GWKgU�� � ILKarcbJMyG ~sY_M Vvi$Y RLiLOT^qVvb S bWY_ifULV S w_bWY_oLI ��GJILKDbJK S Y_OniLOQifw{G�~{VkMJ[gKNicY\bJOQV_M
~ KNbJK{Vvi�wvbJY_oLILM�~BIfOQ[mI�IcY\U�ULO 	 KNbPKNi4G8MPO �gKNU MJoLY_bJMPKsbJKgwvOQVvifMN����i�GWILKgMJKsMPO S RL]QY\GWOnVviLMg��GJILK{V_iL] 3
S KgGWbPOQ[gM MPGWRfULOQKgU�~{Y_M GWILK � �,��
-� $�� "0 � '���
 � � /0��.0�$bJKgteRfOQbJKgU�^qV_bs^ Y_[NK:bJV_RfGWOniLwL�

�/� 5 �2 #� ��	 � . � ��� � 	�� � $& #���2	 � �&�  � 0

��i<GWIfOQM{MP[NKgicY_bJOnVL� � KgMPGk�f�|Y/RLiLOT^qVvb S bJY_iLULV S iLK G�~{V_b P V\^��_�,iLVeULKgM{~sY\M 2 RLOn]nGl� M Y\[mI)iLV|UfK
IcY_U Y GJbWY_ifM S OQMJMPOQVvi,bWY_ifwvKsV_^ � �\�>RLiLOnGJMN� F M 2 Kg^qVvbPK_�vGJILKswvbPOQU�MPO �NK ~sY_M8GJILKsVvif] 3 ocY_bWY S K GWKNb
[mIcY_ifwvKNU�GWV �\Y_b 3 GWILK:iLK G�~{Vvb P ULKNiLMPOnG 3 �
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Test 3 - Average Number Of Hops in Face Routing (50 Nodes with 250 unit radius)

Gabriel Graph
Morelia Graph

X�OnwvRLbJK �e� � � � � KgMPGh�/� F��_KNbWY\wvK � R S�2 KNbBV_^ HhVvofMkOni X�Y_[NK$jBVvRfGWOniLwL�

� K MPKNK Oni rcwvRLbPK �|� � �|� GJIcY\G�Oni Y<RLiLOT^qVvb S ] 3 ULOnMPGJbJO 2 RfGWKgU iLKgG�~ Vvb P�� VviL] 3�S OniLVvb wvY_OQiLM
Y_bPK S Y_ULK OQi GWKgb S M:V_^sULKg[NbPKlY_MPOQiLw�GWILK ieR S�2 Kgb,V\^sILVvofMN� � ILK Yl�vKNbJY_wvK iuR S�2 KNb$V_^sILV_oLM
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��i GWILOnMkMP[NKgicY_bJOnVL� � KNMyG �L�L~ K$ULKgrcifK/Y bJKgwvOQVvi �_�v� �f�v�v� RLiLOTGWMBMJtuRcY\bJK,Y_iLU�MJKgGBGJILK,iuR S/2 Kgb
V_^ iLVeULKNM�~BOnGJI GWILK bPKNwvOnVvi GWV VviLK ��IcY\]n^DGWIcY G:V_^ GJILK�rcbPMPG:GWKgMPGl� jBVvRfGJKNM�~ KNbJK [mILV_MJKNiAGWIcY G
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Test 4 - Average Number Of Hops in Face Routing (50 Nodes with 250 unit radius and 300x300 unit hole)

Gabriel Graph
Morelia Graph

X�OnwvRLbJK �e� � � � � KgMPG ��� F��_KNbWY\wvK � R S�2 KNbBV_^ HhVvofMkOni X�Y_[NK$jBVvRfGWOniLwL�
X�OQw_RLbJK �|� � �/MJILV�~BM GWIfK>bJKgMJRL]TGWM V_^GJILOQMsMPO S Rf]pY\GJOQVvi�� � K>[lY_i)MPKNK>GJIcY\GsGJILK ^ Y_[gK>bJVvR|GWOQifw

Y_]nwvVvbJOTGWI S MBo KgbP^qVvb S M S VeULKNMyGW] 3�2 KgGPGWKgb�Vvi GWILK x VvbJKg]QOQY wvbWY\oLI�� � ILK Yl�vKgbWY_wvK iuR S/2 Kgb>V_^
ILVvofMkMJYl�vKNU�OQi)GWIfOQM MJ[gKNicY\bJOQV OQM OniL[NbPKlY_MPKNU GWV � ��� � ILVvoLMBoZKNbBbJV_RfGWK\�

�/� 5 �2 #� ��	 � . $  !���2	 � �&�
 �� 0 7-� �
0, ���� #� <�5 $&5 ( ��	�� ���

��i GWILOnM>rcicY_]aMPO S RL]QY\GWOnVvi�� � KNMyG �|�GWILK MJK GWRLoA~sY\M/Y_M:Oni GJILK oLbJK �eOQVvRLM:MP[NKNiLY_bJOnVL�~BOnGWI GWIfK
K �|[gKNofGJOQVvi V_^aGJILK /0��� � ����i GWILOnM>MJ[gKNicY_bPOQVL�ZGWILK MPocY_bPMJK bJKgwvOQV_i ~sY\M�ULKgrcifKNU GWV 2 K �_�v� �#�_�_�
RLiLOTGWM Oni�MPO �gK_�

��i.rcwvRLbPK �|� � � ~ K)[lY_i.MPKNK)GWIcY G/GWIfKNbJK)OnM,^qRLbyGWILKgb O S oLbJV��_K S KNi4G�V_^BGJILK ^ Y_[gK<bJVvR|GWOQifw
Y_]nwvVvbJOTGWI S � � ILKhY��_KNbJY_wvKkieR S�2 Kgb V\^�ILVvofM MJYl�vKNU ~BOnGWI ^ Y_[gKhbPVvRfGWOniLw:Vvi GWILK x VvbPKN]QOQY>wvbWY\oLI
IcY_MBOniL[NbPKlY_MPKNU GWV �|� �v� ILVvoLMBoZKNbBbJVvR|GWK:Vvb � �f� ���<�
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Test 5 - Average Number Of Hops in Face Routing (50 Nodes with 250 unit radius and 500x500 unit hole)

Gabriel Graph
Morelia Graph

X�OnwvRLbJK �e� � � � � KgMPG �,� F��_KNbWY\wvK � R S�2 KNbBV_^ HhVvofMkOni X�Y_[NK$jBVvRfGWOniLwL�
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��i�GJILOQM:[mIcY\ofGWKgbN��~ K ~BOn]Q]a]nV|V P Y\G:�\Y_bJOnVvRLM S VeULOTrc[lY\GJOQVvifM>GWV GWILK ������� 
�� !���#"�$AY\]QwvVvbPOnGJI S
	 �f���_� �ULKgrLiLKNU�OQi�z{IcY_o|GWKNbB�|�DX�OQbPMPGl�|~{K�~BOQ]n] MPILV�~ G�~ V Y\oLoLbJVvY_[mILKNM GJV Y��_VvOQUfOQiLw Y bJKgwvOQV_i
VvbBILV_GJMJoZV_GhULKgrcifKNU Oni�GJILK,ifKgG�~ Vvb P�� � ILKgi��Z~ K:~BOQ]Q]UfKNMJ[gbJO 2 K,Y S VeULOnrc[NY\GWOnVvi<GWV RLMPK,^ Y_[gK
bJV_RfGWOniLw ^qVvb 
�� �� � � � � ��� �,��
 ��Oni Y_i Y\GPGWK S ofGhGWV)bJK S V��_K ]QVeVvoLM>Y\iLU GWILK S RL]nGJOT� ILVvo K 	 Kg[gGN�
X�OnicY_]Q] 3 �u~{K�~BOn]Q] UfKgrciLK:G�~ V KgiLIcY_iL[gK S KNi4GWMkGWV KNiLY 2 ]QK�UfKg�eOQ[gKNMN�c~BILOn[mI�[NY_i�[mILV|V_MJK�^qbJV S Y
r �|KNU�iuR S�2 KNbBV_^�GWbWY\iLM S OQMPMJOQV_i)o V�~ KNbJMg��VviLK:V_^�~BILOQ[mI�oLbJKgMJKgbP�vKgM oZV�~{Kgbk[gVviLMPR S o|GWOQV_i��

� ��� + $ & � � � ��� 	 �����( �$�& � * �  � �+& ��*

��i GWIfOQM>MPKN[gGJOQVvi ~ K�~BOQ]n] UfKgrciLK G�~ V)MJO S On]pY_bBKNifIcY_iL[gK S KNi4GWM�GWV<GJILK/^ Y_[gK bJVvR|GWOQifw<oLbJV\GWVe[NVv]
~BILOn[mI ~BOn]Q]�KNicY 2 ]QK�GJILK bJVvR|GWOQifw<V_^ S KgMJMJY_wvKNM�^qbPV S MPVvRLbP[NK GWV<GWY_bJwvK G�iLVeULKNM�Oni Y<iLKgG�~ Vvb P
GWILY\G IcY_M Y PuiLV�~Bi � �,"�$���
��� (��
�+$,�+��"c�az{VvifMJOQUfKNbaGWILK ^qVv]n]QV�~BOQifw#�GWILKgbJKBOQM Y>~BOQbPKN]QKgMJM Y_U|� ILV|[
iLK G�~{Vvb P<OQi)V_o KgbWY\GJOQVvi<[gVviLMPOQMPGJOQiLw/V_^ S Y_i 3 ocY_bPGJOQ[gOQocY_i4GJMN�aXcVvb MJV S K�bJKNY_MJVvi � 3 VvR S Y 3 iLV\G
~BOQMPI GWV ocY_MJMkGWbJY�� [/V��vKgb>iLVeULKNM>V�~BiLKgU 243 [gKNbPGWY_OQi�ocY_byGWOQ[gOQocY\iuGJMN� � ILKgbJK [NV_RL]QU 2 K S Y_i 3
bJKNY_MJV_iLM{GWV S Y<P\K MPRL[mI�Y/ULKN[gOQMPOQVvi iLV_G{GJV�RLMPK GWILKgMJK�MPKgGWM{V_^ iLVeULKNMsOni GJILK>bJKgwvOQV_i OQif[N]QRfULOQiLw
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GWIfK:^qV_]Q]QV�~BOniLwL�
� � � 5 �6�� � � � � � ILK iLVeULKNM:OQi tuRLKgMPGWOnVvi S Y 3 ifV_G 2 K GJbJRLMyG�~{VvbyGWI 3 � � G:IcY_M 2 KNKgiA^qVvRfiLU
GJIcY\GBiLVeULKNMBOni GJILK:bJKgwvOQVvi�Y_bPK�OQi4GWKgbJ[gKNofGJOQiLw ocY_[ P\KgGJM OQi�Y S Y_]QOn[NOQV_RLM S Y_iLiLKgbN�

�|� � 	�< � � � 3 icY\GJRLbJK<V\^ GWILK)iLK G�~{V_b P�� Y_]Q]DGWILK)ifV|ULKgM�OQi�GWILK)iLK G�~{V_b P Y\bJK<oLbPV��|OnULOQifw
Y MJKgbP�eOQ[gK_� � IfKNbJK S Y 3 2 K Y�[mILY_bJwvK ^qVvb:ocY\[ P_KgGJM/MPKNi4G/GJILbJVvRfwvI�V\GWILKgb$oLY_bPGJOQ[NOnocY_i4GWM
KgteRfOQo S KNi4Gl�D� G ~ VvRL]nU 2 K 2 KgiLKgrL[NOpY\]�GWV Yl�vVvOnU�GJILVvMJK$Y_bPKlY_Mg�

�f� � �2� 5 "'�' � "�5�� 5 �2�'� 5 < �0� G S Y 3 2 KN[NV S K Yl~{Y_bJK GWILY\G<GWIfKNbJKAY_bPK iLVeULKNM<GJIcY\G�Y_bPK
RLifbJKN]nOpY 2 ]QK$OQi Y [gKNbyGmY_Oni bJKgwvOQVvi � � ILKNMPK iLVeULKNM S Y 3 UfbJVvo ocY\[ P_KgGJMN�KgiuGJKNb:Y_ifU ]QKNY��_K
GJILK)iLKgG�~ Vvb P.bJKNoZKlY GWKNUf] 3 Y\iLU�RLiLK �|oZKN[ GWKNUf] 3 � Vvb S Y 3 IcYl�vK�Y ^ Y_On]QOQifw 2 Y GJGWKgb 3 Y\iLU
~ VvRL]nU�ifV_G 2 K�MPRLOnGWY 2 ]QK>^qV_b bJVvRfGJOQiLw oLY_[ P_K GWMN�

HhKgbJKh~ K>ULK rciLKkG�~{V�MPO S oL]QKkY_]nwvVvbPOnGWI S M�GJIcY\G [lY_i 2 KhRLMJKgU GWV/Y��_VvOQU KNi4GWKgbJOniLw�Y$[NKNbyGmY_Oni
bJKgwvOQV_i��,F bPKNwvOnVvi OnM>ULKgrLiLKNU 243 Y_i VvbJUfKNbJKgU ]QOQMyG>V_^ oZVvOQi4GJM��

(x1, y1), (x2, y2), .., (xk, yk) �~BILKgbJK:GWILK:KNUfwvKNMBV_^�GWILK:bPKNwvOnVvi [lY_i 2 K>^qV_RLiLU 2u3 GJbWYl�vKgbJMPOQiLw GWILK�]nOQMyGl�

��C��>C � � �5�� !�#� .������	��)��	:

� ILK$rcbJMyG>Y_]nwvVvbPOnGWI S OQMBGWIfK,ULOnbJKg[gG S K GWILVeU��HkKNbJK$^ Y_[NK$bJV_RfGWOniLw V_o KgbWY\GJKNMhY_MhifVvb S Y_]�~BOnGJI
GWIfKhK �f[gKNofGJOQVvi GWIcY\G{Y_M Y$ifV|ULKkOQM Y 2 VvRfGDGWV$^qVvbP~{Y_bPU<Y,oLY_[ P_K Gl�fOTGD~BOQ]Q]f[mILKN[ P GWV$MJKNKhOn^ ULVvOQifw
MJV>~BOn]Q]u�eOQVv]QY\GWK GWILKsbPKNwvOnVvi ULK rciLKNU �8��i GWILOnM8[lY_MPK_�vGJILKBY_]Qw_VvbJOTGWI S M~BOQ]Q]eMP~BOTGW[mI GWV:Y>bPKN[gV��_KNb 3
S V|ULK:Y\iLU)~sY_] P)Y_bPVvRLiLU)GWIfK$oZKNbPO S KgGJKNb V_^�GWILK:bPKNwvOnVvi��

} iL[NK)GWIfK)ocY_[ P_K G IcY_M 2 KNKNi.^qVvby~sY\bJULKgU 2 K 3 VviLU�GWILK<^qV_b 2 OnULULKNi.bPKNwvOnVvi��8^ Y_[gK)bJVvR|GWOQifw
[lY\i�bPKNMJR S K�^qbJV S GWIfOQM iLVeULK_� X�OnwvRLbPK �f� � MPILV�~BMkGJILOQMBY_]nwvVvbPOnGWI S Oni Vvo KgbWY\GJOQVvi �

��C��>C�� ?1 ���%�� ��� � .������	��)��	:

� ILKsMPKN[gVviLU Y_]Qw_VvbJOTGWI S OnM8Y>MP]QOQw_IuG S V|ULOTrc[lY GWOQV_i,V_^cGJILK � �#
������Y_oLoLbPV4Y_[mI��8X�OQwvRfbJK �f� �kMJILV�~BM
OnGJMsVvoZKNbJY\GWOnVvi��+HkKNbJK>GJILK�MJV_RLbJ[gK$ifV|ULK>~BOn]Q]Z[mILKN[ P)OT^GWILK:]nOQiLKk^qbJV S MJVvRfbJ[NK�GJV�GmY_bPwvKgGs~BIfOQ[mI
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X�OnwvRLbPK �f� � �DjkKgwvOQV_i�F �vV_OQUcY_if[NK>� G OQbPKN[ GBF oLoLbPV4Y_[mI��
OQM RLMJKgU 243 GJILK ^ Y_[gK bJV_RfGWOniLw Y_]nwvVvbPOnGWI S [NbPVvMJMPKNM<GWIfK UcY_ifwvKNbPVvRLM<bPKNwvOnVvi�� � ^:OnG ULV|KgMN�BOnG
~BOQ]n] O S S KNUfOpY\GJKN] 3 KNi4GWKgb Y bJKg[NV��vKgb 3.S V|UfK<Y_iLU ^qV_bP~{Y_bJU GJILK S KgMJMJY_wvK<Oni.Y ~sY\] P GWV GWIfK
oZKNbJO S K GWKgb>V_^ GWILK iLK G�~{Vvb P�� } iL[gK GWILK oZKNbJO S K GWKgb>OQM�bPKlY_[mILKgU�� GWILK S KNMJMJY_wvK OQMh^qVvbP~{Y_bJUfKNU
Y_bPVvRLiLU.GWIfK)K �eGWKgbJicY_]s^ Y\[NK)V_^BGWIfK)iLKgG�~ Vvb P RLi4GWOQ]{OnG�OnM ULKgGJKNb S OniLKNU GJIcY\G GWIfK)bJKNw_OQVvi.IcY\M
2 KNKNi Yl�_VvOQULKgU�� � ILK:Y_]nwvVvbPOnGWI S iLV�~ bJKg�_KNbyGWMsGWV,GWILK>UfOQbJKg[gGsY_oLoLbPV4Y_[mI��|ULKNMP[NbJO 2 KgU�Y 2 V��_K_�|GJV
rciLOnMJI�bJVvR|GWOQifw�GWILK S KNMJMJY_wvK�GWV GJILK�GmY_bPwvKgGN�
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X�OnwvRLbPK �f� � �DjkKgwvOQV_i�F �vV_OQUcY_if[NK>� � KgbJO S KgGJKNb � Y_] PuOniLwL�
��C��>C � .98�
 ) � ��)��� !7 )���8 � �%7 )�8�
 )��N�,) �� !7

� ILK S Y_Oni Y_Uf�\Y_i4GmY_w_K�V_^ GWILK�ULOQbPKN[ G<Y_ofoLbJV4Y\[mI	OQM GWILY\Gl� Y\M OTGWM icY S K�O S of]QOQKgMN� OnG OQM GWIfK
S VvMPG(�gUfOQbJKg[gG �>~{Y 3 GWV Y_bJbPOn�_K:^qbPV S MPVvRLbP[NK:GWV GmY_bPwvKgGN� XZY\[NK:bJVvR|GWOQifw oZKNby^qVvb S MBY_MBiLVvb S Y\] �
VviL] 3 My~BOnGJ[mILOQiLw GJV Y�bJKN[gV��vKNb 3 S VeULK ~BIfKNi�OnGsUfKgGWKg[gGJMkOTG OQMsY 2 V_RfGsGWV KgiuGJKNbsGJILK�UcY_iLw_KNbJV_RLM
bJKgwvOQV_i�� � IfKNbJK Y\bJK G�~ V S Y_OQiAULOQMJY_Uf�\Y_i4GmY\wvKNM�V\^ GWILK ULOQbPKN[gG�Y_oLoLbPV4Y_[mI�� � ILK rcbPMPG OnM,GWIfK
^ Y_[ G,GJIcY\G/Y\G$KlY_[mI IfVvo�� GJILK<Y\]QwvVvbPOnGJI S�S RLMPG/ULKgGJKNb S OQifK OT^{GJILK iLK �eG�ILVvoA~BOQ]n]aKNi4GWKgb,GWIfK
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UcY_ifwvKNbPVvRLMsbPKNwvOnVvi�� � ILK�MPKN[gVviLU OQM GWIcY\G ~sY\] PuOQiLw�Y_bJVvRfiLU GWIfK>o KgbJO S K GWKNb V_^GWIfK>UcY_iLw_KNbJV_RLM
�NV_iLK:OQM MJ]nOQwvI4GJ] 3 S VvbPK�[NV S oL]nOQ[lY GWKNU<GJIcY_i)~BOnGJI)GWILK:oZKNbJO S K GWKgbBY_]QwvV_bJOnGJI S �

� ILK S Y\OQi)Y_U|�_Y\iuGWY_wvK�V_^�GWIfK�o KgbJO S KgGJKNb Yl�_VvOQUcY\iL[NK$Y_oLofbJV4Y_[mI OnMsGWIcY\GsOnG MPO S oL] 3 [lY_]n[NR|�
]pY GWKNM Y\GDGJILKBMPGmY\bPGD~BILKgGJILKNb GWILK

line(source, target)
[NbPVvMJMPKNM GWILKkUcY_iLw_KNbJV_RLMDbJKNw_OQVvi���� ^�MJVf�

OnGh~BOQ]n]�MPO S oL] 3 ^qVvby~sY\bJU GWIfK S KgMJMJY_wvKNM>GJV GWIfK o KgbJO S KgGJKNb J K �eGJKNbJiLY_]�^ Y_[gKLKhV_^aGJILK�iLK G�~{V_b P��
� ILK oZKNbPO S KgGWKgb>V_^DGWIfK iLKgG�~ Vvb P OQM>KNY_MJOnKNb GJV<GWbWYl�_KNbJMPK GWIcY_i GJILK�UcY_ifwvKNbPVvRLM�bJKgwvOQV_i OQi GWIfK
ULOnbJKN[ G>Y\oLoLbJVvY_[mI�� � ILKNbPK�Y_bPK,G�~ V S Y\OQi�ULOQMJY_Uf�\Y_i4GmY_w_KNMkV_^8GWIfK/oZKNbJO S K GWKgb Y_ofoLbJV4Y\[mI�� � ILK
rcbPMPGl�OnMhGJIcY\G�OTG>~BOQ]n] Oni S V_MPG�[NY_MJKgM�bJKNMPRL]nG>OQi Y S RL[mI ]QY_bJwvKgb iuR S�2 KNb V_^ ILVvoLM�Oni bJVvR|GWOQifw
S KNMJMJY_wvKgMB^qbPV S MPVvRLbP[NK�GWV�GWY_bJwvK Gl� � ILK:MPKN[NV_iLU�OnMsGWIcY GBOn^GWIfK$MPVvRLbP[NK:ULKgGJKNb S OniLKNMsGJIcY\G GWIfK
line(source, target)

ULVeKNM/iLV_G KgiuGJKNb�GJILK)UcY_iLw_KNbJV_RLM�bJKgwvOQV_i��aOnG S RLMPG�bJKg�_KNbyG GWV bJV_RfGWOniLw
RLMPOQiLw GWIfK � �#
����� ��.(.�
�)����/e�

$&5 "' ��5 � � 	:�
;
� ILKkY_RfGJILVvbJMaOni 	 � �cULKNMP[NbPO 2 KhY\i Y\MJMJOnMPGJKNU bJVvR|GWOQifw>GWKN[mIfiLOQtuRLKB[lY\]Q]QKgU � ��
 �&�#" � � ��
�� �� �#"�$_�

��Y\bPG V_^ZGWILKkY_]nwvVvbJOTGWI S IcY_MDiLVeULKgMD^qV_bP~{Y_bJULOniLw:ocY_[ P\KgGWM GWV�~{Y_bJULM Y�MJKgbJOQKgM V\^ �," ��/0��
ho VvOni4GWMN�
F i OQi4GWKgb S KNULOQY\GWKkiLVeULKk~BOn]Q]c^qVvby~sY_bPU GWV�~{Y_bJUfM{GWILKhiLK �eGBY\iL[mILVvb iLV|UfK_�eRLiL]QKgMJM{GJIcY\G iLVeULK OnM
~BOnGJILOQi OnGWMkGWbJY_iLM S OQMPMJOnVvi bJY_iLwvK\�$��i GJIcY\G�[NY_MJK\� GWIfK [NRLbPbJKNi4G:iLVeULK/~BOn]Q] ULKg]QKgGJK�OnGh^qbJV S GWIfK
Y_iL[mIfVvbJKgU�ocY GWI�Y_iLU ^qVvbP~{Y_bJU)GJV�~{Y_bPULMkGJILK:iLK �eGhY_iL[mIfVvbBiLV|UfK_�

� �"! � *�� ��� �.��/  � & �.��� ��� � &�$�� & �.�� 	 � *�/ & $  �$ �

� ILOnM MPKN[gGJOQVvi/ULOQMP[NRLMPMJKNM8YhMJ]nOQwvI4G �\Y_bJOQY\GWOnVvi:Vvi,GJILK ]QVe[lY\GJOQVvi|��Yl~sY_bPKDbJVvRfGJOQiLw S V|ULKg]4ULKNMP[NbPO 2 KNU
OQi z{IcY_ofGJKNb:�f� � K�oLbPVvo V_MJK�OniLMPGJKlY_U GJIcY\G ~ K O S oL]nK S KNi4GhGJILK ������� 
�� !���#"�$ Y_]Qw_VvbJOTGWI S GJV
� � � ��� �,��
 bJVvR|GWKNM,^qbJV S MPVvRLbJ[gK<GWV GWY_bJw_KgGl� OQiLMyGWKNY_U V_^BbPVvRfGWOniLw oLY_[ P_K GWMN� ��i GJILOQM,MJ[gKNicY_bPOQVL�
iLVeULKNM S RLMPG MPGJVvbJK\� Vvbk[lY_[mIfK_��bPVvRfGWKgMhGJV GmY_bPwvKgG iLVeULKNMk~BOnGWI�~BILOQ[mI GJILK 3 ~BOQMPI GWV [NV S S R|�
iLOn[lY\GJK_� � ILK S VeULOnrcKgU�^ Y_[gK<bJV_RfGWOniLw Y_]nwvVvbJOTGWI S ~BOQ]Q] 2 K<OQi4�_V P_KgU�~BIfKNi�iLV bPVvRfGWK GWV GWIfK
GmY\bJwvK GBOQM OQi)GJILK:MJVvRLbP[NK$iLVeULKNMB]QVe[lY\] [lY\[mILK_� � ILK S Y\OQi)wvV4Y\]QMsV_^�GWIfOQMkY_]Qw_VvbJOTGWI S Y_bPK>GWV#�

� �kjBK S V��vKNMB]nV|VvofMN�cY_M ^ Y_[gK�bJVvR|GWOQifw OnM iLV_GB]nV|Vvoe� ^qbJKgK_�
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�|� Ma]QO S OnicY\GJKhGWIfK S RL]nGJOT� ILVvo<K 	 Kg[gGl�
��i GJILOQM bJVvRfGJK.ULOQMP[NV��vKgb 3 Y_]nwvVvbPOnGWI S ��^ Y_[gK.bJVvRfGJOQiLw oZKNby^qVvb S M Y_M RfMJRcY_] RfiuGJOQ]/~BIfKNi

GWbJYl�vKNbPMJOniLw Y.^ Y\[NK OTG)OQi4GWKgbJMPKN[gGJM)GWILK
line(source, target)

� � ILKgi GJILOQM)Ve[N[gRLbJMg�hGJILK Y_]T�
wvVvbPOnGJI S ~BOQ]n]c[mILKN[ P On^ GWILKhVviLK V\^ GWIfK KNifULo V_OQi4G{ifV|ULKgM{V_^ GWILKhOQi4GWKgbJMJKg[gGJOQiLw,]QOQi�P OQMDOQi bWY_iLw_K
V_^�GWILK:oLbPKg�eOQV_RLMBiLV|UfK>~BILKNbPK$~ K,]QY_MPGs[mIcY_iLwvKgU Vvb�� �cOQoLoZKNU �>^ Y\[NKNMg�D� ^ GJILOQMBOQMsGJILK�[lY\MJK_�c~ K
[lY\i MPO S oL] 3 bPK S V��vKsGWIfK OQi4GWKgb S KNULOQY\GWK iLV|UfKNM8GWbJYl�vKNbPMJKgU Y_bPVvRLiLU�GJILKs^ Y_[gK_�vGWIuRLMaKg]QO S OnicY\GWOniLw
GWIfK S RL]nGJOT��Rfo<K 	 KN[ Gl� � ILK$oLbJVe[NKgULRLbJK:OnM bJKNoZKlY GWKNU�RLi4GWOn]�bJKNY_[mILOQifw GJILK�GmY_bPwvKgGN�

�V|VvofM�[NY_i$KlY_MPOQ] 3 2 KabPK S V��vKNU/Y\^ GWKgb�GWILKD[gV S of]QKgGJKabJVvR|GWKDIcY_M 2 KNKNi$ULOnMJ[NV��_KNbJKgU/~BILKgi,GWIfK
ULOnMJ[NV��_KNb 3 Y_]QwvV_bJOnGJI S bJKNY_[mILKNMaGJILKsGmY_bPwvKgG8iLV|UfK_� � ILKsGWY_bJw_KgGDiLVeULK{~BOn]Q]fMyGWVvbPKsGWILK V_ofGWO S O��NKNU
bJV_RfGWK:OQi)OTGWM [NY_[mILK,Y_M ~{Kg]Q] Y_M MPKNiLU�OnG 2 Y_[ P GWV GWILK:MPVvRLbJ[gK_�

X�OnwvRLbJK �|� � ��X�Y_[NKkjBVvRfGWK G OnMJ[NV��_KNb 3 � � V|ULKgMs�e�|�$Y_iLU �$[lY_i 2 KBKN]nO S OQicY GWKNU�^qbPV S GJILKhbPVvRfGJK
Y_MBiLVeULK � OQMBY iLKNOnwvI 2 V_RLb V_^�GWILK:MJV_RLbJ[gK,iLVeULK � �

X�OQw_RLbJK �f� � MJILV�~BMhY_i K �fY S oL]QK�V\^ S Rf]nGWO ��ILV_o<KN]nO S OQicY\GJOQVvi OQi)GJILK�^ Y_[NK:bJV_RfGWK�ULOnMJ[gV��_KNb 3
Y_]nwvVvbJOTGWI S � ��i4GWKgb S KNULOQY\GWK<ifV|ULKgM Vvi.GWILK<^ Y\[NK)[lY\i 2 K)KN]nO S OQicY GWKNUAOn^hY ILV_o bPKNMPRL]nGJOQiLw Oni
Y�Oni4GWKNbPMJKg[gGWOnVvi V\^

line(source, target)
OnM/Y�iLKNOnwvI 2 VvRfb,V_^s]pY_MyG,ifV|ULK ~BILKNbPK ~ K<[mIcY_ifwvKNU

^ Y_[gKNMN�
$&5 "' ��5 � � 	:�
;
� ILK Y\RfGWILV_bJM OQi 	 > � �sUfKNMJ[gbJO 2 K�Y ��/0��
*� �� !� oLbPV|[gKNULRfbJK GWV KgiLIcY_if[NK�GJILK�XZY\[NK bJVvR|GWOQifw

Y_]nwvVvbJOTGWI S �D� 3 K �f[mILY_iLwvOniLw G�~ V\��IfVvo�ifKNOQw_I 2 VvRLbPMN��iLVeULKNMk[lY\i K �fY S OQifK:GJILKNOnbBiLKNOnwvI 2 VvRfbJM��
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iLKgOQwvI 2 VvRLbJM$Y_ifUA[NY_]Q[gRL]pY GWK/GJILK bJVvRfGJK ^ Y_[NK bJV_RfGWOniLw)MJILV_RL]QU GmY P_K_� � ILK [NRfbJbJKgi4G,ifV|ULK [NY_i
Yl�vVvOnU�^qVvbP~{Y_bPULOQiLw>GJILKsocY\[ P_KgG Vvi RfiLiLKN[gKNMPMWY_b 3 ILVvoLMaOT^�OnGaOnM8OQi�bJY_iLwvK{V_^ZiLKNOnwvI 2 VvRfbJM8^qRLbyGWILKgb
Y_]nVviLw/GJILK>bJV_RfGWK\� � ILOQM Y\]Q]QV�~BM ^qVvb{^qVvby~sY_bPULOQifw�ocY_[ P\KgGWM GJILbJVvRfwvI Y�bJKgwvOQVvi ~BILKNbPK>GWILKgbJK:Y_bPK
Y_MPMJOQMyGWOniLw iLV|UfKNMN�

� ��� �7� /  � & �.��� ��� 3 � � � � �!) ��� �*)+ � $ � ��*�, � *�* �+& � �,� ���� �*

��i GJILOQM,MJKN[ GWOnVvi ~ K ~BOQ]n] UfKgrciLK G�~{V OniuGJKNbPKNMPGJOQiLw Y_]Qw_VvbJOTGWI S M�~BILKNbPK 243 iLVeULKgM/OQi�GWILK iLKgGy�
~ Vvb P IcYl�_K GJILK Y 2 OQ]nOnG 3 GWV 2 bPV4Y_UL[NY_MPG,Y\G:VvifK V\^� rciLOnGJK ieR S�2 Kgb:V_^ GJbWY_ifM S OQMJMPOQVvi oZV�~{Kgb
]QK �vKg]QMN� � K ofbJVvoZVvMJKsGJIcY\GaifV|ULKgM8~BOQ]n]|ULK GWKgb S OQiLK{GJILKNOnb�iLKgOQwvI 2 VvRLbPMDY\GaKlY\[mI V\^ZGJILKNMPK bWY_ifwvKNMg�
Y_iLU GWIfKNi�[NV S oLRfGJK,Y oL]QY_icY_b MPocY_iLifOQiLw MJR 2 wvbWY\oLI�RfMJOQifw Y_i 3 Y\]QwvVvbPOnGJI S V_^�[mIfVvOQ[gK J ���&% �
%��(')
*�+��� � ��
 �	��
������� K Y\GBKlY_[mI�]QK �vKg] �

��C�� C � � ��)�6

`�On�vKgiAGJIcY\G$ULK �|On[NKgM/iLV�~ IcYl�_K GWIfK Y 2 OQ]nOnG 3 GJV�GJbWY_ifM S OnG:Y\G � UfO 	 KNbJKgi4G/oZV�~{Kgb,]nKg�vKg]QMg��~ K
~ VvRL]QU:]nO P_K8GJV ULKNMPOQwvi,Y_i$Y_]nwvVvbJOTGWI S GJV oLbJVv]nVviLwsGJILKD]QOn^qK V_^eGWILKDiLK G�~{Vvb P�� G KgiLMJKg] 3 oZVvoLRL]QY\GWKgU
Y_bPKlY_M)V_^$GWIfK iLKgG�~ Vvb P [gVvRL]nU RLMJK ]QV�~ KNb oZV�~ KNb ]nKg�vKg]QM<GJIcY_i GWILV_MJK OQi bPKNwvOnVviLM GJIcY\G�Y_bPK
MJoLY_bJMPKN] 3 o VvofRL]pY\GJKNU��

X�OQw_RLbJK �f����MJILV�~BM Y\i<K �fY S oL]QKkV_^ oL]QY_icY_b MJR 2 wvbWY\oLILMsV_^ GWILKhMWY S K RLifULKNbP] 3 OQiLw,iLKgG�~ Vvb P
[NbPKlY\GJKNU Y G�G�~ V GJbWY_iLM S OnMJMPOQVvi:oZV�~ KNb ]QK �vKN]nMN� � V_GJK GJIcY\G GWILKDrcbPMPG8MPR 2 wvbJY_oLI,OQM�iLV_G YhMPocY_iLiLKgb
V_^ZGWILKBiLK G�~{V_b P�� 2 RfGaGWILOnMaOQMaiLV\GDiLKN[gKNMJMJY_bJOn] 3 Y�ULOnMWY_U|�_Y\iuGWY_wvK\��� ^ GJILK MJV_RLbJ[gK Y_ifU GWY_bJw_KgG Y_bPK
2 V_GWI�]QVe[lY\GJKNU�~BOTGWILOni�GJILK/RLofo Kgb>Y_bPKlY V\^aGWILOnMhiLK G�~{V_b P��Y bPVvRfGJK/[lY\i 2 K,ULOQMP[NV��vKgbJKgU RLMJOniLw
GWIfK>]QV�~ KNbsoZV�~{Kgbs]QK �vKN] ��HhV�~ Kg�vKgbN�cOT^GWILK>MPVvRLbP[NK�Y_ifU<GmY_bPwvKgGsY_bJK>Oni<ULO 	 KgbJKNi4G UfOQMJ[gVviLiLKg[gGJKNU
bJKgwvOQV_iLM{Y G Y\G o V�~ KNbs]nKg�_KN] � �eGJILK>Y_]nwvVvbPOnGWI S [lY_i RLMJK>oZV�~{Kgb{]nKg�vKg]��GWV�ULOnMJ[gV��_KNb Y$bJVvR|GWKhGJV
GWIfK:GWY_bJw_KgGl�

} iL[NK>GJILKNMPK�MJR 2 w_bWY_oLIfM IcYl�vK 2 KgKNi)[gbJKlY GWKNU VvifK>V_^ GWILKh^qVv]Q]nV�~BOniLw:G�~{V Y_]nwvVvbJOTGWI S M S Y 3
2 K$K �|KN[NR|GWKNU�GWV bJVvR|GWK�ocY_[ P\KgGJMh^qbJV S MJV_RLbJ[gK$GJV UfKNMPGJOQicY GWOQV_i��
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X OQwvRLbPK �f���#� G O 	 KgbJKNi4GkoL]QY_icY_bsMPR 2 wvbJY_oLILMk[NbPKlY\GJKNU�Y\Gko V�~ KNbB]QK �vKg]QM � Y_iLU �|�
��C�� C�� D2�	���, ����+���� 

� ILK)^qVv]n]QV�~BOQiLw�ULKNMP[NbPO 2 KNM GWILK)iLY_On�_K 2 bJRfGJK)^qVvbJ[gK Y_]QwvV_bJOnGJI S [lY\]Q]QKgU �  ������ .�� � � � � �#� � �����
bJV_RfGWOniLw J � � � ��� Kk~BIfKNbJK Y)iLVeULK/~BOnMJILOniLw<GWV)[gV S S RLiLOn[lY\GJK,~BOnGJI Y<ULKNMyGWOnicY\GWOnVvi ~BOQ]n]�GJb 3
GWV rcifU Y bJVvR|GWK�RLMPOQiLw OQif[NbJK S Kgi4GmY_]oZV�~{Kgbk]nKg�_KN]QMg�

+ "'(:	:� ����0 ��� � $ � .��

� � � V|ULKgM o KgbJOnV|ULOn[lY_]n] 3 2 bJV4Y_Uf[lY_MyG GWILKgOQb�Onif^qVvb S Y\GJOQVvi J � G �D`:� d [NVeVvbJUfOQicY\GJKNMQK/Y\G GWIfK
ILOnwvILKgMPGBoZV�~ KNbk]QK �vKg] � J '�� ������"�K �

�|�BFh]Q] � VeULKNM�P_KgKNo GWbJY_[ P V_^8GJILKNOnb ��� ]QK �vKN]�GJV �u��]nKg�vKg] iLKNOnwvI 2 VvRfbJILVeV|UfM 243 ]QOnMPGWKgiLOQifw GJV
GJILKNMPK 2 bPV4Y_UL[NY_MPGJM

�f�k�{RfOQ]QU<GJILK:oL]pY\icY_bsMPR 2 wvbJY_oLI�^qV_bsGWILK � UfO 	 KNbJKgi4GB]QKg�_KN]nMN�
�L� � ILKgi Y MJV_RLbJ[gK$UfKg�eOQ[gK$ILY_MkY S KNMPMWY_wvK�^qVvb MPV S K�ULKNMyGWOQiLY\GWOnVvi)ULKg�eOn[NK��

J Y K � IfK XZY\[NK jBVvRfGJOQiLw Y_]QwvV_bJOnGJI S ^qbPV S MPVvRLbP[NK/GJV)ULKNMyGWOQiLY\GWOnVvi OnM RLMPKNU RLMJOniLw<GWIfK
� � �,��� � of]pY_icY\b MJR 2 w_bWY_oLI �

J 2 K)� ^sMJVvRLbP[NK bJKN[gKNOT�vKNM,iLV bPKNoL] 3 ��OnG�~BOn]Q]abJKgo KNY\G:GWILK oLbPV|[gKNMJM S V��eOQifw�GJV�GJILK ifK �eG
oZV�~{Kgbh]nKg�_KN] J ]nKg�_KN]QM � GJILbJVvRfwvI �	K{RLi4GJOQ]Y bJV_RfGWK:OQM KgMPGWY 2 ]QOnMJILKgU��
MPR 2 wvbJY_oLI K
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�|�BFh]QwvVvbPOnGJI S z{V S oL]nKgGJK_�

��C�� C � .98�8������ 
 ) ���%� � � � �+� 79?@ ��&( 
� !6

� ILK � � � ��� Y_]nwvVvbPOnGWI S [NY_i 2 K)^qRLbPGJILKNb bPKgrciLKgU�� � K [lY_i OQi4GJbJVeULRL[NK�Y � � � ���& � /0��.
ocY_bJY S KgGWKgb$GJV�GJILK<Y_]nwvVvbPOnGWI S � � V�~:��~ K [lY\i IcYl�vK S VvbPK [gVvi4GWbPVv] V��_KNb,GJILK V_o KgbWY\GJOQVviAV_^
GWIfK<oLbJV\GWVe[NVv] ����iLMyGWKNY_U.V_^ GWIfK<MJVvRfbJ[NK iLV|UfK<Y_]T~sY 3 M�ULK GWKNb S OniLOQifw�GWIfK<o V�~ KNb�]nKg�_KN]{RfMJKNU �
GWIfOQMDULKN[gOQMPOQVvi [lY_i 2 K S Y_ULK 243 Y\i 3 Oni4GWKNb S KgULOpY GWK iLVeULK_� � IfKhMPVvRLbJ[gK iLVeULKB~BOQ]n]L[NV S S KNiL[gK
GWIfK/bJV_RfGWOniLw<Y_]nwvVvbPOnGWI S Y_M 2 K ^qVvbJK,RLMJOniLw GJILK�]QV�~ KNMyG>oZV�~ KNb ]QKg�_KN] � 2 R|G>On^ GWILK S KgMJMJY_wvK�IcY\M
iLV_GDbPKlY_[mIfKNU GJILK GmY_bPwvKgGa~BOTGWILOni GWILKBMJoZKN[gOnrcKgU S Y �|O S R S iuR S/2 Kgb V\^ ILV_oLM J VvbaGWIfK S KNMPMWY_w_K
IcY_M bPKlY_[mIfKNU GWILK�MPVvRLbJ[gK:Y_w4Y_Oni KDGJILK�OQi4GJKNb S KNUfOpY\GJK>iLVeULK ~BOQ]n] GJILKNi ULK GWKNb S OniLK GJV MPGmY\bPG GWIfK
oLbPV|[gKNMJMkV��vKgbhY GkGJILK�iLK �|GhoZV�~ KNbB]nKg�vKg] � � K:iLV�~!ULKgrLiLK � � � � � Y_M ^qVv]n]QV�~BM��

+ "'(:	:� ����0 ��� � $ � .8�

� � � V|ULKgMNPuiLV�~ GJILK � � � ���& � /0��.0�ho Kgb ]nKg�vKg] oLY_bWY S KgGJKNb J GJILOQM [lY\i 2 KhocY\MJMJKgU)Y_M ocY_byG
V_^�GWIfK S KNMPMWY_w_KLK �

�|� � V|ULKgM o KgbJOnV|ULOn[lY_]n] 3 2 bJV4Y_Uf[lY_MyG GWILKgOQb�Onif^qVvb S Y\GJOQVvi J � G �D`:� d [NVeVvbJUfOQicY\GJKNMQK/Y\G GWIfK
ILOnwvILKgMPGBoZV�~ KNbk]QK �vKg] � J '�� ������"�K �

�f�BFh]Q] � VeULKNM�P_KgKNo GWbJY_[ P V_^8GJILKNOnb ��� ]QK �vKN]�GJV �u��]nKg�vKg] iLKNOnwvI 2 VvRfbJILVeV|UfM 243 ]QOnMPGWKgiLOQifw GJV
GJILKNMPK 2 bPV4Y_UL[NY_MPGJMN�

�L�k�{RfOQ]QU<GJILK:oL]pY\icY_bsMPR 2 wvbJY_oLI�^qV_bsGWILK � UfO 	 KNbJKgi4GB]QKg�_KN]nMN�
�|� � ILKgi Y MJV_RLbJ[gK$UfKg�eOQ[gK$ILY_MkY S KNMPMWY_wvK�^qVvb MPV S K�ULKNMyGWOQiLY\GWOnVvi)ULKg�eOn[NK��

J Y K � IfK XZY\[NK jBVvRfGJOQiLw Y_]QwvV_bJOnGJI S ^qbPV S MPVvRLbP[NK/GJV)ULKNMyGWOQiLY\GWOnVvi OnM RLMPKNU RLMJOniLw<GWIfK
]nKg�_KN] � oL]pY_iLY_bsMJR 2 wvbWY\oLI��

J 2 K)� ^hGWILK S KNMPMWY_wvK)UfV|KgM ifV_G bJKNY_[mI GJILK)GmY_bPwvKgG ~BOTGWILOni GWILK MPo Kg[NOnrLKNU S Y �|O S R S
iuR S/2 Kgb V_^�ILVvoLMsGJILK>OQi4GJKNb S KNUfOpY\GJK iLVeULK>~BOQ]n] S V��vK GJV�GWILK�ifK �eGBILOQw_ILKNbsoZV�~{Kgb
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]nKg�_KN]�Y_ifU	bJKgMJR S K ^ Y_[gK bJVvR|GWOQifw�^qbJV S OTGWM ]QVe[lY\GJOQVvi�� � ILOnM OQM bJKgo KNY\GWKgU RLi4GWOQ]
GWY_bJw_KgGkOQM bPKlY_[mILKgU��

�f�BFh]QwvVvbPOnGJI S z{V S oL]nKgGJK_�

��C�� C � ��%� ��6�) ��������7 )���8 �2)�7, � �,��8 "

��i GJILOQM MJKg[gGJOQVvi��s~ K UfOQMJ[gRLMJM GWILK�MJO S RL]pY GWOQV_i bPKNMPRL]nGJM V_^>VvRLb x jhX � � Y_iLU x jkX�� �AY_]nwvV\�
bJOTGWI S MN� F MPO S RL]QY\GWOnVvi ~{Y_M:ULKNMPOQwvifKNU�GJIcY\G$Y_]n]QV�~ KNU GWILK [NbPKlY\GJOQVvi V_^{Y)bWY_ifULV S iLK G�~{V_b P��
��i GJILOQMkMJO S RL]pY GWOQV_i��LGWILK,wvbJOnU�MPO �gK,~{Y_M r �|KNU GJV �_�_� �#�_�v� RfiLOnGJMN� MDY_[mI iLKgG�~ Vvb P�[gVviLMJOnMPGJKNU
V_^ �_� iLV|UfKNMN��bJY_iLULV S ] 3 oL]QY_[NKgU�Vvi GWIfK$w_bJOQU �cKlY_[mI ~BOnGJI Y S RL]TGWOQof]QK J

k = 5
K GWbJY_iLM S OnMJMJOnVvi

bWY\iLwvKNM��_�f�/�4�|�/�v�f� � �)Y_iLU � �v� RLiLOTGWMg� � ILK oL]pY\icY_b MPR 2 wvbJY_oLILM>~ KNbPK [NVvifMPGWbPRL[gGJKNUAVvi GWIfK
iLKgOQwvI 2 VvRLbJIfV|VeULM V_^�GWILK:iLVeULKgMhY GBKlY_[mI�V_^ GJILK�rL�vK:GWbJY_iLM S OnMJMJOnVvi)bWY\iLwvKNMg�

� ILK x X8j � � � x X8js�y�BY_iLU/XZY\[NKDbJVvR|GWOQifw Y_]nwvVvbPOnGWI S M ~ KNbPK bPRLi/V_i,GWIfK iLK G�~{V_b PuM�GWVkMJKgiLU
S KNMJMJY_wvKgM Vvi Y�MJKgbJOQKgM V_^ bJV_RfGWKgMN� � ILK:X�Y_[NK bJVvRfGJOQiLw�Y_]QwvV_bJOnGJI S ~{Y_M VviL] 3 K �|KN[NR|GWKNU�Vvi<GWIfK
oZV�~ KNbD]nKg�vKg]

k
oL]QY_icY_b�MJocY_ifiLOQiLw�MPR 2 wvbJY_oLI�� � ILK S Y �|O S R S ILVvoLMaoZKNba]nKg�_KN]LocY\bWY S KgGJKNb�~{Y_M

S V|ULOTrcKNU �vY_iLU�GJILK Yl�vKgbWY_w_K o V�~ KNbaRLMPKNU o Kgb8bJV_RfGWKBY_ifU Y��_KNbJY_wvKsiuR S�2 KNbaV\^�ILVvoLMaoZKNb8bPVvRfGJK
~ KNbJK [lY_]n[NRL]QY\GWKgU��<F MJO S of]QK o V�~ KNb S VeULKg]D~{Y_M$RLMJKgU�� � G,~{Y_M 2 Y_MJKgU VviAGWIcY G,GJILK oZV�~{Kgb
RLMPKNUAOQM>oLbPVvoZVvbPGJOQVvicY\]�GJV<GWILK ULOnMPGWY_iL[NK J GWbJY_iLM S OnGPGWKgU KhMJtuRcY\bJKNU ��F�bJKg[NKgOn�vKgb S RLMPG:bPKN[gKNOn�_K
Y S OniLO S Y_]�oZV�~ KNbB]nKg�vKg]

c
Oni)VvbJULKgb GWV VvoZKNbJY\GWK\�cMJV GWILK�oZV�~{KgbBbJKNtuRLOnbJKgU�OnM

max{c, d2} � � VKNifMJRLbPK�GWILK S OQiLO S Y\]�o V�~ KNb�]nKg�vKg]�OnM>bJKg[NKNOT�vKgU ~ K MJK G
c
�

power at level 1
��F ]QMPVL� GJILKNbPK

~ KNbJKkiLV S Y �|O S R S iuR S�2 KNbaV_^ ILVvofM MPKgGD^qVvb8oZV�~{Kgb ]nKg�_KN] � Y_MaGWILKgbJK ~{KgbJKBiLV:ILOnwvILKNbaoZV�~{Kgb
]QK �vKg]QMkYl�_Y\OQ]pY 2 ]QKkGWV Y_Uf�\Y_iL[gK_��Y_ifU�GJILK�GmY_bPwvKgGB[gVvRL]QU 2 K:bJKlY\[mILKNU�Y\Gk]QK �vKN]

k
�

��i,rcw_RLbJKgM �f��� Y_iLU �f� �B~ K MPILV�~ GWIfK bPKNMJRf]nGWMg� � ILK x jkX�� � Y_ifU/X�Y_[gK bPVvRfGJOQiLwkY_]nwvVvbJOTGWI S M
oZKNbP^qV_b S Y_iL[NK OnM OniLULKNoZKNifULKNi4G<V\^ GWIfK iuR S�2 KNb ILVvoLM oZKNb ]QKg�_KN] � � ILK x X8j � �AY\]QwvVvbPOnGJI S
oZKNbP^qV_b S M MJOnwviLOTrc[lY_i4GJ] 3 2 KgGJGJKNb GJIcY\GhGWILK x X8j � � Y_]nwvVvbJOTGWI S ULRLK/GJV GWILK,^ Y_[gG>GJIcY\G OnG>UfV|KgM
iLV_G<IcYl�vK GWV.bPKNMyGmY_byG Y\G GJILK MJV_RLbJ[gK iLVeULK Y\G<KNY_[mI OnGJKNbWY GWOQV_i�� � ILK 2 KNMyG [lY_MPK OQi GJILKNMPK
MJO S RL]QY\GWOnVviLM{V\^ GJILK x X8js�y��oLbJV\GWVe[NVv]�OnMs~BILKNi GWIfK � � � /0��.0� .0��
 � � �,��� OnM MJKgGh]QV�~:�
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X OQwvRLbPK �f��� �aF �vKNbJY_wvK$o V�~ KNbBRLMPKNU oZKNbBbPVvRfGWK>~BOTGWI x jkX�� � � x jkX��y� Y_iLU�X�Y_[gK_�
� ILK x jhX�� � Y_]QwvV_bJOnGJI S [gVvRL]nU 2 K O S oLbJV��vKgU OT^hGJILK�oZV�~{Kgb ]nKg�_KN]BV_^ GJILK�]pY_MyG GJO S K Y

ocY_[ P\KgG:~{Y_M�MJKgiuG:GJV Y GmY_bPwvKgG>~{Y_M�MyGWVvbPKNU OQi Y<[NY_[mILK ^qVvb>Y<MPILVvbyG:o KgbJOQVeU V_^DGJO S K_� � ILKNi �
~BILKgi�^qVvby~sY_bPULOQifw�GJILK ifK �eG/oLY_[ P_K G�ULKgMPGWOniLKNUA^qVvb�GWILK GmY\bJwvK Gl��Y�ifV|ULK [NV_RL]QUA]QVeV P Rfo�GWIfK
oZV�~ KNb,]QK �vKN]DOni�OTGWM:[lY_[mIfK_� � ILK rcbJMyG/oLY_[ P_K G�MJKgi4G/GWV GmY\bJwvK G,~ VvRL]nUAGWY<P_K Y�ILOTG$Vvi�oZV�~{Kgb
[NV_iLMJR S ofGJOQVvi�� 2 RfGDMJR 2 MJKgteRfKNi4GsocY\[ P_KgGJMa~{VvRf]QU o KgbP^qVvb S&S RL[mI 2 KgGPGWKgbN�uY_M8~ KN]n]cY_M8Vvb 2 KgGPGWKgb
GWILY_i�ifVvb S Y_] ^ Y\[NK:bJVvR|GWOQifwL�

��i�VvRLb/MPO S Rf]pY\GJOQVvi�� ~BILKgi�GJILK S Y ��ILVvoLM�oZKNb/]QKg�_KN]sOnM/]nV�~:� x X8j � ��RLMPKNM ]QKgMJM�oZV�~{Kgb
GWILY_i�XZY\[NK>bPVvRfGWOniLwL� � IfOQMs~{Y_M ULRLK�GWV�GJILK>^ Y_[ GsGWIcY GBOQi)VvRLb{MJO S RL]pY\GJOQVvi GWILKgbJK>~ KNbPK$V_iL] 3 Y
^qKg~ iuR S/2 Kgb V_^�iLKNOnwvI 2 VvRfbJM o Kgb iLVeULK Y\GDGWILKh]QV�~{Kgb GJbWY_ifM S OQMJMPOQVvi bWY\iLwvKNMg�fY\iLU GJILK x jkX�� �
Y_]nwvVvbJOTGWI S 2 KNiLK rLGWKgU ^qbJV S0S V��eOniLw�GWV�GWILKBiLK �eG{oZV�~{Kgb ]nKg�vKg]cMJVeVviLKgbN�ubWY\GJILKNbaGJIcY_i ]pY\GJKNbN� ��i
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X�OnwvRLbPK �f��� �aF��_KNbWY\wvK:ieR S�2 KgbBV_^�IfVvoLMBo KgbBbJVvRfGJK�~BOnGWI x jkX�� � � x jkX��y��Y\iLU X�Y_[gK_�
GWKgb S MDV_^�iuR S�2 KNb V_^ ILVvoLM o KgbDbJVvRfGJK_�|X�Y_[NKBbJV_RfGWOniLw:o KgbP^qVvb S KgU ~BOTGWI ^qKg~ KNb ILVvoLM o Kgb bPVvRfGJK
VviAYl�vKgbWY_wvK Y_M�OTG>~{Y_M:o KgbP^qVvb S KgU�Y G:o V�~ KNb:]QK �vKN]

k
~BILOQ[mIAIcY_M�GWIfK ]pY_bPwvKNMyG>GWbJY_iLM S OQMPMJOnVvi

bWY\iLwvK_� � ILK x jhX �y� RLMJKgM)^qKg~ KNb�ILVvoLM)Vvi Yl�vKgbWY_w_KAGJIcY_i GWILK x jhX�� � Y_]QwvV_bJOnGJI S Y_M)OnG
S V��_KNM{GJV/GWIfK iLK �|Gso V�~ KNbs]nKg�vKg] J ~BILKNi S Y �|O S R S iuR S�2 KNbsV_^�ILVvoLM Y Gs]QK �vKg] OnM S KgG KDY\GsY_i
OQi4GJKNb S KNUfOpY\GJK>iLVeULK_��Y_ifU�ULVeKNMBiLV\GBbJKNMyGmY_byGhY\G GWILK:MPVvRLbJ[gK:iLV|UfK_�
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��i GWIfOQM,GJILKNMPOQM/~ K)IcYl�vK)MyGWRLUfOQKNU.bPVvRfGJOQiLw Oni ~BOQbPKN]nKNMJM/Y_U|� ILV|[ iLKgG�~ Vvb PuMg� } RLb$^qV|[gRLM/~{Y_M
Vvi)]nV|[NY\GWOnVvi|� Yl~{Y_bJKkbJV_RfGWOniLw Y_]nwvVvbJOTGWI S MN�uY\iLU)~{Vvb P V_i)oLbJVeULRL[gOQiLw Y�oL]QY_icY_b MJoLY_iLiLKgb V_^ Y_i
Y_U|� ILVe[hiLK G�~{V_b P GWV 2 K RfMJKNU ^qVvb bPVvRfGJOQiLwL� � KhY_]QMPV/oLbPKNMPKNi4GWKgU�MPV S KhiLK ~ OQULKNY_M GJV/KgiLIcY_iL[gK
GWIfK/^ Y_[NK bPVvRfGJOQiLw)Y\]QwvVvbPOnGJI S � � K [NVviL[g]QRLUfK/~BOnGJI Y<MJR S S Y\b 3 V_^ VvRLb>[gVvi4GWbPO 2 RfGJOQVvifMN��Y\iLU
ULOnMJ[NRfMJMkMJV S K>^qRfGWRfbJK�~{V_b P��

����� � & � � $6� '�.���+& ��*

� 0� ����5 � � ��i GWIfOQM:[mIcY_ofGJKNbg� ~ K OniuGJbJVeULRL[gKNU GWILK iLV_GJOQVvi V_^{]QVe[lY\GJOQVvi|��Yl~sY_bPK�bJV_RfGWOniLw�Y_]T�
wvV_bJOnGJI S M Y_iLU ULKgMJ[NbPO 2 K$GJILK S V_GWOT�_Y GWOQV_i 2 KgILOQifU�V_RLb ~{Vvb P��

� 0� ����5 � � ��i GWIfOQM:[mIcY_ofGJKNb:~{K oLbPKNMJKgi4GWKNU�Y 2 bPOQKg^ MJRfbP�vK 3 V_^{GJbWY_ULOTGWOnVvicY_] bJVvRfGJOQiLw�Y_]nwvV\�
bPOnGWI S MsOni�Y_U|��IfV|[:iLK G�~{Vvb PuMN� x Y_i 3 V_^ GJILKNMPK/Y\]QwvVvbPOnGJI S M IcYl�vK$ILOQw_I�V��_KNbJIfKlY_U 2 V_GJI
Oni GWKgb S M�V_^kMPGJVvbWY_w_K_�DY_M�~ KN]n]sY_M�[gV S S RLiLOn[lY\GJOQVviLM$bJKgtuRLOQbPKNU.GWV S Y_OQi4GWY_OQi�Y ]pY_bPwvKNb
oLOn[gGJRLbJK�V_^�GWIfK$ifKgG�~ Vvb P��

� 0� ����5 � � ��i GWILOnM [mILY_ofGWKgbN�e~{K 2 KNwvY_i 243 ULKgrLiLOQiLw�Y,wvKgiLKNbJY_] S VeULKN]c^qVvb ]QVe[lY GWOQV_i|� Yl~{Y_bJK
bPVvRfGWOniLw Y_]nwvVvbJOTGWI S MN�,XcbJV S GWILK S V|UfKN] � ~{K MJKgK GJILK Y_Uf�\Y_i4GWY_wvKNM:V_^ ]QVe[lY GWOQV_i|� Yl~{Y_bJK

��>
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oLbPV_GWVe[NV_]QMa~BILOQ[mI OQiL[g]QRLULKkbJKgULRL[gKNU)V��vKgbJILKNY_U ^qVvb ]QVe[lY_]cMyGWVvbJY_wvK\�fY_ifU<bJKgULRL[NKh[NV S S R|�
iLOn[lY\GJOQVvi)V��_KNbJIfKlY_U�^qVvb S Y\OQi4GmY_OniLOQifw/bJV_RfGWOniLw OQif^qV_b S Y\GWOnVvi��

� 0� ����5 � � ��i�GWILOnM [mIcY_o|GWKNbg� ~ K�ULKgMJ[NbPO 2 KNU MPV S K,K �|OQMyGWOniLw<Y_]nwvVvbPOnGWI S MBRLMPKNU GWV [NbJKNY\GWK/Y
oL]QY_icY_b{MJocY_ifiLOQiLw MJR 2 wvbWY\oLI�V\^8Y_i RLifULKNbP] 3 OQiLw iLK G�~{V_b P��

� 0� ����5 � � ��i:GWIfOQM�[mIcY_ofGJKNbN� ~{K oLbJKgMJKgiuGJKNU YkiLKg~ ]QVe[lY_]nO �NKgU:Y_]Qw_VvbJOTGWI S �NGWIfK�� ��
������� ������� �
GJV,ULKgbJOT�vKhY,oL]QY_icY_baMPocY_iLiLOniLw/MPR 2 wvbJY_oLI V_^Y_i RLiLUfKNbJ] 3 OQiLw:~BOQbPKN]QKgMJM Y_U|� ILV|[BiLK G�~{V_b P��
� ILbPVvRLwvI Y MJKgbJOnKNM V\^aMJO S RL]pY GWOQV_iLMN�L~ K/IcYl�_K�MJILV�~Bi GJIcY\G � K GJILK x VvbJKg]QOpY GWKgMPG�P_KNKgoLM
]nVviLwvKgb8]QOni	PuM8Vvi Yl�vKNbJY_wvK GWILY_i GWILKk`:Y 2 bPOQKN]eGWKgMPG Y_iLU � K�GJILKkX�Y_[NKBjBVvRfGJOQiLw�Y\]QwvVvbPOnGJI S
oZKNby^qVvb S M 2 KgGPGWKgb Vvi Yl�_KNbWY\wvK�OQi�GWILK x VvbJKg]QOQY wvbJY_oLI�� � K,IcYl�vK�O S ofbJV��vKgU�� V��vKgb GWIfK
`:Y 2 bPOQKN]|wvbWY\oLI��vGWIfK oL]pY_iLY_b8MJoLY_iLiLOniLw:MJR 2 w_bWY_oLI [NbPKlY\GJKNU GWV 2 K RLMJKgU Oni�^ Y_[NK bPVvRfGWOniLwL�

� 0� ����5 � � ��i�GWILOnMh[mILY_ofGWKgbN�Z~{K,oLbJV��eOQULKgU MJV S K$KNiLILY_iL[NK S Kgi4GWM GJV GJILK,^ Y_[gK/bPVvRfGWOniLw Y_]T�
wvV_bJOnGJI S � � K rcbJMyG,MPILV�~{KgU G�~{V Y_oLoLbPV4Y_[mILKgM$GJV Yl�_VvOQULOniLw�bJKNw_OQVviLM:V_^ GWIfK iLK G�~{V_b P��
243 ~sY_] PuOQiLw Y\bJVvRLifU GWILK ULKgrcifKNU bJKgwvOQVvi � � K �|GN�f~ K S VeULOnrLKNU GJILK ^ Y_[gK>bJV_RfGWOniLw�Y_]nwvV\�
bPOnGWI S GWV$MJILV�~ ILV�~ OTG [lY_i 2 KkRLMJKgU<Y_M Y,bPVvRfGJKNU UfOQMJ[gV��vKNb 3 S Kg[mIcY_iLOnM S GWV$KN]nO S OQicY GWK
]nV|VvofM�Y_iLU�bPKNULRL[gK<GWILK S RL]nGJOT��IfVvo K 	 Kg[gGl��X�OnicY_]Q] 3 ��~{K ULKgMJ[NbPO 2 KNU.G�~ V�Y\]QwvVvbPOnGJI S Mg�
x jkX�� � Y\iLU x jhX�� �|��~BILOn[mI Y\GPGWK S ofG�GJV [NVviLMPKNby�vK KgiLKNbPw 3 ULRLbPOQiLw)^ Y_[gK bJVvRfGJOQiLw Oni
Y iLK G�~{Vvb P ~BILKgbJK:iLVeULKNMB[lY\i�[mIfV|VvMPK�^qbJV S Y/rciLOnGJK�MJK GhV\^�GJbWY_ifM S OQMJMPOQVvi)bJY_iLwvKgMN� � K
IcYl�_K MJIfV�~Bi �|GWIfbJVvRLw_I MJO S RL]QY\GWOnVvi��\GJIcY\G GWILK x jkX��y�:Y_]nwvVvbJOTGWI S o KgbP^qVvb S M 2 KgGPGWKNbg�fY\M
OTG 2 KNiLK rLGWMs^qbPV S S V��eOQiLw$GWV�GWIfK>iLK �eGBoZV�~{Kgb ]QKg�_KN] Y\GBY/iLVeULK ~BIfOQ[mI OQM [N]QV_MJKNb GWV�GWIfK
GWY_bJwvK Gl�

����� � � � � $� ( & $ 5

��i�GWIfOQM�MPKN[ GWOQV_i�~{K ULKgMJ[gbJO 2 KsMPV S K oLbJV 2 ]QK S M�~BILOQ[mI MPILVvRL]nU 2 KsO S of]QK S KNi4GJKNU�Y\M8[NVvi4GJOQiuRLOQifw
~ Vvb P<Oni)GWILK$Y_bPKlY_M ~ K,IcYl�_K$MyGWRLUfOQKNU �
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F M<GJILK x VvbPKN]QOQY�GWKgMPG OnM)o KgbP^qVvb S KgU Vvi Kg�vKgb 3 ]nOQi	P OQi	GJILK iLK G�~{Vvb P���OnG S Y 3 OniuGJbJVeULRL[gK
} J

n2
KD~ VvbJMyGs[NY_MJKh[NV S S RLiLOn[lY\GJOQVvi S KNMPMWY_wvKgM J OQi<Y$[NV S oL]nKgGWKkwvbJY_oLI K8~BILOQ]nKBoLbJKgoLbJVe[NKgMJMJOniLw

GWIfK/iLK G�~{Vvb P�� � ILK,iLK �eG�MyGWKNo�~{VvRf]QU 2 K,GJV O S oL]nK S KNi4GhY_iLU�MJO S RL]pY\GJK�GWILK � � � � ��
 ��� �������+��"
Y_]nwvVvbJOTGWI S ULOnMJ[NRfMJMJKgU OQi�d|Kg[gGJOQVvi)�|���)~BOTGWI ULO 	 KNbPKNi4G$�_Y\]QRLKgM:^qV_b&
 � GWIfK MPtuRcY_bJK MJO��NK\� � ILOnM
MJIfVvRL]QU bPKNULRf[NK�GWIfK S KgMJMJY_wvK V��vKgbJILKNY_U V_^aGWILK x VvbJKg]QOpY GWKgMPG:Y_ifU Y_]Q]nV�~!^qV_b S VvbJK,K � [NOnKNi4G
VvoZKNbJY\GWOnVvi)Vvi�Y ifKgG�~ Vvb P<~BILOn[mI�OnMs�vKgb 3 ULKgiLMJK\�

� C��>C�� ��%� ��6�) ������� �@� 
>������� �� !�N�

� ILK)MPO S RL]QY\GWOnVviLM�~ KNbJK)UfKNMJOnwviLKgU�Y_iLU.O S oL]nK S KNi4GWKgU RLMPOQiLw z������ F ]TGWILV_RLwvI wvbPKlY\G�[lY_bPK
~{Y_M GmY P_KNi Oni ULKgMJOnwviLOQifw<Y_iLU O S oL]QK S KgiuGJOQiLw Y MPKNbPOQKNMhV_^DiLK G�~{Vvb P�MPO S Rf]pY\GJOQVviLM GJIcY\Gh[NVvRL]nU
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